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Abstract
Thanks to the quality and variety of recent observations, we are now capable of
measuring cosmological parameters with a 1% precision. For a decade, we can talk
about a precision cosmological science. However, even if we have a good control over
the universe evolution from nucleosynthesis, the fundamental nature of its energetic
content still remains elusive.
On the one side, the cause of the current accelerated expansion is still unknown,
this is the so-called “Dark Energy” problem. The most conservative proposal assumes the domination of a cosmological constant, with two contributions: a geomet
ric term that arises naturally in Einstein equations and a vacuum energy of quantum
origin. This explanation has theoretical diﬃculties; however, other models capable
of generating such an acceleration are speculative and it is not clear that they do
not suﬀer from similar problems.
On the other hand, we also ignore the fundamental nature of the major part
of the matter content. The measurements of the astrophysical objects mass from
their luminosity underestimate systematically their total mass. This is known as the
“Dark Matter” problem. The most popular explanation postulates the existence of
a cold non-barionic component that does not (or weakly) interact with photons.
It is ﬁnally worth mentioning the necessity of including an extra element to the
cosmological standard model. On the one hand, initial conditions inferred from
observations are very speciﬁc, for instance an universe with ﬂat spatial sections is
unstable as a solution of the Einstein equations. On the other hand, regions that
would have not been in causal contact at decoupling have the same thermal spec
trum. Moreover, the spectrum of inhomogeneities seems to be almost scale invariant.
In order to solve these problems, the cosmological model is usually supplemented
with a primordial period of accelerated expansion known as “inﬂation”.
In Chapter 1, we will analyse with more detail these issues and will make a brief
introduction to cosmology. The observables available today, the standard cosmo
logical model and the evolution of the linear perturbations of a perfect ﬂuid will be
discussed as well.

This thesis is focused on the analysis of cosmological coherent ﬁelds of arbi
trary spin, their evolution, perturbations, the geometry that they source and their
phenomenological implications. Coherent scalar ﬁelds are ubiquitous in cosmology.
Their popularity is not only based on their simplicity but mainly in the fact that
they intrinsically respect the large degree of isotropy observed. In contrast, the
evolution of homogeneous higher-spin ﬁelds is generally anisotropic. This feature is
transferred to the background geometry hampering, in principle, their viability as
cosmological models. Particularly, we will focus on fast oscillating ﬁelds in compar
ison with the expansion rate of the universe. In Chapter 2 we will set properly the
problem as well as introduce the averaging methods used to handle it at background
and perturbation levels.
In Chapter 3 we will study a fast oscillating homogeneous scalar ﬁeld. The case
of a harmonic potential has already been discussed widely in literature due to the
interest of the axion and axion-like particles as dark matter candidates. We will re
view the standard analysis of the background and perturbations of a massive scalar.
After that, these methods will be extended to the perturbations of a general power
law potential. The result will be tested both numerically and in some asymptotic
limits where an analytical solution can be found.
On the other hand, the simplest case of a higher spin ﬁeld is studied in Chapter 4.
We will show that the anisotropic contribution of a cosmic vector ﬁeld is negligible
provided that it evolves fast enough. Moreover, for an abelian vector ﬁeld under a
power-law potential the equation of state behaves as in the scalar case. However,
this is no longer true for more complicated actions as, for example, Yang-Mills
theories. The non-abelian interaction endows these models with a richer structure
depending on the solution conﬁguration. We will make an exploratory analysis
looking for simple solutions of homogeneous Yang-Mills theories, particularly for
a SU (2) group. After that, we will study the perturbations of a massive vector
ﬁeld highlighting the similarities and diﬀerences with respect to the scalar ﬁeld
case. These results show the viability of massive vector ﬁelds as viable dark matter
candidates. Finally, the detectability of two distinctive features of the vector model,
namely shear and gravitational waves generation, will be discussed.
As we have seen so far the eﬀective isotropic behaviour appears both in the
abelian and Yang-Mills cases. This fact holds even if a canonical momentum is
provided to the temporal component of the fourvector through a gauge ﬁxing term.
This property seems henceforth robust with respect to changes in the action. In
Chapter 5 , we will show that the same result can be extended to an arbitrary spin
model under very general conditions, assuming minimal coupling to gravity and a
Lagrangian depending only on the ﬁelds and their ﬁrst derivatives. To conclude,
we synthesize these results in the isotropy theorem for arbitrary spin cosmological
ﬁelds where the conditions under which such ﬂuids can be considered isotropic in a
general space-time are stated.

