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ABSTRACT: We present a discrete model of dislocations for cubic crystals that de-
scribes the core of dislocations and it approaches the correct equations of anisotropic
elasticity in the far field of defects. We analyze the depinning of dislocations near the
Peierls stress and show that this transition can be understood as a global bifurcation
whose character depends on the underlying dynamics.
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1 INTRODUCTION

Discrete models of dislocations have been analyzed since Frenkel and Kontorova (FK)
studied a model of interconnected harmonic springs in a periodic potential [1]. In this
and related models, the distortion decays exponentially fast far from the core of a dis-
location unlike the algebraic decay in elasticity [2]. Other discrete models modify the
FK model so as to achieve algebraic decay of the distortion far from dislocation cores.
Examples are Suzuki’s modeling of moving screw dislocations in terms of sliding
chains [3] or the Landau-Kovalev-Kondratiuk interacting atomic chains (IAC) model
[4]. These models are limited to simplified geometries. In Section 2 of this paper, we
describe a more general discrete model of dislocation dynamics in cubic crystals that
yields the usual equations of linear anisotropic elasticity far from dislocation cores. In
Section 3 we show that moving dislocations can be considered to be traveling waves of
discrete model equations and analyze dislocation depinning and motion as an applied
stress surpasses Peierls’s.

2 DISCRETE MODEL FOR CUBIC CRYSTALS

Let us consider a simple cubic crystal with one atom per lattice point and having
a unit cell of side length a. Extensions to face centered cubic and body centered
cubic crystals can be found in [5] and to cubic crystals with a two-atom basis in [6].
To find the equations describing our model of dislocation dynamics we proceed as
follows. We discretize space along the primitive vectors defining the unit cell of the
crystal: x = x1 = (l + ǫ1) a, y = x2 = (m + ǫ2) a, z = x3 = (n + ǫ3) a,
where l, m and n are integer numbers. The numbers ǫi ∈ (0, 1) are chosen different
from zero so as to avoid that any lattice site coincide with the origin xi = 0. For a
simple cubic crystal it is convenient to set ǫi = 1/2, so that the origin is at the center
of a unit cell. The discrete displacement vector from lattice sites ui(l,m, n; t) is a
nondimensional vector such that the usual displacement vector ũi(x, y, z, t) becomes
ũi(la,ma, na, t) = a ui(l,m, n; t). The discrete distortion tensor is defined as

w
(j)
i = g(D+

j ui), (1)



where g(x) is an odd periodic function of period one satisfying g(x) ∼ x as x → 0,

and D+
j and D−

j represent the standard forward and backward difference operators,

so that D±

1 ui(l,m, n; t) = ± [ui(l ± 1,m, n; t) − ui(l,m, n; t)], and so on. g(x) is
chosen so that the Peierls stress calculated using the model agrees with experimentally
measured values or with results of molecular dynamics simulations [5]. The discrete
strain energy is defined by

W ({ui})(l,m, n; t) =
a3

2

∑

i,j,k,l

∑

l,m,n

cijkleijekl, (2)

where eij = (w
(j)
i +w

(i)
j )/2 is the discrete strain. Then the Euler-Lagrange equations

for the potential energy V = W + a3
∑

l,m,n fiui (where fi is related to the body

force f̃i by fi = a f̃i) yield the following equations of motion:

M üi =
∑

j,k,l

D−

j [cijkl g
′(D+

j ui) g(D
+
l uk)] + fi. (3)

Here üi ≡ ∂2ui/∂t
2, M = ρa2 has units of mass per unit length (provided ρ is the

mass density of the crystal) and the displacement vector is dimensionless, so that both
sides of Eq. (3) have units of force per unit area. To recover the continuum limit of
our discrete model, we restore dimensional units to Eq. (3) and use

ui(l,m, n; t) =
ũi ((l + ǫ1) a, (m+ ǫ2) a, (n+ ǫ3) a; t)

a
, (4)

where f̃i = fi/a, then let a → 0, use M = ρa2 and g(x) ∼ x as x → 0. Then the
Cauchy equations of linearized anisotropic elasticity are obtained:

