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ABSTRACT: When a two-dimensional crystal described by a dissipative discrete
elasticity model is sheared beyond a critical stress F = Fc, the strained dislocation-
free state becomes unstable via a subcritical pitchfork bifurcation. Numerical con-
tinuation shows that configurations containing two or four edge dislocations become
simultaneously stable in appropriate stress ranges. Selecting a fixed final applied stress
Ff > Fc, these stable configurations may be reached by setting F = Ff t/tr during
different time intervals tr. At a characteristic time after tr, one or two dipoles are
nucleated, split, and the resulting two edge dislocations move in opposite directions
to the sample boundary.
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1 INTRODUCTION

Homogeneous nucleation of dislocations is observed in different processes such as
nanoindentation experiments [1], heteroepitaxial crystal growth [2] and indentation
experiments in colloidal crystals [3] or soap bubble raft models [4]. Homogeneous
nucleation of dislocations occurs in a perfect crystal and is therefore expected to have
a much higher activation energy than heterogeneous nucleation at defect sites such as
step edges. Different types of calculations have been used to interpret homogeneous
nucleation of dislocations in different situations, ranging from atomistic simulations
to continuum mechanics interpretations or combinations thereof [5]. In all cases, a
reliable nucleation criterion is needed to capture the nature of nucleated defects and
the time and place at which such defects appear.
In this paper, we tackle homogeneous nucleation of dislocations as a bifurcation prob-
lem in discrete elasticity. Discrete elasticity models of dislocations in cubic crystals
[6, 7] describe dislocation cores in a natural way, their equations are asymptotic to the
correct anisotropic elasticity far from defect cores and have been used to analyze dis-
location depinning and motion at the Peierls stress in a precise manner [8]. Here we
consider a simple 2D discrete elasticity model that may describe homogeneous nucle-
ation of edge dislocations and is amenable to detailed analysis. Stationary solutions
whose displacement profile exhibits dislocations bifurcate subcritically from a dislo-
cation free static solution at a critical value of an applied shear stress. Ramping the
stress from zero to values larger than the critical stress, we can select different stable
stationary configurations containing dislocations that proceed from homogeneously
nucleated dislocation dipoles that later split and move in opposite directions.

2 MODEL AND BIFURCATION PHENOMENA

We consider a 2D simple cubic lattice with lattice constant normalized to 1, lattice
points labelled by indexes (i, j), i = 1, ..., Nx and j = 1, ..., Ny, and displacement



Figure 1: (a) Bifurcation diagram showing only the primary stationary branches issu-
ing from the homogeneous solution BR0. At Fc, branches BR1 and BR2 appear as a
subcritical pitchfork bifurcation from BR0 (see the insets). (b) Bifurcation diagram in
which BR1 has been omitted and secondary bifurcation branches SBR1 and SBR2 is-
suing from BR2 are shown. Zooms near the bifurcation points are shown in the insets.
In all cases, solid lines correspond to stable solutions, dashed lines to unstable solu-
tions, limit points are marked as triangles and bifurcation points as circles. Parameter
values are: A = 1, a = 0.25.

vector (ui,j , 0, 0). At the boundary, a shear strain F is applied, so that the displace-

ment ui,j for j = 1, Ny and for i = 1, Nx is F [j − (Ny + 1)/2]. F is also the
dimensionless shear stress. The components of the displacement vector in the y and z
directions are ignored. ui,j obeys the following nondimensional equations:

µ
∂2ui,j
∂t2

+ α
∂ui,j
∂t

= ui+1,j − 2ui,j + ui−1,j

+A [ga(ui,j+1 − ui,j) + ga(ui,j−1 − ui,j)]. (1)

Here A = C44/C11 for cubic crystals with elastic constants C11, C12, C44. Selecting

a nondimensional time scale C11t/(ργl
2) → t, we have α = 1, µ = C11/(ρl

2γ2),
where γ, ρ and l are a friction coefficient with units of frequency, the mass density
and the dimensional lattice constant, respectively. The nondimensional displacement
vector is measured in units of l. The overdamped case corresponds to µ = 0. On the

other hand, selecting a nondimensional time scaleC
1/2
11 t/(lρ1/2) → t, we have µ = 1,

