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1 Introduction

Very strong checks of the AdS/CFT correspondence beyond the supergravity regime have

been obtained along the last years from the study of sectors with large quantum numbers,

following ideas first presented in [1]. Operators with a large R-symmetry charge J , of

the form Tr (ZJ . . .), where Z is one of the N = 4 complex scalars and the dots stand for

insertions of few other fields, were mapped to small closed strings in AdS5×S5 whose center

of mass moves with large angular momentum J along a circle of S5 [2, 3]. This analysis was

afterwards extended to operators composed of the three N = 4 scalars, that were proposed

to correspond to semiclassical string solutions with three large angular momenta along S5

[4]. The energy of these semiclassical strings admits an expansion in the effective coupling

λ/J2, with λ the ’t Hooft coupling of the gauge theory, suggesting the possibility of a precise

comparison between string energies and anomalous dimensions of large N = 4 Yang-Mills

operators. However operator mixing turned the computation of anomalous dimensions

for large N = 4 operators into a formidable task, until the illuminating identification

of the planar dilatation operator [5, 6] with the Hamiltonian of an integrable quantum

spin chain [7, 8]. The spectrum of anomalous dimensions for large operators became then

computable using the powerful technique of the Bethe ansatz, and complete agreement with

the energies of semiclassical string states was found at the first two leading orders in λ [9]-

[25]. Moreover a perfect matching between the Bethe equations in the thermodynamic limit

of very long spin chains and the integrability properties of the classical string on AdS5×S5

was shown up to order λ2 in [26]-[30]. The correspondence was further reinforced by the

direct comparison of the action describing the continuum limit of the spin chain in the

coherent state basis with the dual string non-linear sigma model [31]-[37].

According to the AdS/CFT correspondence, finite size corrections to the thermody-

namic limit of very long spin chains provide quantum corrections, beyond the classical

limit, to strings carrying large quantum numbers. The effect of finite size corrections on

anomalous dimensions in the SU(2) sector, describing N = 4 operators composed of two

complex scalars, was previously considered in [38] and compared to one-loop corrections

to classical string energies for circular strings [4] rotating in S5 with two equal angular

momenta [39, 40]. In this case disagreement was found already at leading order in λ. The

interpretation was however far from conclusive because the energy of the associated string

contains an imaginary piece and the configuration is therefore unstable. A safer test was
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then proposed in [41], by studying the one-loop correction to a stable circular string rotat-

ing in both AdS5 and S5. The energy of this configuration corresponds to the anomalous

dimension of an operator in the SU(1, 1) sector of N = 4 Yang-Mills [6]. The correction to

the thermodynamic limit of the Bethe equations in the SU(1, 1) sector was determined in

[27]. Again, as in the SU(2) sector, a disagreement was found at order λ. Comparison of

the one-loop quantum correction for a stable circular string with three angular momenta

along S5 to the finite size effect on the anomalous dimension for the dual operators was

also recently considered in [42].

In this paper we will reconsider finite size corrections to the thermodynamic limit of

the Bethe ansatz in the SU(2) and SU(1, 1) sectors, and argue that a crucial piece was

missing in the previous analysis. The plan of the paper is the following. In section 2

we will introduce the Bethe ansatz equations. In section 3 we will evaluate the first 1

L

corrections to their thermodynamic limit. In section 4 we will compute the effect of finite

size corrections on the energy of some particular solutions of the Bethe equations, which

map to circular strings on AdS5 × S5. We conclude with some comments in section 5.

2 The Bethe ansatz equations

The isotropic spin 1/2 Heisenberg chain is one of the most studied integrable systems. At

each site of the chain sits the fundamental representation of SU(2). We will be interested

on studying this spin chain in the ferromagnetic regime. The ground state of the system,

which spontaneously breaks the underlying SU(2) symmetry, consists of all spins equally

oriented at each site of the chain. Let us choose for definiteness |↑↑ · · · ↑〉. The elementary

excitations of the chain, called magnons, consist of one spin down over a sea of spins up

carrying a definite momentum
∑L

j=1
eipj| ↑ · · · ↓j · · · ↑ 〉, where L is the number of sites of

the chain. The momentum p is customarily parameterized as

eip =
u + i/2

u − i/2
, (2.1)

where u is called the rapidity, which can be real or complex. The spectrum of the chain is

given by collections of M magnons, whose rapidities satisfy the Bethe ansatz equations,