Resumen
Gracias a la calidad y variedad de las observaciones actuales, somos capaces de
medir los parámetros cosmológicos con una precisión de entorno a un 1%. Es por
eso que desde hace ya una década podemos hablar de una cosmologı́a de precisión.
Sin embargo, a pesar de tener una buena comprensión de la evolución del universo
desde la nucleosı́ntesis, la naturaleza fundamental de su contenido energético sigue
siendo un misterio.
Por un lado, desconocemos qué causa la actual expansión acelerada del universo,
el llamado problema de la “Energı́a Oscura”. Las explicaciones más conservadoras
asumen que el contenido energético está dominado por una constante cosmológica,
con dos contribuciones: un término geométrico que aparece de forma natural en las
ecuaciones de Einstein y una energı́a de vacı́o de origen cuántico. Esta explicación
tiene asociadas ciertas diﬁcultades teóricas; sin embargo, otros modelos capaces de
generar esta aceleración suelen tener un carácter especulativo y tampoco parecen
resolver estos problemas.
Por otro lado, ignoramos igualmente la naturaleza fundamental de la mayor parte
del contenido material del universo. Las medidas de la masa de objetos astrofı́sicos
a partir de su luminosidad subestiman sistemáticamente su masa total. Este hecho
se conoce como problema de la “Materia Oscura”. La explicación más extendida
postula la existencia de una componente frı́a y no bariónica que no interacciona con
los fotones o lo hace muy débilmente.
Cabe mencionar la necesidad de incluir un elemento más al modelo estándard
cosmológico. Por un lado, las condiciones iniciales del universo que se inﬁeren de
las observaciones son muy especı́ﬁcas; por ejemplo, un universo con secciones es
paciales planas es una solución inestable de las ecuaciones de Einstein. Por otro
lado, regiones que no habrı́an estado en contacto causal en el desacoplo, tienen el
mismo espectro térmico. Además, el espectro de inhomogeneidades parece ser casi
invariante de escala. Para resolver este problema de ajuste ﬁno de las condiciones
iniciales, el modelo estándar se suele completar con un periodo primordial de ex
pansión acelerada o “inﬂación”.
En el capı́tulo 1, analizaremos con más detalle estas cuestiones dentro de una
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introducción a la cosmologı́a. Se describirán los resultados observacionales que
disponemos hasta hoy, se introducirá el modelo estándar cosmológico, ası́ como se
discutirá la evolución de las perturbaciones lineales de un ﬂuido perfecto.
Esta tesis se centra en el análisis de campos coherentes cosmológicos de espı́n
arbitrario, su evolución, perturbaciones, la geometrı́a que generan y sus implica
ciones fenomenológicas. Los campos escalares coherentes son ubicuos en cosmologı́a,
podemos encontrarlos en modelos de inﬂación, energı́a oscura y materia oscura. Su
popularidad no sólo se debe a su simplicidad, sino sobre todo a que respeta de forma
intrı́nseca el alto grado de isotropı́a observado. Por el contrario, la evolución de un
campo de espı́n mayor es, en general, anisótropa. Es razonable suponer que esta
caracterı́stica se transﬁere a la geometrı́a del universo diﬁcultando la viabilidad de
este tipo de campos para construir modelos cosmológicos. En particular, veremos
que este probema no se presenta en el caso de que los campos oscilen rápidamente en
comparación con el ritmo de expansión del universo. En el capı́tulo 2 abordaremos
esta cuestión y explicaremos los métodos de promedio que usamos para resolverla.
En el capı́tulo 3 analizaremos el caso de un campo escalar homogéneo que oscila
rápidamente. Este caso ha sido ampliamente discutido en la literatura debido al
interés del axión y de las “partı́culas tipo axión” como candidatos a materia oscura.
Repasaremos el enfoque habitual en el estudio de un campo escalar masivo tanto a
nivel de fondo como a primer orden de perturbaciones. A continuación, extendere
mos estos métodos al caso de perturbaciones bajo un potencial general de tipo ley
de potencias. El resultado se comprobará numéricamente ası́ como en determinados
lı́mites asintóticos donde la solución resulta analı́tica.
En el siguiente capı́tulo estudiaremos el caso más simple de una teorı́a con campos
de espı́n superior. Mostraremos que la contribución anisótropa de un campo vectorial
cosmológico es despreciable siempre y cuando el campo evolucione lo suﬁcientemente
rápido. Es más, para un campo vectorial abeliano bajo un potencial de tipo ley de
potencias, la ecuación de estado se comporta como en el caso escalar. Sin embargo,
esto no será ası́ para acciones más complicadas como, por ejemplo, teorı́as de YangMills. La interacción no abeliana conﬁere a estos modelos una estructura más rica
que depende de la conﬁguración de su solución. Con objeto de hacer un primer
análisis buscaremos soluciones homogéneas sencillas en teorı́as de Yang-Mills. En
particular nos centraremos en un grupo SU (2). A continuación estudiaremos las
perturbaciones de un campo vectorial masivo destacando las diferencias y similitudes
con el caso escalar. Estos resultados muestran la viabilidad de los campos vectoriales
masivos como candidatos de materia oscura. Por último, discutiremos posibilidad de
detectar dos rasgos distintivos del modelo vectorial, concretamente de la generación
de ondas gravitacionales y cizalladura (shear).
Como hemos comentado, el comportamiento isótropo promedio aparece en teorı́as
abelianas y de Yang-Mills. Este hecho no cambia incluso si añadimos un término

CONTENTS

5

de ﬁjación de gauge que aporte un momento canónico a la componente temporal
del 4-vector. La isotropı́a parece ser, por tanto, una propiedad robusta respecto a
cambios en la acción. En el capı́tulo 5, demostraremos que efectivamente éste es el
caso para modelos de espı́n arbitrario bajo condiciones muy generales, asumiendo
acoplamiento mı́nimo con la gravedad y un lagrangiano que dependa únicamente de
los campos y sus primeras derivadas. Para concluir, estableceremos las condiciones
bajo las que estos sistemas pueden considerarse isótropos en un espacio-tiempo gen
eral enunciando el teorema de isotropı́a para campos cosmológicos de espı́n arbi
trario.
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Chapter 1
Introduction
Cosmology is the branch of physics that studies the origin of the universe and the
evolution of structures bigger than the size of a galaxy. Due to the large distances
involved, the core of a successful cosmological model rests on the gravitational inter
action description through General Relativity or perhaps its modiﬁcation. However,
the new era of precision cosmology demands a multidisciplinary eﬀort in areas like
astrophysics, particle physics, statistics, etc; to extract the maximum information
from the observations in order to constrain the viable models.
Notice also that cosmology is not an experimental but an observational science,
with the handicap that the access to a statistically suﬃcient population will be
very limited at the largest scales. This fact makes cosmology very sensitive to
the abductive method problems. For example, improbable characteristics of the
visible universe may suggest that an underlying mechanism could be causing this
ﬁne tuning; alternatively from the Anthropic Principle point of view, the existence of
observers might only be possible in regions of the meta-universe where such unusual
conﬁguration occurs.
As in other branches of science, philosophical educated guesses guided cosmol
ogy during the earliest stages of its history. Due to our Copernican heritage, the
Cosmological Principle was the starting point of many cosmological models. This
principle states that no point of the universe should be preferred, thus the underlying
distribution of the universe mass should be homogeneous and isotropic. Although
disguised by the local realizations, this fact should arise statistically at large enough
scales.
Today, we know that it is actually a good approximation. As we will see in
Section 1.1 the cosmological observations show that the universe was homogeneous
and isotropic for almost all observable scales at nucleosynthesis, while today it has
to be understood as an average distribution at large scales. However, the heuristic
non-preference argument is now regarded as a mere coincidence, what is more the
7