α = lγ
√

ρ/C11. Then the conservative case corresponds to α = 0. The nonlinear

function ga is periodic, with period equal to the space lattice and g′a(0) = 1. In our
simulations, we have used

ga(x) =

{

2a
π sin

(

πx
2a

)

, if − a ≤ x ≤ a,
2a
π sin

(

π
2

x−1/2
a−1/2

)

, if a ≤ x ≤ 1− a,
(2)

with 0 ≤ a ≤ 1/2 and period 1. In the symmetric case a = 1/4, (2) is the interacting
atomic chains model [11], which is a simplification of the discrete elasticity models in
Ref. [6]. The parameter a controls the asymmetry of ga, which in turn determines the
size of the dislocation core and the Peierls stress Fc needed for a dislocation to start
moving [8]. As a increases, so does the Peierls stress, whereas both the core size and
the mobility of defects decrease. Large values of a result in very narrow cores and
large Peierls stresses. We have observed that Fc is slightly larger than a and that Fc
approaches a as the lattice size increases. For a = 0.25, Fc is 0.258 for a 6x6 lattice
and 0.252 for a 12x12 lattice.
We consider the overdamped case, µ = 0, α = 1 with A = 1, a = 0.25. In the un-
stressed crystal configuration F = 0, a given initial condition evolves exponentially
fast to a stable homogeneous dislocation-free stationary state BR0. As we select larger



Figure 2: Configurations of the stationary solutions (a) BR1, (b) BR2, at Ff = 0.259.
The crosses represents the positions of the boundary atoms which are fixed by the
shear boundary condition.

and larger positive stresses, the homogeneous stationary configuration is strained but
continues to be stable and dislocation-free until a critical stress Fc is reached. At Fc a
subcritical pitchfork bifurcation occurs, as the global bifurcation diagram in Fig. 1(a)
shows. The complete bifurcation diagram of the l2 norm of the displacement vector
versus F has been calculated using the AUTO program of numerical continuation of
solutions [12]. This diagram is rather complex with many bifurcation points issuing
from different stationary solution branches, most of which are unstable. If we depict
all possible solution branches, the resulting bifurcation diagram is rather messy. Thus
we have chosen to depict only important solution branches which are stable in certain
stress intervals. In Fig. 1 we observe that only two primary branches bifurcate from
BR0 at F = Fc = 0.2193. Both start being unstable for F close to Fc but become
stable after limit points (BR1 exactly after the limit point, BR2 becomes stable after a
secondary bifurcation point with F > Fl2), giving rise to intervals were several sta-
tionary solutions are simultaneously stable and, as we will see later, can be reached
according to the stress history. In its stable part, BR1 is a stationary configuration con-
taining two edge dislocations with opposite Burgers vectors which have their origin in
the nucleation of a dislocation dipole which is later split. In its stable part, BR2 con-
tains four edge dislocations originating from nucleation and splitting of two dipoles.
See Fig. 2. For other stress values, the configurations corresponding to BR1 and BR2
are similar to those shown in this figure. We have not depicted many small secondary
and tertiary branches joining different bifurcation points in the diagram, for otherwise
it would become cluttered and unusable. These branches are mostly unstable or, if
they are stable, their basins of attraction are very small. While BR1 and BR2 persist
in samples of different size, the location of secondary bifurcation and limit points and
the configurations for secondary solution branches depend on the size and shape of
the crystal. There are secondary branches SBR1 and SBR2 bifurcating from BR2 that
are stable in certain stress ranges as shown in Fig. 1(b). Actually, each of these lines
represent two solution branches having the same l2 norm. In their stable ranges, the
configurations of SBR1 and SBR2 exhibit two and four edge dislocations originat-
ing from splitting of one and two dipoles, respectively. The configurations of SBR1
mimic those of BR1, but their two edge dislocations are not centered: they are shifted
upwards (for one of the solution branches having the same norm) and downwards (for
the other solution branch). A reflection from the horizontal axis crossing the lattice
center transforms one configuration in the other. In the case of SBR2, there are only
two narrow ranges of F in which the stationary solutions are stable. The range closer
to the upper part of branch BR2 is similar to that described before for SBR1, but now
there are four edge dislocations instead of two. The other range with smaller values
of F produces configurations that are more curious: while two edge dislocations have
moved to the boundaries in opposite directions, the other two dislocations form either