(

uj + i/2

uj − i/2

)L

=

M
∏

k 6=j

uj − uk + i

uj − uk − i
. (2.2)
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N = 4 Yang-Mills operators composed of two complex scalars, Tr(ZM
1 ZL−M

2 ), can be

formally mapped to spin chain configurations by identifying |↑〉 → Z1 and |↓〉 → Z2. The

order in which the fields appear inside the trace maps into the site arrangement of the

spins along the chain. The cyclic invariance of the trace implies the restriction to cyclically

invariant spin chain configurations, i.e. eiP = 1 where P is the total momentum. It has

been shown [7] that the dilatation operator of N = 4 Yang-Mills on the holomorphic two

scalar sector coincides with the Heisenberg hamiltonian.

The Bethe ansatz equations (2.2) can be generalized to spin chains with SU(1, 1)

symmetry, in which case the LHS term has to be replaced by ((uj − i/2)/(uj + i/2))L.

The N = 4 counterpart of this chain corresponds to operators composed of a single

complex scalar field and an arbitrary number of derivatives, Tr(DMZL). Both spin chains

can be unified by representing the lowering operator S−
i at the site i as the product of

two fermionic destruction operators for SU(2) or two bosonic destruction operators for

SU(1, 1). We shall use a parameter ǫ to distinguish between the two options: ǫ = +1 for

SU(2) and ǫ = −1 for SU(1, 1). These operator representations are at the basis of another

applications of the previous Bethe ansatz equations that we shall briefly comment below.

We will be interested in chains with a large number of sites and in solutions to the

Bethe equations (2.2) where the number of roots is comparable to the number of sites of

the chain, i.e. L ≫ 1 and M ∼ L. In the SU(2) case, corresponding to ǫ = 1, the roots

form open arcs or “strings” in the rapidity u complex plane, which are symmetric around

the real axis. The reason being that if uj is a solution of (2.2), so is u∗
j = uk for some k. In

the SU(1, 1) case, ǫ = −1, the Bethe roots are real and condense in segments on the real

axis [46]. As in the limit L ≫ 1 the Bethe roots scale as uj ∼ L, it is convenient to define

a rescaled variable x ≡ u
L
. Bethe strings with a macroscopic number of roots M∼L locate

along a well defined curve C in the x-plane, and describe macroscopic spin waves, dual to

semiclassical strings in AdS5 ×S5. Along this curve a smooth function parameterizing the

density of roots can be defined. Let us introduce an auxiliary real variable n, such that

C = {x(n), n∈ [ 1

L
, M

L
]} and x

(

j
L

)

=
uj

L
. We now define the function ρ(x) as

ρ−1 =
dx

dn
. (2.3)

In general this function is complex-valued, unless C lies along the real axis. The density

of Bethe roots along C is then given by |ρ(x)|. Notice that |ρ(xj)|∼1 implies separations

between neighbouring roots |uj −uk| ∼ 1. The function ρ(x), as given in (2.3), should
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be interpreted as a smooth interpolating function. It is not directly equivalent to the

definition commonly used in the literature, see for example [26], where ρ is given by a sum

over delta functions at the positions of the Bethe roots. However, both definitions coincide

in the thermodynamic limit of infinitely long spin chains.

From now on we will concentrate in solutions to the Bethe equations consisting of

several macroscopic strings. In the limit L ≫ 1, the Bethe equations are best analyzed in

the logarithmic form

−iL log
uj + i/2

uj − i/2
+ 2πnj = −i

∑

k 6=j

log
uj − uk + i

uj − uk − i
. (2.4)

The integers nj originate from the multivaluedness of the logarithm, and label different

