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ABSTRACT

In this communication we analyze the light field distribution of a highly focused radially polarized beam when
passes through a linear polarizer. The polarizer is modeled as a plane-parallel uniaxial absorbing medium with
the optical axis parallel to the plate surfaces of the polarizer. Analytical results and numerical calculations are
provided.
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1. INTRODUCTION

In the last years, multiple applications of the polarization properties of electromagnetic field distributions gen-
erated in the focal region of an optical system with high numerical aperture (NA) have been described: electron
acceleration, nonlinear optics, optical tweezers, etc.1–14 In this context, an important issue is to develop the the-
oretical framework to determine the behavior of a polarizer on a focused beam.15–17 We have recently published
a study on how linear polarizers modify a tightly focused field.18 The polarizer was modeled as a plane-parallel
uniaxial absorbing medium with the optical axis parallel to the plate surfaces of the polarizer.19–22 We found
that the electric field component in the direction of propagation and the influence of the Fresnel coefficients
modify the performance of the polarizer.

In the present paper, we analyze how radially polarized beams are modified when they passes through a
linear polarizer. The article is organized as follows. Section 2 reviews basic concepts on propagation of electric
fields in the focal area. In section 3, we describe a theoretical model for O-type polarizers and the projection
vector equation for the angular spectrum of plane waves are also considered. In particular, we focus our attention
on radially polarized beams and we introduced two parameters that are useful to provide more insight on the
behavior of the beam after crossing the polarizer. Finally, the conclusions are presented in section 4.

2. ELECTROMAGNETIC FIELDS IN THE FOCAL AREA

The Richards-Wolf equation provides The relationship between the paraxial illuminating beam Ei = (Eix, Eiy, 0)
and the focused field distribution E is23

E(r) = A

θM∫
0

2π∫
0

E0 exp(−ikr · s) sin θdθ dϕ . (1)

Here r = (r, φ, z) denotes the polar coordinates at the focal area, A is a constant value, k is the wave-number,
θM is the semi-aperture angle (related to the numerical aperture (NA) by means of NA=sin θM ), θ and ϕ are the
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coordinates at the Gaussian sphere of reference and the wave-front vector s reads s = (sin θ cosϕ, sin θ sinϕ, cos θ)
[see Fig. 1 in11], E0 is the so-called vectorial angular spectrum, namely

E0 = f1e1 + f2e2 =
√

cos θ
(
(Ei · e1) e1 +

(
Ei · ei2

)
e2
)

(2)

where f1 and f2 are related to the azimuthal and radial transverse components of the incident transverse field
Ei respectively. Vectors e1, e2 and ei2 are described by

e1(ϕ) = (− sinϕ, cosϕ, 0) (3a)

ei2(ϕ) = (cosϕ, sinϕ, 0) (3b)

e2(ϕ, θ) = (cos θ cosϕ, cos θ sinϕ,− sin θ). (3c)

When the incident beam is radially polarized the field in the focal region reads1–3,24

E(r) = A

θM∫
0

2π∫
0

f2(θ, ϕ) e2(θ, ϕ) exp(−ikr · s) sin θdθ dϕ (4)

where
f2(θ, ϕ) =

√
cos θ Ei(θ, ϕ) · ei2(θ, ϕ) . (5)

3. BEHAVIOR OF IDEAL POLARIZER ON RADIALLY HIGHLY FOCUSED FIELDS

We describe a linear polarizer as a uniaxial anisotropic plane-parallel media of thickness L. The optical axis is
assumed to be parallel to the plate surfaces and multiple internal reflections are ignored.21,22 If the ordinary
and extraordinary refractive indexes of the material are very similar, the incident and transmitted beams are
related by

Pβ [E0] = exp (−ikn̂oL) (E0 · qo)po + exp (−ikn̂eL) (E0 · qe)pe (6)

where n̂o = no − iκo and n̂e = ne − iκe are the ordinary and extraordinary complex refractive indices; Pβ [ ] the
linear operator that mathematically describes an ideal linear polarizer whose optical axis (c-axis) is described by
(cosβ, sinβ, 0). Thus, vectors qo, po, qe and, pe are given by

qo = ts cosψ e1 − tp sinψ e2 (7a)

po = t′s cosψ e1 − t′p sinψ e2 (7b)

qe = ts sinψ e1 + tp cosψ e2 (7c)

pe = t′s sinψ e1 + t′p cosψ e2 (7d)

where cosψ and sinψ read

cosψ =
cos θ0 cos (ϕ− β)√

1− sin2 θ0 cos2 (ϕ− β)
(8a)

sinψ = − sin (ϕ− β)√
1− sin2 θ0 cos2 (ϕ− β)

. (8b)