8

Chapter 1. Introduction

large degree of homogeneity and isotropy became one of the main problems of the
broadly accepted Standard Cosmological Model (ΛCDM) which is usually cured
assuming an inﬂationary epoch in the primordial universe.
This Standard Cosmological Model (ΛCDM) will be introduced in Section 1.2
along with a discussion of its principal puzzles and open problems. We will conclude
the chapter, in Section 1.3, analysing the deviations from the homogeneous and
isotropic solution that evolved to form the structures observed today.

1.1

Cosmological observations

A cosmological model is a set of physical theories and plausible assumptions pro
posed to explain the universe observations. The observations can reject or favour
certain models, however the statistical goodness is not enough to guarantee its phys
ical naturalness.
One of the ﬁrst cosmological observations made was the darkness of the night
sky. The also called Olbers’ paradox refutes the paradigm of a ﬁnite, eternal and
static universe as the light of stars does not ﬁll the night sky. The ﬁrst postulation
of this paradox was done by Thomas Digges in the 16th century. Digges also tried
to measure the parallax of 1572 super-nova (Tycho’s Super-Nova) [1]. As it was
too small to be measured, the assumption of an immutable ﬁxed star shell in the
Copernican cosmological model was invalidated.
The blossoming of cosmology will be delayed until the 20th century when the
advance of technology and physics opened new observational windows. In the begin
ning of the century, the universe expansion was discovered in the galactic velocity
distribution with distance through the observation of cepheids on spiral galaxies
(Vesto Slipher [2] (1917), Edwin Hubble [3] (1927)). Contemporaneously, George
Lemaı̂tre showed that this expansion arises naturally in cosmological solutions of
General Relativity [4].
During the middle years of the century two cosmological paradigms where under
discussion in the scientiﬁc community: the Steady State model (1948 F. Hoyle,
H. Bondi, T. Gold [5, 6]) and the expanding universe model (ﬁrstly proposed by
Lemaı̂tre in 1931 [7]). The Steady State proposes a universe where large scale
statistics are constant in space and time, i.e. it tries to obtain a statistically static
universe extending the Cosmological Principle to time. In order to preserve the
statistics, the dilution through the expansion should be compensated by the creation
of matter. On the other hand, the expanding universe theory suggests that the
universe has evolved from a hot and high density plasma cooled by expansion (Big
Bang), according to the cosmological solutions of Einstein equations sourced by
standard ﬂuids (dust, radiation, etc). The structures seen today were created during
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its evolution. The discovery of the radiation remaining from the primitive plasma
(A. Penzias and R. Wilson, 1964 [8]), the so called Cosmic Microwave Background,
conﬁrmed the Big Bang theory as the standard cosmological paradigm.
At the end of the century, there were plenty of accurate observations and we can
say that the era of precision cosmology started. The principal sources of information
today are:
• Cosmic Microwave Background (CMB).
• Abundance of primordial elements (nucleosynthesis).
• Astrophysical measurements: standard candles (SNIa, etc), galactic rotation
curves, gravitational lensing, weak lensing, General Relativity tests, etc.

• Large Scale Structure (LSS): baryon acoustic oscillations (BAO, standard
ruler), statistics of compact structures, etc.

In the following lines we will discuss some of them, introducing at the same time
the new questions that they have opened.

1.1.1

Cosmic Microwave Background

The CMB was discovered in 1964 by A. Penzias and R. Wilson [8]. The signal
coincides with an isotropic black-body spectrum with T = 2.72548 ± 0.00057K
[9]. This discovery supposed the knock out blow for the Steady State model as a
blackbody spectrum shape cannot be generated by a background of stars.
In the Big Bang cosmological paradigm the universe evolves from a highly dense
and hot plasma, whose components interact frequently enough to maintain the equi
librium and the overall evolution can be described as a single ﬂuid. As the universe
expands, the temperature and density decrease. At some point, the interaction rate
of the diﬀerent species becomes smaller than the expansion rate, they are incapable
of maintaining the thermal equilibrium and their cosmological evolution splits. Even
photons will be decoupled from electrons and primordial nuclei at redshift z ≈ 1100.
This radiation relic coming from an imaginary Last Scatering Surface is what we
detect today as a Cosmic Microwave Background.
The angular spectrum observed from Earth exhibits a large degree of isotropy.
The ﬁrst anisotropy detected is a Doppler eﬀect dipole due to the relative velocity
of Earth with respect to the LSS, ΔT /T ∼ 10−3 . The anisotropies of cosmological
origin where ﬁrstly found by the COBE satellite [10], ΔT /T ∼ 10−5 . A map of
the CMB anisotropies with the maximum resolution available today can be found
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in Figure 1.1. These small anisotropies are an early picture of the small inhomo
geneities that evolved into the present universe structures. A proper discussion of
the inhomogeneous perturbations will be given in Section 1.3.
Basically, the main contributions to the spectrum are shown in this formula,
ΔT
T