Bethe strings. The type of solutions we are interested in corresponds to having the roots

distributed along those sets for which the integers nj coincide, each set containing a number

of roots of order L. In the thermodynamic limit where L → ∞ and M → ∞, with the

ratio M/L kept fixed, the equations (2.4) become integral equations for the density of

roots along each curve Cs

ǫ

x
+ 2πns = 2 −

∫

Cs

dx′ ρs(x
′)

x − x′
+ 2

∑

r 6=s

∫

Cr

dx′ ρr(x
′)

x − x′
, x ∈ Cs. (2.5)

Relation (2.5) is obtained assuming that, since uj ∼ L, in the thermodynamic limit the

logarithms can be replaced by the leading term in their Taylor expansion on inverse powers

of u. Since there is a macroscopic number of roots, summations are then substituted by

integrals. Let us analyze the previous assumption in some detail. The curves Cs on the

x-plane along which the solutions of equation (2.5) distribute have in general finite size.

Each of them accommodates a large number of roots, of order L, and the density tends to

zero at the endpoints. Notice also that the density of roots scales as ρs ∼ ns. Both these

facts indicate that inside the curve we can find densities close to or even larger than one.

Thus there will be regions where the distance between neighbouring roots is |uj − uk| .1.

Roots for which this happens do not allow for a power series expansion of the logarithms

in equation (2.4) or at least do not justify to keep only the leading term. Since the number

of roots close to a given one where this situation arises is expected to be of order one,

they should not contribute to the leading behaviour in the thermodynamic limit. However

these considerations become relevant when analyzing the finite size corrections to (2.5).

Before we analyze these corrections we shall make some general comments concerning

the equations (2.5). First of all these equations admit an electrostatic analogue as the
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equilibrium conditions for a set of point like charges interacting among themselves (1/(x−
x′) terms) and with a charge located at the origin (1/x term). The 2πns term can then

be interpreted as a constant electric field, which depends on the given curve Cs [43]-[46].

Equations like (2.5) have also appeared in a different context specially in the study of

exactly solvable BCS models of superconductivity [47], the Gaudin magnets [44], bosonic

BCS models [48, 49] and the Russian doll BCS model [50, 51]. In particular the Bethe

equation of the BCS model for a single energy level with high degeneracy coincides precisely

with (2.5). This is in fact the simplest BCS model and can be seen as the limit of any BCS

model where the BCS coupling constant is much larger than the remaining energy scales

of the model, as for example the Debye energy. The possibility of having different arcs for

the solutions of the Bethe equations of the BCS model was considered by Gaudin in [44]

but they have not found so far any practical application in superconductivity or condensed

matter. The case of only one arc coincides in the thermodynamic limit with the standard

mean field solution of the BCS model to leading order in the number of particles.

3 Finite size corrections

In this section we will evaluate the leading 1

L
corrections to the Bethe equations. If

the curves Cs where the roots condense do not contain the point x = 0, we can always

approximate the logarithm in the LHS of equation (2.4) by the first term in its series

expansion. Thus the LHS of (2.5) is not modified in the limit of large but not infinite L.

We will focus then in the RHS of equation (2.4). When two roots xj , xk lay on different

curves, we can assume that their separation is of order one and again the associated

logarithm on the RHS of equation (2.4) can be well approximated by the first term in its

series expansion. The only problematic situation arises when we consider roots belonging

to the same curve. Hence we can restrict to the simplest situation on which all the roots

condense to form a single curve C on the x-plane. The quantity whose finite size corrections

we have to determine is

−i
∑

k 6=j

log
xj − xk + i/L

xj − xk − i/L
. (3.1)

Given a root xj ∈C, let us choose two integer N1, N2 with the property that

|xj − xj±l| > 1

L
if l ≥ N1 , (3.2)

|xj − xj±l| > δ if l ≥ N2 ,
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with δ << 1, but of order L0. Since ρ(x) is a smooth function on C, we can then further

ask that N1 is of order L0 and N2 of order L. We divide then the summation in (3.1) into

three separate regions
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j−N2 j−N1+1 j j+N1−1 j+N2

The separation between roots is infinitesimal in region I, and finite but very small in

region II. In both cases it can be evaluated explicitly as follows,

xj+l − xj =

∫ nj+l

nj

dn

ρ
≈

∫ nj+l

nj

dn

ρj

[

1 − ρ′
j

ρ2
j

(n − nj)

]

=
l

Lρj

− ρ′
j

2ρj

(

l

Lρj

)2

, (3.3)

where nj = j
L

and nj+l = nj + l
L
, and to simplify notation we have defined ρj = ρ(xj)

and ρ′
j = dρ

dx
(xj). This relation will be the main tool to determine the leading finite size

corrections to the Bethe equations.