ρ
∂2ũi

∂t2
=

∑

j,k,l

∂

∂xj

(

cijkl
∂ũk

∂xl

)

+ f̃i, (5)

Viscosity and fluctuation effects can be added as explained in Ref. [2].
As an illustration, we shall construct an edge dislocation in an isotropic simple cubic
crystal with planar discrete symmetry, so that (u1(l,m; t), u2(l,m; t), 0) is indepen-
dent of z = na. Our procedure is:

• Calculate the corresponding singular solution of the static Navier equations of
linear elasticity. Use (4) to obtain a time-independent nondimensional displace-
ment vector (U1(l,m), U2(l,m)) (note that the singularity at xi = 0 does not
coincide with any lattice site).

• Use Ui(l,m), i = 1, 2, as the boundary condition at the crystal borders (l =
±X , m = ±Y ) and also as an initial condition to solve an overdamped discrete
model in which Mγu̇i replaces the left hand side of the equations of motion
(3):

Mγ u̇i −
∑

j,k,l

D−

j [cijkl g
′(D+

j ui) g(D
+
l uk)] = fi. (6)

• The solution of the overdamped equations of motion tends to the stationary
dislocation solution of the discrete model as time goes to infinity.

The solution of the static Navier equations corresponding to an edge dislocation under
a dimensionless shear stress F equals the corresponding solution under zero stress
plus (Fy, Fx, 0). Then we can use as initial and boundary displacement vector in the
previous procedure (U1 + Fm,U2 + Fl, 0), provided Ui is the displacement vector
under zero shear stress. The resulting edge dislocation is depicted in Fig. 1.



Figure 1: Profile of an edge dislocation for g(x) = sin(2πx)/(2π): (a) u1(l,m), (b)
u2(l,m).

3 DEPINNING OF EDGE DISLOCATIONS

To analyze how dislocations move under a sufficient applied stress, we use a simplified
version of Eqs. (3). Planar edge dislocations as in Fig. 1 (with Burgers vector directed
along the positive x axis) move from left to right when the applied shear stress parallel
to the Burgers vector surpasses Peierls’s. The extra half-plane of atoms finishing at
the dislocation line glides along the x direction but the atoms do not climb in the y
direction. As the dislocation line moves, D+

2 u1 can be larger than 1 (the period of

g(x)) but D+
1 u1 remains always smaller than 1. Therefore, no qualitative features of

the model are lost if we set u1 = u, u2 = u3 = 0, g′(x) = 1 (its far field value), and

replace g(D+
1 u) by D+

1 u in the equations. With these simplifications and for a cubic
crystal, Eq. (3) becomes

Mü+Mγu̇ = C11D
−

1 D
+
1 u+ C44D

−

2 g(D
+
2 u), (7)

in which we have added a damping term in the left hand side and set fi = 0. Using
now the notation ui,j(t) instead of u(i, j; t) and the nondimensional timeC11t/(Mγ) →
t, defining µ = C11/(Mγ2), A = C44/C11 and selecting g(x) = sin(2πx)/(2π), we
obtain the nondimensional equations of the IAC model [4]:

µ üi,j + u̇i,j = ui+1,j − 2ui,j + ui−1,j

+A
sin[2π(ui,j+1 − ui,j)] + sin[2π(ui,j−1 − ui,j)]

2π
. (8)

3.1 Stationary edge dislocation

According to the procedure explained in the previous section, to construct an edge
dislocation with Burgers vector (a, 0), we need to obtain the corresponding static so-

lutions of (8) in the continuum limit. These solutions solve ∂2ũ/∂x2 +A∂2ũ/∂y2 =
0, and satisfy

∮

c ∇ũ · dx = (a, 0) for the Burgers circuit around the dislocation

line (note that we are using dimensional quantities ũ = a u, with x = ia + 1/2,
y = ja + 1/2). Edge dislocations are generated from the zero-stress solution ũ =

a θ(x, y/
√
A)/(2π), where θ = tan−1(y/x) ∈ [0, 2π) is the angle function. The

corresponding strain decays as 1/r as r =
√

x2 + y2/A → ∞, same as the elastic
strain about an edge dislocation. From the dimensional displacement ũ, we obtain the



discrete static solution:

Ui,j =
1

2π
θ

(

a

(

i+
1

2

)

,
a√
A

(

j +
1

2

))

≡
θAi,j
2π

. (9)

Under a shear stress F , the static solution is (jF + θAi,j)/(2π).
Next, we solve numerically Eq. (8) with µ = 0 in a large lattice, using

ui,j =
θAi,j + F j

2π
, for i = ±N and for j = ±N , and ui,j(0) =

θAi,j
2π

. (10)

If |F | > Fcs(A) is large enough (Fcs is the static Peierls stress), the dislocation is
observed to glide in the x direction: to the right if F > 0, and to the left if F < 0.
Provided |F | < Fcs(A), the system relaxes to the stationary configuration which we

denote by Ûi,j(F,A). The result is quite similar to Fig. 1(a). A theoretical study of
these type of solutions, including existence proofs and stability arguments, is given in
[8].

3.2 Linear stability analysis of the edge dislocation for µ = 0.

To calculate Fcs(A), we perform a linear stability analysis of Û(F,A). We insert

ui,j(t) = Ûi,j(F,A) + vi,j(t) in Eq. (8) with µ = 0 and expand the result in powers

of vi,j about the stationary state Ûi,j(A,F ) keeping up to quadratic terms. Subscripts
in the resulting quadratic equation can be numbered with a single one starting from

the point i = j = −N : Ûi,j = Ûk and vi,j = vk, k = i+N +1+ (j +N)(2N + 1)
for i, j = −N, . . . , N . The quadratic equation can be written formally as

dv

dt
= M(F )v + B(v,v;F ), (11)

where the vector v has components vk. The linear stability of the stationary state

Ûk(A,F ) depends on the eigenvalues of the matrix M(F ). These eigenvalues are all
real negative for |F | < Fcs whereas one of them vanishes at |F | = Fcs (at this stress,
the operator M in (11) ceases to be elliptic). Fig. 2(a) depicts Fcs as a function of
A. Since Fcs increases with A and the dislocation core decreases with A, narrow core
dislocations are harder to move.

3.3 The transition from stationary to moving dislocations as a global bifurcation.

Let us assume that F > Fcs (the case F < −Fcs is similar). The motion of
dislocations depends on whether µ is zero or not. Consider first µ = 0. Let l

and r (with components lij and rij ) be the left and right eigenvectors of the ma-

trix M(Fcs) corresponding to its zero eigenvalue (its largest one). Then vi,j =
[(F − Fc)j + φ(t) rij ]/(2π) (plus terms that decay exponentially fast in time) sat-
isfies the BC vi,j = (F −Fc)j/(2π) for j = ±N , and vi,j = 0 for i = ±N . Inserting

ui,j = Ûi,j(Fcs) + vi,j in (6) with µ = 0, we obtain

φ̇

A
rij = D−

2

[

(F − Fcs) cos[2π(D
+
2 Ûi,j)]−

φ2 sin[2π(D+
2 Ûi,j)](D

+
2 rij)

2

2

]

(12)

plus terms of orders (F − Fcs)φ and (F − Fcs)
2. The cubic terms that were ignored

when (11) was written are of order φ3. The scalar product of this equation by l yields
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Figure 2: (a) Static (squares, m = 0) and dynamic (asterisks, m = 0.5) critical
stresses Fcs and Fcd versus A. (b) Theoretical (solid line, m = 0) and numerical
(squares, µ = 0; asterisks, µ = 0.5) dislocation velocity vs. F (A = 1, N = 25).
(c) Wave front profiles, ui,j(t) = u(ζ, j), ζ = i − ct, c > 0, near F = Fcs (A = 3,
µ = 0, N = 25). Adapted from [7]

the following amplitude equation

dφ

dt
= α (F − Fcs) + βφ2, (13)

where β = −A
∑

ij lijD
−

2 {sin[2π(D+
2 Ûi,j)](D

+
2 rij)