(n̂) =
LSS

δm
+ Φ + ni vbi
4

t0

+
t=tdec

˙ + Φ˙ dt.
Ψ

(1.1)

tdec

The ﬁrst two terms are called the Ordinary Sachs-Wolfe eﬀect, that are the increase
in temperature (ΔT ) depending on the direction of observation in the sky (n̂) due to
the local deviations from the mean radiation energy density (related with the matter
density contrast δm ) and the energetic loss or gain in the way out of the gravitational
potential well (Φ) where the photon last scatters. The third term gives account of
the Doppler eﬀect due to the relative velocity of baryons (vbi ) in the last interaction.
Finally, we have the Integrated Sachs-Wolfe eﬀect that adds the energy gained or
˙ + Φ)
˙ along the path of the
lost as a consequence of the potential wells evolution (Ψ
photons towards us (from tdec to t0 ). If the universe is dominated by radiation or
matter, the gravitational attraction of the universe structures is strong enough not
to get deformed considerably by the expansion of the universe, i.e. the structures
are adapted to the expansion adiabatically. On the other hand, if the universe
is dominated by Dark Energy, i.e. accelerates, the gravitational bound and the
expansion of the universe compete, making the gravitational potential fainter with
time and its contribution to the CMB cannot be neglected. The precision reached
today requires a more sophisticated modelling, for example including eﬀects as Silk
damping or the diﬀusion of photons if decoupling is not instantaneous.
The CMB is one of the major sources of information in cosmology [11]. Firstly,
its isotropy and perturbations coherence throughout the sky was unexpected, as it
requires thermalized regions that could not have been in causal contact assuming
matter or radiation dominated cosmologies. Additionally, as the spectrum involves a
wide range of scales, its evolution will be aﬀected by diﬀerent phenomena enriching
the spectrum. For example, the main contribution to small distance modes comes
from the gravitational lensing along their path towards us. On the other hand, large
scales, which have remained frozen outside of the Hubble horizon until late times,
are more sensitive to the Integrated Sachs-Wolfe eﬀect.
Moving on to another observable, the interest in studying the CMB polarization
spectrum has been growing during the last years. This polarization is produced at
the last Thompson scattering with free electrons. However, the eﬀect is very small
because local anisotropies with a higher multipole than a dipole are quickly washed
out in a tightly coupled plasma. Notice that the dipole anisotropy does not polarize
the outgoing photons as the over-intensities of hot regions are compensated by its
symmetric cold counterpart. Thus, the highly suppressed quadrupole is the ﬁrst to
privilege a direction and cause the desired eﬀect.

1.1. Cosmological observations
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Figure 1.1: From Planck Collaboration [11]. This ﬁgure shows the intensity anisotropic spectrum
of cosmological origin once the astrophysical sources have been removed in a combined analysis of
Planck, WMAP, and 408 MHz observations.

The polarization can be decomposed in a curl-free component, the E-mode (in
analogy with electromagnetism), and a gradient-free part, the B-modes. The E
modes are sensitive to scalar and tensor perturbations carrying new independent
information of the energy density ﬂuctuations at the Last Scattering Surface. On
the other hand, B-modes can only be aﬀected by vector and tensor perturbations.
The future detection of B-modes associated with primordial tensor perturbations
would be a major discovery [12], conﬁrming the existence of a primordial acceler
ating inﬂationary phase inferred to solve some cosmological paradoxes such as the
apparently non-causal isotropy of CMB. Moreover, it would be the oldest physical
eﬀect observed and may bring some light to the gravity quantization problem.

1.1.2

Big Bang Nucleosynthesis

For temperatures T 2 1 MeV, the cosmological plasma is mainly composed by
protons, neutrons, electrons, positrons, neutrinos and photons all in thermal equi
librium. Even if the binding energy of deuterium BD = 2.22 MeV is above the mean
plasma energy the small baryon to photon ratio, η ∼ 10−9 , prevents its formation.
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That is, the number of photons in the E > BD tail of the distribution is still large.
nD
np

equilibrium

T
η
mp

3
2

e

BD
T

,

(1.2)

where nD , np are the number densities of deuterium and protons respectively.
At T ∼ 1 MeV neutrons decouple from plasma as its interaction rate with pro
tons results negligible in comparison with the expansion rate. Its energy density
will not thereafter follow the evolution of the thermal bath. They will satisfy a
Boltzmann equation that becomes more complex at T ; 0.2 MeV when the eﬀect
of free neutrons life time starts to be important.
At T ∼ 0.09 MeV nucleosynthesis starts. The small density of baryons suppresses
the probability of events involving more than two nuclei. Thus, even though 4 He has
the largest binding energy per nucleon among light nuclei, as it is created through,
D + p+ ↔ 3 He + γ,

D + 3 He ↔ 4 He + p+ ,

(1.3)

it has to wait until there is enough deuterium to be produced eﬃciently, the so called
“Deuterium bottleneck”.
Finally, the major part of the neutrons conforms 4 He and, thus, its number den
sity results n4 He nn /2. Taking into account the mass diﬀerence between protons
and neutrons and the ﬁnite lifetime of the neutrons, nn /np 1/7, at the time when
the 4 He is formed. This simple calculation implies:
Yp ≡