Let us analyze first the contribution from region I to (3.1). It can be most conveniently

written as

−i

N1−1
∑

l=1

[

log
xj − xj−l + i/L

xj+l − xj + i/L
− log

xj − xj−l − i/L

xj+l − xj − i/L

]

. (3.4)

Region I has been introduced to take into account possible situations where L|xj−xk| <1.

This can happen typically on the central part of the condensation curve C, where the

density attains its maximum. On the other hand, depending on the choice of N1, this

region will contain a number of roots with L|xj−xk| ∼ 1. Therefore it is not possible to

approximate the logarithms in (3.4) by a power expansion. However that expression can

be easily analyzed with the help of (3.3). A non-vanishing result is obtained due to the

sub-leading contribution to the separation between roots given by the last term in (3.3).

Substituting in (3.4) and neglecting terms O(L−2), we get the following result

−2 ρ′
j

Lρj

N1−1
∑

l=1

l2

l2 + ρ2
j

. (3.5)

We turn now to region II. Since in this region L|xj −xk| > 1, we can represent the

logarithm by the series expansion

−i log
xj − xk + i/L

xj − xk − i/L
= 2

∞
∑

n=0

(−1)n

(2n + 1)[L(xj − xk)]2n+1
. (3.6)
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The term with n = 0 provides the main contribution to (3.4). The terms with n > 0 are

naively suppressed by powers of L−2 with respect to the term with n=0. However, since

region II contains roots with L|xj−xk| ∼1, it is not justified to neglect them. Thus, let us

study the contribution from each separate term n > 0 in the expansion of the sum (3.1),

which we write as

2

N2
∑

l=N1

(−1)n

(2n + 1)

[

1

[L(xj − xj−l)]2n+1
− 1

[L(xj+l − xj)]2n+1

]

. (3.7)

This expression can be evaluated using once more (3.3), giving the simple result

−2ρ′
j

L
(−1)nρ2n−1

j

N2
∑

l=N1

1

l2n
. (3.8)

Since N2 is of order L, one should check that the approximate formula (3.3) captures all

the leading finite size corrections. Higher orders in the expansion (3.3) would lead to an

expression analogous to (3.8), but multiplied by additional powers of
(

l
L

)2
. The most

dangerous situation arises when n=1. Given that for this case the sum in (3.8) goes like

l−2, the first additional correction is proportional to 1

L3

∑

1. It is thus suppressed as L−2.

Notice that a different conclusion is obtained for the term n = 0 in the expansion of the

logarithm, for which the next contribution in the expansion (3.3) would produce a piece

1

L3

∑

l2 ∼ L0. Therefore the leading term must be treated independently.

As the next step, we extend the upper limit of the summation in (3.8) from N2 to

infinity. This does not affect the leading finite size corrections. Indeed, the stronger effect

of this substitution happens again for n = 1 and it is of order L−2. Using that
ρj

l
< 1 in

region II, the sum over n>0 of the terms (3.8) can be recognized as the Taylor expansion

that reconstructs the function

2ρjρ
′
j

L

∞
∑

l=N1

1

l2 + ρ2
j

. (3.9)

It is interesting to compare the contribution from region I, given by expression (3.5), with

what would have been obtained from evaluating in that region the term n=0 in (3.6). Now

relation (3.3) can be used without problems, and we observe that the difference between

both quantities is just

2ρjρ
′
j

L

N1−1
∑

l=1

1

l2 + ρ2
j

. (3.10)

7



Clearly only the term n = 0 contributes to the leading finite size effects in region III.