2}/(2∑ij lijrij) and

α = A
∑

ij lijD
−

2 {cos[2π(D+
2 Ûi,j)]}/

∑

ij lijrij . The two terms in the right hand

side of (13) are of order (F − Fcs), whereby φ is of order (F − Fcs)
1/2. Then the

neglected error terms are of order (F − Fcs)
3/2, and they tend faster to zero as F →

Fcs+ than the terms in (12). Numerical evidence shows that α > 0 and β > 0.
Equation (12) is the normal form of a saddle-node bifurcation. Its solution is

φ(t) =

√

α (F − Fcs)

β
tan

(

√

αβ (F − Fcs) (t− t0)
)

, (14)

which remains close to φ = 0 for long time periods, but it blows up at the large times

(t− t0) = ±1/(2c), where c(A,F ) = π−1
√

αβ (F − Fcs).
What happens after the blow up time (t− t0) = 1/(2c)? The approximation ui,j(t) ∼
Ûi,j(Fcs, A) + [(F − Fcs) j + φ(t) ri,j ]/(2π) breaks down because φ(t) is no longer

of order (F−Fcs)
1/2. We have to solve an inner problem consisting of Equations (8) at

F = Fcs with the matching conditionsui,j ∼ Ûi,j(Fcs, A)+rij/[π
2
√

β/[α (F − Fc)]−
2πβ (t − t0)], as (t − t0) → −∞. This inner solution evolves towards Ûi−1,j in a
time of order 1 after (t − t0) = 1/(2c). Then another jump of the whole dislocation
profile to the right occurs when (t − t0) = 1/c, and so on. The dislocation is mov-
ing to the right with velocity c(A,F ) given above and its profile is ui,j(t) = u(ζ, j),
ζ = i − ct, which has been depicted in Fig. 2(c). Notice that the wave front profiles
exhibit many smoothed steps for F slightly larger than Fcs. In the flat part of these



steps, u(ζ, j) takes on the stationary values Ûi,j(Fcs) because φ(t) in (14) is almost
zero for |c(t− t0)| < 1/2. The steep parts of the profiles between steps correspond to
the solutions of the inner problem.
Numerically measured and theoretically predicted dislocation velocities are compared
in Fig. 2(b). The numerical calculation of the dislocation velocity is somewhat del-
icate. If we solve numerically the initial-boundary value problem (8) and (10) for
|F | > Fcs, the velocity of the dislocation decreases as it moves towards the boundary.
The dislocation decelerates because we are using the far field of a steady dislocation
as boundary condition, instead of the (more sensible) far field of a moving dislocation.
However, the latter is in principle unknown because we do not know the dislocation
speed. We will assume nevertheless that the dislocation moves at constant speed c
once it starts moving, as it would in a stressed infinite system. Then the correct dis-

location far field is (θAi−ct,j + Fj)/(2π). With this far field as boundary condition,

Eq. (8) has traveling wave solutions ui,j(t) whose velocity can be calculated self-
consistently. How? By an iterative procedure that adopts as initial trial velocity that
of a dislocation subject to static boundary condition (10) as it starts moving. Figure
2(b) compares the numerically calculated velocity with the theoretical prediction. As
explained above, step-like profiles are observed near threshold (see Fig. 2(c)), that be-
come smoother as F increases. Note that the wave front profiles are kinks for j < 0
and antikinks for j ≥ 0.

3.4 Effects of inertia (µ > 0)

Numerical simulations of (8) with µ > 0 show that the dislocations keep moving for
an interval of stresses below the static Peierls stress, Fcd < |F | < Fcs. For these
stresses, stable solutions representing static and moving dislocations coexist: to depin
a static dislocation, we need |F | > Fcs. However if |F | decreases below Fcs, a
moving dislocation keeps moving until |F | < Fcd; see Fig. 2(b). Thus Fcd represents
the dynamic Peierls stress of the dislocation. Our theory therefore yields the static and
the dynamic Peierls stresses and the velocity of a dislocation.
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