4n4 He
np + nn

0.25,

(1.4)

where nn and np are the number density of neutrons and protons.
However, for the precision reached today this simple derivation is not good
enough and more sophisticated codes have been developed to obtain the element
abundances accurately. Notice that not only 4 He is formed but also certain amounts
of D, 3 He and 7 Li. The rest of the periodical elements does not have a cosmological
origin, they have been produced through nuclear reactions during the stellar evolu
tion. See [13, 14] for a detailed derivation of Big Bang nucleosynthesis and [15] for
a discussion of the astrophysical measures of the elements abundance.
This result is one of the major successes of the Big Bang Theory and, the ob
servation corresponding to the oldest cosmological epoch accessible to date (the
possible future detection of primordial B modes in the CMB could provide informa
tion from an earlier epoch in the universe evolution). For a recent comparison with
the astrophysical measures of primordial abundances see Fig. 1.2.

1.1. Cosmological observations
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Figure 1.2: From Particle Data Group [16]. In this ﬁgure the relative abundances of primordial
elements expected from Big Bang nucleosynthesis as a function of the baryon-to-photon ratio are
plotted. The yellow boxes correspond to the astrophysically inferred abundances. The narrow blue
vertical box ﬁxes the baryon-to-photon ratio measured in the CMB, while the red vertical box
shows the BBN concordance ratio.

1.1.3

Galactic rotation curves

In the ﬁrst half of the 20th century, various astrophysical measurements of the
velocity distribution of Milky Way stars [17] as well as galaxies in clusters [18] showed
that the luminous matter content was not enough to explain the observations. This
constitutes the so called “Dark Matter” problem.
The most basic picture to understand the observations is to imagine a disk galaxy
with mass given by the radial distribution ρG (r) and stars orbiting in its gravitational
potential following circular orbits. Thus,
v2
m∗ MG (r)
F =G
=
m
⇒ v(r) =
∗
r2
r

MG (r)
G
∝
r

_r
0

ρG (r' )dr'
,
r

(1.5)
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Figure 1.3: This ﬁgure from [19] show the M33 rotation curve. As it can be seen the contribution
to the mass of the stellar objects within the galactic disk (short dashes) and galactic gas (long
dashes) are not enough to ﬁt the rotation curve, and a galactic dark matter halo is inferred (dot
dashed line).

where v is the star velocity and r the orbit radius. When the star orbits outside the
luminous disk r > rlum , where the density should√be negligible MG (r) ≈ MG (rlum );
the stars velocity is expected to decay as v ∝ 1/ r. Distant stars and gas do not
follow this pattern (see Fig. 1.3), but instead the rotation curve becomes ﬂat at
distances of several disk radii. Thus, apparently MG > MG (rlum ).
After those early observations, there have been others pointing out the same
problem. For example, by measuring the hot gas pressure from clusters X-ray spec
trum, assuming that the ﬂuid is balanced gravitationally, the matter proﬁle can be
inferred and compared with the luminous matter distribution [20]. Gravitational
lensing is another way to measure directly the mass of astrophysical objects. If light
passes near a massive object its trajectory will be curved, giving spectacular multiple
images of distorted and stretched galaxies when they are close enough to the line of
sight. But, even in the not aligned nearby galaxies the gravitational shear produces
an elliptic deformation in their shape that can be detected statistically, this eﬀect
is usually known as weak lensing (see [21] for a wider discussion on gravitational
lensing).
The solution at ﬁrst glance can be either a modiﬁcation of Newton’s gravitational
law at distances larger than the solar system (MOND [22, 23]) or the existence of
matter that does not (or barely) interact with photons. The second option is the
most popular among the scientiﬁc community today. Recent observations, like the
Bullet cluster, impose severe constraints on MOND-like theories, however there are
still claims that the theory cannot be discarded [24].

1.1. Cosmological observations

1.1.4
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Standard candles and rulers

The eﬀect of cosmological expansion can be seen in the emission lines redshift of
astrophysical object spectra.
a0
= 1 + z,
a

(1.6)

where z is the redshift observed, and a0 /a is the ratio of the scale factor today over
its value when the light was emitted. This measurement is of course aﬀected by the
intrinsic Doppler eﬀect due to the object peculiar velocity.
If the universe has been expanding monotonically, the redshift can be seen as a
measurement of the time when the light was emitted. In order to plot the evolution
history of the universe, we need to confront it with the measured distance to the
emitting object. The access to cosmological data is diﬃcult because of the large
distances, however there are several possibilities taking advance of intrinsic features
of certain objects that seem to be modiﬁed just as a consequence of their distances
to us.
The paradigmatic example is the standard candle supernova Ia. After applying
correction to the luminosity curve, all supernovae Ia reach the same maximum on
its absolute magnitude, thus their apparent magnitude on Earth will give us their
corresponding luminosity distance. The Supernova Cosmology Project [27] and the
High-Z Supernova Search Team [28] showed through this method that the expan
sion of the universe was indeed accelerated (see Fig. 1.4). This constitutes the so
called “Dark Energy” problem. The accelerated expansion still puzzles the scientiﬁc
community because if it does not point towards a modiﬁcation of General Relativity,
the ﬂuids capable of sourcing such behaviour are rather exotic.
In addition to standard candles we have standard rulers as the Baryon Acoustic
Oscillations (BAO). The initial inhomogeneities in the plasma, sourced also by the
gravitational potentials of dark matter halos, have a preferred comoving length scale
of around 153 Mpc corresponding to the sound horizon at decoupling as a conse
quence of the sound speed in plasma. After decoupling, the radiation perturbations
will be damped, while the inhomogeneous scale gets imprinted in baryon distribution
only modiﬁed by their accretion in the Dark Matter potential wells (see Fig. 1.5).
The position of the bump in the baryon distribution (BAO peak) has evolved in
time due to the cosmological expansion and provides an alternative way to measure
the expansion history of the universe.
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Figure 1.4: Figure from [25] with minor modiﬁcations. The plot show the apparent luminosity
against redshift of two sets of SNIa. The lines correspond to their expected relation for three
universes with diﬀerent compositions: {Ωm = 0.25, ΩΛ = 0.75} (solid line), {Ωm = 0.25, ΩΛ = 0}
(long dashed line), {Ωm = 1, ΩΛ = 0} (short dashed line); where Ωm and ΩΛ are respectively the
energy density abundance of matter and Dark Energy (modelled through a cosmological constant
Λ). The ﬁgure shows that the universe is accelerating as in order to ﬁt the observations the energy
content has to be dominated by the cosmological constant.