Collecting all contributions we obtain the final result

−i
∑

k 6=j

log
xj − xk + i/L

xj − xk − i/L
=

1

L

∑

k 6=j

2

xj − xk

+
2ρjρ

′
j

L

∞
∑

l=1

1

l2 + ρ2
j

, (3.11)

up to terms of order L−2. As required for consistency, this relation is independent of N1 and

N2. It shows that approximating the logarithm by the first term in its Taylor expansion

is valid in the thermodynamic limit, but it is not enough to capture the leading finite size

effects. It is remarkable that the last term in (3.11) also represents of a summation over

roots, where each summand gives a contribution from the roots xj±l around the chosen

one xj . Using that

πρ coth πρ =

∞
∑

l=−∞

ρ2

l2 + ρ2
, (3.12)

the previous relation can be written in the more compact form

−i
∑

k 6=j

log
xj − xk + i/L

xj − xk − i/L
=

1

L

∑

k 6=j

2

xj − xk

+
ρ′

j

ρjL
(πρj coth πρj − 1) . (3.13)

Since we are only interested in the leading finite size corrections, the function ρ should

be understood in the strict thermodynamic limit. In figure 1 we show a numerical check

of (3.13). An alternative derivation of this formula consists in making an infinitesimal

variation of the positions xj along the arc C. Using (3.3) one can then relate δxk − δxl

with a variation of the density function δρj and its derivative δρ′
j . It is easy to check that

both sides coincide up to higher powers in 1/L.

In the general situation on which the Bethe roots condense on several macroscopic

curves, (3.13) will apply to the summation over roots belonging to each separate curve.

When the roots xj , xk lay on different curves, the last term on (3.13) is absent. Let

us denote by xs,j the roots belonging to the s-th curve. The integral Bethe equations

(2.5), valid in the limit of an infinite chain, gets modified as follows by the first finite size

corrections

ǫ

xs,j

+ 2πns =
1

L

∑

k 6=j

2

xs,j − xs,k

+ (3.14)

+
1

L

∑

r 6=s

∑

k

2

xs,j − xr,k
+

ρ′
s,j

ρs,jL
(πρs,j coth πρs,j − 1) .

These equations can be straightforwardly generalized to spin chains based on general Lie

groups.
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Figure 1: Check of (3.13) for a density ρ=3x
√

1− x2 for which xj=
√

1 − (1−j/L)2/3 with

j = 1, .., L−1 and L = 15. (a) The dotted line is the LHS of (3.13), while the + are the

RHS; the × denote the first term in the RHS. (b) The ∗ represent the difference between

the LHS and the first term in the RHS of (3.13), and the + are the 1/L correction.

We would like to end this section with a comment on the validity of (3.13) and (3.14).

In deriving these equations, we have assumed that the number of roots around the chosen

one xs,j is of order L. This stops being true for xs,j sufficiently close to the end points of

the associated condensation curve. We expect that this problem does not affect the 1/L

corrections to the conserved charges of the macroscopic Bethe solutions. However it will

be important to estimate the order of the next to leading finite size effects. Let us look

again to figure 1. In our example, the roots xj lay on the interval [0, 1]. For x close to 1 the

density is ∼
√

1 − x, reproducing the typical behaviour of the densities which solve the

Bethe equations. In figure 1b we observe that the 1/L correction that we have obtained

is a worse approximation for x close to 1. In spite of that, this problem is practically

confined to the last root.

It has been argued that quantum corrections to the conserved charges of spinning

strings on AdS5 × S5 are suppressed by integer powers of 1/L [39, 52]. According to

the AdS/CFT correspondence, quantum corrections to semiclassical strings map to finite

size effects for the spin chain describing the spectrum of anomalous dimensions of N = 4

Yang-Mills. Hence it is interesting that, in addition to evaluating the leading finite size

corrections for roots not very close to the end points, we were able to show that for them

the next to leading effects are of order 1/L2.
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4 Finite size corrections to the energy

We will now use the results of the previous section to calculate the leading finite size

corrections to the energy of certain solutions to the Bethe equations for SU(2) and SU(1, 1)

spin chains. The energy is in both cases given by

E =
λ

8π2

M
∑

j=1

1

u2
j + 1/4

≈ λ

8π2L2

M
∑

j=1

1

x2
j

. (4.1)

We will concentrate again in solutions of the Bethe equation where the roots condense on

a single curve C. The AdS/CFT correspondence relates these solutions to the simplest and

most studied example of semiclassical strings spinning on AdS5 × S5, i.e. circular strings

[4, 39, 40, 41]. The SU(2) and SU(1, 1) cases correspond respectively to strings rotating

with two angular momenta on S5, or both on S5 and AdS5. Comparing the energies on

both sides of the correspondence it will be possible to determine if the perfect agreement

found in the thermodynamic/classical limit [26]-[30], extends to the finite size/quantum

level.