The Fresnel transmission formulae for the first surface of the polarizing plate read

ts =
2 cos θ

cos θ + no cos θ0
(9a)

tp =
2 cos θ

cos θ0 + no cos θ
(9b)
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where θ0 is the refraction angle, i.e. sin θ = no sin θ0. The Fresnel coefficients for the second surface are

t′s =
2no cos θ0

cos θ + no cos θ0
(10a)

t′p =
2no cos θ0

cos θ0 + no cos θ
. (10b)

O-type polarizers transmit ordinary waves and attenuates extraordinary ones, i.e. κo ' 0 and κe > 0 and
thus, Pβ [E0] = (E0 · qo)po and the polarizer axis direction is (− sinβ, cosβ, 0). Accordingly, the electric field of
a focused beam after the polarizer Pβ [E (r)] is obtained by projecting each contributions of the angular spectrum
Pβ [E0]. In this case, the Richards-Wolf equation Eq.(4) reads18

Pβ [E(r)] = A

θM∫
0

2π∫
0

[(
E0 · qo

)
po

]
exp(−ikr · s) sin θ dθ dϕ . (11)

In particular, for incident radially polarized beam Eq. (11) reduces to

Pβ [E(r)] = A

θM∫
0

2π∫
0

f2(θ, ϕ)
[(
e2 · qo

)
po

]
exp(−ikr · s) sin θ dθ dϕ . (12)

From the previous equation it follows that the field after the polarizer is non uniform totally polarized and its
features depend on the topological charge of the vector angular spectrum and the numerical aperture of the
objective lens NA= sin θM . Furthermore, Eq. (12) clearly shows that the field after the polarizer displays a
non-negligible longitudinal component.

Figures 1(a) and 1(b) show the irradiance distributions of the focused electric field for a radially polarized
beam, with rotational symmetry, before and after passing through a polarizer respectively. In what follows, the
polarizer axis is set to the horizontal direction, i.e. β = π/2. Moreover, the components images are normalized
to the maximum value of the total irradiance IT . The numerical aperture is set to NA= 0.9. Figures display the
irradiances of the x−component Ix = |Ex|2, y−component Iy = |Ey|2, z−component Iz = |Ez|2, the total field
IT = Ix + Iy + Iz and the 3D polarization map. Since polarization axis is set in the horizontal direction thus,
Iy ≈ 0 as shown in Fig. 1(b). Because the irradiance of the longitudinal component is high, the total irradiance
after the polarizer is quite different when compared with the x−component before the polarizer.

Figure 1: Radially polarized beam NA=0.9: (a) before and (b) after the polarizer. Both subfigures display the
following distributions: Ix, Iy, Iz, IT . In the polarization map: xy-plane, xz-profile and yz-profile are shown.
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Figure 2: Behavior of the integrated irradiance parameters (left) βz and (right) ρ.

To better understand the behavior of radially polarized focused fields passing through a polarizer we introduce
the following parameters: i) βz is the ratio of the integrated irradiances of the longitudinal component and the
total field. Both distributions are evaluated after the polarizer, ii) ρ is the correlation between the x−component
of the field before the polarizer and the total amplitude after the polarizer. This parameter ranges from 0 ≤ ρ ≤ 1
in particular, if ρ = 1 then both distributions are indistinguishable. Note that ρ is closely related to the similarity
factor introduced in25

βz =

∫ ∫
|Pβ [E(r)]z|2 sinφdr dφ∫ ∫
|Pβ [E(r)]|2 sinφdr dφ

(13)

ρ =

∫ ∫ ∣∣Pπ/2[E(r)]
∣∣ |Ex(r)| sinφdr dφ√∫ ∫ ∣∣Pπ/2[E(r)]

∣∣2 sinφdr dφ
√∫ ∫

|Ex(r)|2 sinφdr dφ
. (14)

Figures 2 shows the behavior of these parameters as a function of NA. As expected, βz increases with NA
and ρ displays a monotonically decreasing behavior with NA. This behavior of ρ is compatible with the results
presented in Fig. 1. In particular, Ix before and IT after the polarizer look quite different and consequently,
an irradiance measurement of the focused beam after a polarizer can lead an unappropriated estimation of the
x-component.

4. CONCLUSION

In this paper we discussed how a radially polarized focused beam is modified after passing through a linear
polarizer. These devices are modeled as uniaxial anisotropic plane-parallel media with the optical axis parallel
to the plate surfaces. It is worth to point out that the irradiance of the recorded beam after a polarizer differs
from the projected component of the beam before passing the polarizer. In fact, differences can be observed
when radially polarized beams are focused with high NA values. As a consequence, a measure of the irradiance
of a focused beam after a polarizer can provide an inaccurate account of the projected component.
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