1.2

The concordance model

From the observations we can extract the following conclusions:
1. The universe has evolved from a homogeneous dense hot state (Big Bang
Cosmology) as it is predicted by solutions of General Relativity (GR) sourced
by homogeneous isotropic ﬂuids.
2. The initial conditions of regions not causally connected, extrapolating the
past of usual cosmologies populated with radiation, dust, etc; are unusually
thermal.
3. The Dark Matter (DM) problem: large astrophysical structures have more
gravitational than luminous matter. Moreover, the estimated abundance of
baryonic matter can not explain the shape of the CMB anisotropies spectrum
nor the existence of highly dense clusters.
4. The Dark Energy (DE) problem: the expansion of the universe today is accel
erated.

1.2. The concordance model
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Figure 1.5: Obtained from [26]. The ﬁgure shows the correlation function ξ, which measures
the probability of ﬁnding a galaxy, against distance. The bump corresponding to the Baryon
Acoustic Oscillations is appreciable in the three data releases of the Sloan Digital Sky Survey
(DR9, DR10 and DR11) even before making any correction of the non-linear evolution blurred
(pre reconstruction).

In the following lines the so called Cosmological Standard Model will be ex
plained. This model is capable of ﬁtting the cosmological observations with great
accuracy. However, the assumption of a cosmological constant has important theo
retical diﬃculties which together with the unidentiﬁed nature of dark matter imply
that the concordance model can only be considered a phenomenological one.

1.2.1

General Relativity

At the beginning of the 20th century, the Michelson-Morley experiment [29] showed
that light does not follow the Galilean addition velocities rule:
v21 = v2 − v1

(1.7)

where v1,2 are the velocities of frames 1 and 2 at a rest frame, while v21 is the velocity
of the second frame seen from the ﬁrst.
In 1905, A. Einstein proposed Special Relativity as the solution to the problem
[30], stating that massless particles such as photons follow the maximum velocity
measurable in a local frame. Thus, reference frames travelling at higher velocities
than light are non causal. The transformation between reference frames moving at
constant velocities is given by:
1
x' = γ (x − vt) , t' = γ (t − vx) , where γ ≡ √
,
1 − v2
notice that we will work in natural units, thus n = c = 1.

(1.8)
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One of the most important consequences is the relation between mass and energy
[31]:
E 2 = m2 + p2 ,

(1.9)

where E is the energy, m the mass and p the momentum. Notice that this relation
was very suggestive in combination with the Weak Equivalence Principle (the inertial
mass of an object is equal to its gravitational mass) as it points towards to the fact
that the total energy gravitates and not only the mass.
After that, Einstein started to work in a theory of General Relativity (GR)
[32] motivated by his discomfort with the inapplicability of Special Relativity on
accelerated frames. For example, the Ehrenfest paradox shows how an observer
in a constant circular motion will see a contraction of the circumference length,
whereas the radius remains constant as it is always perpendicular to the velocity.
Consequently, the total observed angle could not be 2π. This paradox suggests that
a local deformation of space-time is required to accommodate Special Relativity
conclusions to a general frame.
Finally, noticing also that a gravitational ﬁeld is locally indistinguishable from a
constant accelerated frame, Einstein proposed that gravity arises as a consequence of
the space-time deformation caused by its energetic content. Special Relativity is re
covered locally in free-falling frames; while Earth based observers see an acceleration
as a consequence of their “non-inertial” (non-geodesic) motion.
Concerning the standard cosmology, we will discuss General Relativity [33–35]
in a space-time of three spatial and one temporal dimensions represented by a R4
manifold endowed with a non-Euclidean metric.
ds2 = gµν dxµ dxν ,

(1.10)

where ds2 is the space-time interval. Our convention for the metric signature will
be (+, −, −, −), where the ﬁrst component is the sign of the temporal eigenvalue.1
Notice that the metric is not positive deﬁnite, thus the space-time interval, ds2 , can
be positive, zero or even negative. The metric gives the causal structure at every
point dividing the space-time in trajectories with velocities lower (ds2 < 0), equal
(ds2 = 0) or higher (ds2 > 0) than light.
The curvature of space-time breaks the notion of vector parallel transport of
Euclidean spaces. We should equip the theory with some rules to transport the
coordinate basis {eµ }, setting what we understand by parallel transport, µ eν ≡
ρ
ρ
ρ
eµ eν = Γµν eρ . We will assume that there is no torsion Γµν = Γνµ , i.e.
µ eν −
e
=
0.
In
principle
the
connection
and
metric
are
independent,
ν µ
γ gµν
1

= Qγµν ,

(1.11)

The greek indexes will run {0, 1, 2, 3}, whereas latin indexes correspond just to spatial dimen
sions {1, 2, 3}.
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where Qγµν is usually called the non-metricity tensor. However, the Levi-Civita
connection stands out, considering simply that Qγµν = 0, thus
Γρνµ =

g ργ
(gγν, µ + gγµ, ν − gνµ, γ ) .
2

(1.12)

For this connection the parallel transport of scalar products deﬁned through the
metric are equivalent to parallel transport the two four-vectors and take after the
scalar product,
α

(gµν V µ U ν ) = gµν

α

(V µ U ν ) .