The Bethe equations (3.14) reduce in the case of a single curve to

ǫ

xj
+ 2πn =

1

L

∑

k 6=j

2

xj − xk
+

ρ′
j

ρjL
(πρj coth πρj − 1) , (4.2)

where ǫ = 1,−1 for the SU(2) and SU(1, 1) cases, respectively. Defining α = M
L

, the

function ρ(x) is given by [26, 27, 53]

ρ(x) =

√

8πnαx − (2πnx + ǫ)2

2πx
. (4.3)

Summing (4.2) over j we obtain

M
∑

j=1

ǫ

xj

= −2πnM +

∫

Γ

dρ (πρ coth πρ − 1) , (4.4)

where Γ is the contour on the ρ-plane defined by the function ρ(x), with x∈C. Since on

the end points of C the density is zero, the contour Γ is closed and always contains the

origin. For SU(1, 1) the curve C lies on the real axis and ρ(x) is a real function. Γ should

be understood then as a closed contour surrounding the interval between the origin and

the maximal value of the density, ρM (see figure 2a). Hence the integral on (4.4) clearly

vanishes. For SU(2) the contour Γ is symmetric under reflexion along the imaginary
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Γ
( b )( a )

ρ ρ

Γ x

x

Figure 2: Contour Γ for a) SU(1, 1) and b) SU(2) cases. The dots, •, are the points

ρ = 0, ρM . The crosses, ×, in figure b) represent the poles of πρ coth πρ.

axes, to which it cuts at zero and the maximal value of the density, |ρM | (see figure 2b).

Depending on the values of n and α this contour can encircle some of the poles of the

integrand in (4.4), which lie at ρ = iZ∗, implying that the integral does not vanish. We

will not enter here the study of this more involved situation and its analysis in the context

of the AdS/CFT correspondence. In this section we will consider only SU(2) solutions for

which |ρM |<1 and thus the integral on (4.4), as for the SU(1, 1) case, vanishes.

Multiplying (4.2) by ǫ/xj and then summing we get

M
∑

j=1

1

x2
j

= 4π2n2M +
ǫ

L

∑

k 6=j

2

xj(xj − xk)
+ ǫ

∫

Γ

dρ

x(ρ)

(

πρ coth πρ − 1
)

. (4.5)

The function x(ρ) is obtained inverting (4.3)

x =
(2α − ǫ) n −

√

4 n2α(α−ǫ) − ρ2

2π(ρ2 + n2)
. (4.6)

This is a double valued function with branch points at ±ρ∗, with ρ∗ = 2n
√

α(α − ǫ).

Since the condensation curve lies on the real axis for the SU(1, 1) case, it is clear that

the maximal value of the density is attained at the branch point, ρM = ρ∗. The situation

is rather different for SU(2). The curve C forms an arc on the x-plane symmetric under

reflexion along the real axis, whose precise location is determined by the condition that

ρ(x)dx should be real. This translates into a transcendental equation that can be analyzed

numerically [45]. The maximal value of the density is attained at the intersection point

between C and the real axis, and it turns out to verify |ρM | > |ρ∗|. The difference between

ρM and ρ∗ is maximal for the case of half-filling while for small α, ρM → ρ∗.
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The spin chain dynamics can be alternatively described in the language of coherent

states. The coherent states which correspond to the SU(2) single curve solutions have

been shown to be unstable when |ρ∗| > 1 [33]. This condition does have a translation in

terms of the Bethe solutions: some poles of the integrand in (4.4) lie between the branch

points of the function x(ρ). The fact that there are two different distinguished values of

the density, ρM and ρ∗, deserves a better understanding. It is important to stress that all

SU(2) solutions that can be mapped to N = 4 Yang-Mills operators, or equivalently, to

semiclassical strings on AdS5 × S5 are unstable and thus have |ρM | > 1. Hence they are

excluded from the analysis below, which is restricted for the SU(2) case to |ρM | < 1.