Figure 3: Upper panel from left to right: Snapshots of the strain 2e12 at times (a)
280.8, (b) 282.9, (c) 377.8 for the evolution towards BR1 with ramping time tr = 85
(c = 3.047 × 10−3). Lower panel from left to right: Same at times (d) 302.4, (e)
304.7, (f) 393.0 for the evolution towards BR2 with ramping time tr = 100 (c =
2.59× 10−3). Ff = 0.259.

a dipole or a dislocation loop inside the lattice, depending on which of the two solu-
tions with the same l2 norm is considered. It turns out that the strain fields of these
two solutions have opposite signs at each lattice point. We have not depicted many
small secondary and tertiary unstable branches joining different bifurcation points in
the diagram, for otherwise it would become cluttered and unusable.
We have found ranges of F at which two or more stationary solutions are simulta-
neously stable. Thus we would expect to evolve to one or another of these solutions
depending on the way we stress the sample. One way to proceed is to start from the
stable stationary configuration BR0 at F = 0. We then increase F to a small value
∆F , use the configuration BR0 for F = 0 as initial condition, solve (1) and find the
corresponding stable stationary configuration. Repeating this procedure, we follow
BR0 until Fc and for F > Fc we obtain the configuration BR2 at the corresponding
value of F . Can we obtain other configurations doing things differently? The answer
is yes. Suppose that we want to explore the stable stationary configurations at a stress
Ff = 0.259 slightly larger than Fc = 0.25829. Starting with BR0 at F = 0, we

turn in the stress according to a linear law: F (t) = ctH(tr − t) + FfH(t − tr),
where c = Ff/tr, tr is the ramping time and H(x) is the Heaviside unit step func-
tion. Same as in other multistable systems [13], the final configuration is either BR2
or BR1 depending on the final stress and the ramping time. At the time dislocations
are nucleated, the displacement vector departs significantly from BR0.
Fig. 3 shows several snapshots of the strain component 2e12 = ga(ui,j+1 − ui,j)
taken after the stress has reached its final value Ff and ui,j is evolving towards its
final stationary configuration. In the upper panel of Fig. 3, we observe a depression
of the strain e12 at the sample center that indicates nucleation of a dislocation dipole.
At later times, this dipole is split in two edge dislocations of opposite Burgers vec-
tor that move towards the boundaries in opposite directions. The final configuration
is BR1. Similarly, for longer ramping times, two dislocation dipoles are nucleated,
each splits into two edge dislocations with opposite Burgers vectors that then move
towards the boundaries in opposite directions. The final result is BR2. It is interest-
ing to observe that, at the time dipoles are nucleated, the strain components for the
respective snapshots are very close to those of the unstable parts of the stationary so-
lution branches BR1 and BR2. If we follow the unstable branch of BR1 backwards
from the limit point for Fl1 ≈ 0.11 to the critical stress Fc, we observe that its strain



2e12 has a depression at the center of the sample corresponding to dipole nucleation
for Fl1 < F < Fc, but this depression becomes less and less observable as we ap-
proach Fc. Similarly, the unstable part of BR2 from its limit point Fl2 ≈ 0.17 to Fc
first exhibits two symmetric depressions near the center of the sample corresponding
to nucleation of two dipoles. Then these depressions diminish until the configuration
of the unstable part of BR2 becomes very similar to that of BR1 as F approaches
Fc. This is as it should be for BR1 and BR2 merge at Fc in a subcritical pitchfork