(1.13)

Finally, we can write the action that relates the geometry of space-time with its
energetic content noticing that:
• Given a Lagrangian density depending on the metric, the matter ﬁelds and
their derivatives, in order to have an action invariant under diﬀeomorphisms
√
(1.14)
S = d4 x −gL,
√
g ≡ −detgµν corrects the variation of the diﬀerential four volume under
diﬀeomorphisms.
• The action should be local.
• The simplest form to ensure the stability of the metric evolution is considering
an action depending at the most on the second derivatives of the metric. The
terms that satisfy these requirements are a cosmological constant, Λ, and the
Ricci scalar, R,
R ≡ g µν g ρλ Rρµλν

(1.15)

where Rµνρσ is the Riemann tensor,
σ
Rµνρ
= Γσµρ,ν − Γσνρ,µ + Γαµρ Γσαν − Γανρ Γσαµ .

Finally, the total GR action reads,
√
S = d4 x −g (R + Λ + Lm ) = SE−H + Sm ,

(1.16)

(1.17)

where Lm is the Lagrangian of the rest of species, SE−H is the geometric Einstein
Hilbert action and Sm is the action of the matter ﬁelds.
Taking variations of the metric, we obtain the equations that rule the evolution
of the geometry,
1
Gµν ≡ Rµν − gµν R = 8πGTµν + Λ,
2

(1.18)
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where
−2 δSm
Tµν = √
,
−g δg µν

(1.19)

is the Energy-Momentum Tensor (EMT).
Particularly, cosmological solutions [13, 14, 36] assume that the visible universe
is homogeneous and isotropic (Cosmological Principle). As the CMB shows, this
is a good approximation for the early universe, however at late times it has to be
understood as an average on large scales. Notice that, in general, due to the non
linearity of Einstein equations, the solutions obtained from an average EMT may not
agree with the average of the exact solution. However, in the cosmological context
it is expected that the diﬀerences are small.
The metric of a homogeneous and isotropic space-time, called Friedmann-Lemaı̂tre
Robertson-Walker metric (FLRW), reads
ds2 = dt2 − a2 (t)

dr2
+ r2 dθ2 + r2 sin2 (θ)dφ2 ,
2
1 − kr

(1.20)

where a(t) is the scale factor and k is the curvature of the spatial sections which
can take values k = 0 if they are ﬂat, k > 0 for positive curvature and k < 0 for
negative. Notice that this is still a local property of the observable universe and
does not say anything about the global topology of the universe, for example about
its closeness.
The Cosmological Principle forces the EMT to have a perfect ﬂuid form,
Tνµ = (ρ(t) + p(t)) uµ uν − p(t)δνµ ,

(1.21)

with ρ is the energy density, p the pressure, uµ ≡ dxµ /ds is the ﬂuid four-velocity
with respect to the observer that for a comoving observer reads uµ = (1, v0).
Notice that, since the space is expanding, the energy density is not conserved;
its continuity equation can be obtained from the Bianchi identity,
µν
νG

=0⇒

νT

µν

= 0.

(1.22)

Introducing the FLRW metric in the Einstein equations (1.18), we get
8πG
k
ȧ2
=
ρ
−
+
a2
3
a2
ä
4πG
=−
(ρ + 3p) +
a
3

Λ
,
3
Λ
,
3

(Friedmann equation)

(1.23)

(Acceleration equation)

(1.24)

The Friedman equation is usually rewritten as a function of the abundances,
Ωρ ≡

Λ
k
8πG ρ(t0 )
, ΩΛ ≡ 2 , Ωk ≡ − 2 2 .
2
H0
H0 a
3 H0

(1.25)
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with H0 = a/a
˙ |t=t0 and t0 the cosmological time today. Thus,
1 = Ωρ + ΩΛ + Ωk .

(1.26)

The three equations (1.22-1.24) are not independent. Thus, the system can not
be solved unless we have more information about the ﬂuid. If we assume a single
barotropic ﬂuid, i.e. p = ωρ, we can now solve the system.
Let us assume a ﬂat universe, k = 0, and a single barotropic ﬂuid with constant
equation of state for simplicity. Exploiting the continuity equation (1.22), we can
obtain the evolution of the energy density with the scale factor,
ρ̇ + 3

ȧ
a0
(1 + ω) ρ = 0 ⇒ ρ = ρ0
a
a

3(1+ω)

.

(1.27)

As it can be seen, for non relativistic ﬂuids where the momentum contribution to
the energy is negligible, p = 0 = ω, the energy density decays as the number density
of particles, i.e. with the volume ρ ∝ a−3 . Whereas for ultrarelativistic particles,
ω = 1/3, the energy density dilutes faster ρ ∝ a−4 aﬀected by volume expansion
and the redshift of the wavelength. The curvature term is analogous to a barotropic
perfect ﬂuid with ω = −1/3, thus ρ ∝ a−2 which can be explained as the curvature
is a second derivative with respect to spatial coordinates. Finally, Λ as a constant
energy density can be represented by a barotropic ﬂuid with ω = −1.