The second term on the RHS of 4.5 is easily evaluated to be

∑

k 6=j

2

xj(xj − xk)
= −(2πnM)2 +

M
∑

j=1

1

x2
j

. (4.7)

Using (4.1) we obtain for the leading contribution to the energy

E0 =
λ

2L
n2α(1 − ǫα) , (4.8)

which reproduces the results of [26, 27]. It is equivalent but more transparent to write the

integral in (4.5) in terms of a contour Γ̄ surrounding the branch cut of the function x(ρ),

lying between ±2n
√

α(α − ǫ). Then the leading finite size correction to the energy is

E1 =
ǫλ

2L2

[

n2α(1 − ǫα) +
1

8π2

∫

Γ̄

dρ

x(ρ)

(

πρ cothπρ − 1
)

]

. (4.9)

The first term comes from the n = 0 piece in the approximation of the logarithm by a

series expansion. It gives the contribution to the finite size effects calculated in [38, 27].

Contrary to the SU(2) circular strings, the SU(1, 1) ones are stable. In [41] the leading

quantum correction to their classical energy was calculated, finding that the first term in

(4.9) only takes care of the zero mode fluctuations. A. Tseytlin has informed us that the

last term in (4.9) restores the perfect agreement with the string results. This represents

one of the strongest tests of the AdS/CFT correspondence obtained up to now.

It is interesting to compare expression (4.9) with the finite size corrections to the ground

state energy E(L) of a critical Hamiltonian H defined in a strip of width L, which is given

by E0(L) = −πc/(6L) where c is the Virasoro central charge [54]. A well known example

is the antiferromagnetic Heisenberg Hamiltonian, where c = 1, which is at the heart of

the bosonization approach to this spin chain [55]. In a relativistic 1 + 1 model, where

12



E ∼ k, one can exchange time and space. Therefore the previous formula can also be

seen as the free energy per unit length F/(kBT ), which yields a low temperature specific

heat C ∼ πck2
BT/3. In the case of equation (4.9) the 1/L correction does not have such a

CFT interpretation, since for the dual string it simply corresponds to the classical energy.

However, the quantum corrections of the string, given by the zero point energy, appear in

the next order correction, O(L−2), to the energy and in that sense are the analogue of the

c term. This is related to the fact that a ferromagnetic system has a dispersion relation

E ∼ k2, so that time, which is an inverse temperature, should be exchanged by (space)2.

Hence we expect a correspondence between the finite size effects for the ferromagnetic

Hamiltonian and the finite temperature effects of the system in infinite size, where all the

low energy excitations contribute.

5 Conclusions

In this paper we have considered finite size corrections to the thermodynamic limit of the

Bethe ansatz for the SU(2) and SU(1, 1) ferromagnetic spin chains. Anomalous dimensions

of large N = 4 Yang-Mills operators can be computed by solving the Bethe ansatz for the

corresponding spin chain, and compared with the energies of strings with two angular

momenta rotating entirely along S5 in the SU(2) case, or both along AdS5 and S5 in

the SU(1, 1) sector. Therefore our computation of the finite length effects provides the

leading order correction, in 1/L, to the anomalous dimensions of the operators. The finite

size effects correspond, on the dual string theory side, to quantum corrections to classical

string solutions. Hence the first 1/L correction that we have found represents, following

the AdS/CFT correspondence, the one-loop correction to the string energy.

The finite size Bethe ansatz equations that we have obtained, including the 1/L correc-

tion, may allow for a comparison with the string dynamics along the lines of [26, 27, 28].

This would imply not only the matching with the energy, but also with the complete tower

of conserved charges. The extension of the perfect agreement between the integrable struc-

ture associated to long Yang-Mills operators and that of classical strings on AdS5 × S5

to the first quantum corrections would be a most remarkable test of the AdS/CFT corre-

spondence.
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