bifurcation. Near Fc, BR1 and BR2 differ from BR0 by ±βψi,j . Here β ∝
√
Fc − F

and ψi,j is the eigenvector corresponding to the largest eigenvalue of the linearized
problem about BR0, λ0(Fc) = 0.
We have presented numerical solutions corresponding to a 6x6 lattice. We have ob-
served that the value of Fc and the shape of the bifurcation diagram do not change
qualitatively if we increase the computational domain, for example to a 12x12 lattice.
The primary branch BR1 acquires more limit points but its configuration in the stress
range where BR1 is stable still corresponds to nucleation of one dipole which is split
into two edge dislocations later, each moving to the boundaries in opposite directions
as F varies. The branch BR2 appears now superimposed to BR1 in the bifurcation
diagram because the corresponding configurations are symmetric with respect to the
horizontal axis and therefore have the same l2 norm. The reflection symmetry with
respect to the horizontal axis in the middle of the crystal is typical for lattices with an
odd number of atomsNx, Ny. Therefore each branch in the bifurcation diagram using

the l2 norm of the displacement vector corresponds to two different solution branches
with the same norm and symmetric configurations. The bifurcation diagrams of rect-
angular lattices are similar to those of square ones, but we have observed a few differ-
ences: sometimes the pitchfork bifurcation at Fc is supercritical, but both bifurcating
branches have a limit point for a slightly higher stress and become unstable, repeating
then the pattern of the square lattice diagrams.
Now what are the effects of inertia? The bifurcation diagram corresponding to sta-
tionary solutions is still the same as presented here. However, the stability character
of the solutions changes. In the conservative case m = 1, α = 0, stable solutions
are no longer asymptotically stable. Linearizing (1) about a stable solution, we find
a problem with purely imaginary eigenvalues. Therefore these solutions are centers:
small disturbances about them give rise to small permanent oscillations about them.
The linearized problem about unstable solutions has pairs of positive and negative
eigenvalues and therefore these solutions are saddle-centers in general.
What have we learned about an instability and dislocation nucleation criterion from
our bifurcation study? Clearly Fc marks the instability of the homogeneous solution
branch BR0 and dislocations are nucleated at stress values more or less close to Fc,
although the fact that the bifurcation is subcritical makes it important to determine
the stresses at which the solution branches BR1 and BR2 become stable. This cannot
be done by simple linear stability calculations: instead numerical continuation algo-
rithms such as AUTO have to be employed. Fc is characterized as the stress value
at which the largest eigenvalue of the linear eigenvalue problem about BR0 becomes
zero. As it is well-known, we can determine the largest eigenvalue by solving the
minimization problem of a quadratic functional

∑

ijkl ϕi,jLi,j,k,lϕk,l over the class

of square summable vectors ϕi,j . The relation of this problem to the Λ criterion [5]
remains unclear. In the present case of a perfect lattice under shear, the critical re-
solved shear stress criterion used to interpret nanoindentation experiments [1] does
not seem relevant. Related results can be found in [9]. Similar models for a simplified
2D nano indentation setting [10] characterize the jumps observed in nanoindentation
strain/stress curves in terms of a related class of bifurcations, and given a mathematical
basis to their connection with dislocation loop nucleation.



3 CONCLUSIONS

We have analyzed 2D samples of a material described by a simple discrete elasticity
model. Under shear stress, the homogeneous dislocation-free stationary solution be-
comes lineally unstable at a critical stress Fc. At this stress two stationary branches
bifurcate subcritically from it forming a pitchfork bifurcation. Consider overdamped
dynamics first. One of these branches (far from the bifurcation point) becomes sta-
ble and its configuration corresponds to nucleation of a dislocation dipole, splitting
thereof and motion of the resulting edge dislocations with opposite Burgers vectors
to opposite sites in the sample boundary. The other branch eventually becomes stable
too and its configuration corresponds to nucleation and splitting of two dislocation
dipoles, that give rise to four edge dislocations. To obtain different stable branches
that coexist at the same value of a supercritical stress, ramping the stress over a time
period of variable duration is used. Slow ramping leads to the final configuration with
four dislocations, whereas appropriately fast ramping leads to the stationary config-
uration with only two edge dislocations. This bifurcation picture seems to describe
larger lattices and it describes the stationary solutions even if inertia is added.
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