1.2.2

Inﬂation and initial conditions

The CMB shows a large degree of homogeneity and isotropy [10] even in regions
that would not have been causally connected in a universe populated by standard
ﬂuids, ω ≥ −1/3. Notice that the physical distance that a photon can travel since
the primordial singularity is given by
t

d=a
0

dt'
=a
a

a
0

3(1+ω)
da'
1
∝a 2 ∼ ,
'2
'
a H(a )
H

(1.28)

where d is the comoving particle horizon and H ≡ a/a
˙ . As it can be seen the horizon
shrinks as we go back in time. But the largest CMB scales, i.e. those separated by
more than 1 degree in the sky, come from regions that could not have been in causal
contact at decoupling. This problem is usually called the “Horizon Problem”.
It is also noticeable the small abundance associated to the curvature of spatial
sections Ωk (“Flatness Problem”). The ﬂat solution, Ωk = 0, is unstable and its con
tribution to the Friedmann equation (1.23) dilutes less than radiation (with relative
factor a2 ) and matter (with relative factor a). The curvature contribution should
have been smaller than O (10−16 ) at nucleosynthesis and O (10−61 ) at Planck scale.
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These two facts seem to be the clue of some early period that avoids the ﬁne
tuning problem, notice that there are two weak points in the discussion of both
problems. Firstly, it is diﬃcult to assume that GR is valid at Planck scales. On
the other hand, we are extrapolating the content of the universe assuming that it
was always dominated by a perfect ﬂuid with a constant and typical equation of
state, ω ≥ −1/3. Indeed, both problems can be solved through a primordial epoch
dominated by a ﬂuid with ω < −1/3. Notice that from (1.24),
ä
∝ (3p + ρ) = (3ω + 1)ρ
a

(1.29)

that implies a primordial accelerated period.
The paradigmatic example of a ﬂuid that can source this behaviour is a slowly
rolling homogeneous scalar ﬁeld [37, 38],
L=

g µν
∂µ φ∂ν φ − V (φ).
2

(1.30)

For a homogeneous ﬁeld the equation of motion reads,
φ¨ + 3Hφ̇ + V ' (φ) = 0.

(1.31)

Notice that if the potential term dominates the energy density,
1 2
φ̇ − V (φ)
p
ω ≡ = 21 ˙ 2
ρ
φ + V (φ)
2

−1.

(1.32)

The slow-roll condition is synthesized in the e parameter,
H˙
e≡− 2
H

φ˙ 2
« 1,
V (φ)

(1.33)

However, this solely condition is not enough as we need the universe to inﬂate
during enough time to solve the Horizon and Curvature problems. Consequently,
this phase has to be an attractor,
η≡

φ¨
« 1.
3Hφ˙

(1.34)

When e, η ∼ 1 inﬂation ends and the scalar ﬁeld starts to oscillate. At this ﬁnal stage
the inﬂaton, φ, decays eventually producing at a later stage the particle species that
populate the universe today (reheating). For a review on this subject see [39]. After
reheating, the universe is dominated by a cosmological plasma of ultrarelativistic
particles, thus giving rise to the radiation dominated epoch.
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Inﬂation not only provides a solution to the Horizon and Curvature problems, it
also explains naturally the statistics of the small inhomogeneities that generate the
structures seen today. Let us consider the quantum ﬂuctuations of the inﬂaton,
φ = φ0 (t) + δφ(vx, t),

(1.35)

such that
\δφ(vx, t)) = 0,
δφ(vx, t)2 =

(1.36)
d3 k \δφk (t)δφ∗k (t)) .

(1.37)

The equation of motion for the perturbed ﬁeld well inside the Hubble horizon k/a «
H reads,
2
¨ + 3Hδφ
˙ + k δφk = 0,
δφ
k
k
a2

(1.38)

3

redeﬁning δφk = δφ̃k a− 2 ,
2
¨ + k δφ̃
δφ̃
k
k
a2

0.

(1.39)

Neglecting the expansion terms (WKB approximation), we see that the perturba
tions satisfy the equations of a quantum harmonic oscillator:
a
δφ̃k (t)δφ̃∗k (t) ∝ .
(1.40)
k
As the universe accelerates, the wavelength of the modes will reach the Hubble
horizon and they will remain frozen. Thus,
\δφk δφ∗k ) |t=tk

1
= 3 δφ˜k δφ˜∗k
ak

t=tk

H 2 (tk )
1 ak
∼
∼ 3
,
k3
ak k

(1.41)

where tk is the time when the mode comes outside the horizon, H(tk ) = k/ak .
The power spectrum is expected to be almost invariant in k, Δ2δφ (k) ∼ constant,
δφ(vx, t)2 =

d3 k \δφk (t)δφ∗k (t)) =

d ln(k)Δ2δφ (k).

(1.42)

By convention, this is not the usual power-spectrum given, but
Δ2R =

1 Δ2δφ
1 1 H2
=
8π e MP2 l
2e MP2 l

,

(1.43)

k=aH

where R is the curvature perturbation which is conserved on super-Hubble scales
for adiabatic ﬂuctuations, as we will see below
2

|Rk |

=

H
φ̇

2

|δφk |2 .

(1.44)

24

Chapter 1. Introduction

Figure 1.6: This ﬁgure was obtained from [40]. The graphic shows the error contours of the
tensor to scalar ratio, r, against the tilt, ns , of the primordial power spectrum. In the same plot
the predictions of various models are drawn. As it can be seen the CMB data seems to favour a
concave potential for the inﬂaton.

The measured power-spectrum is usually parametrized as
Δ2R (k)

≡ As

k
k∗

ns −1

,

(1.45)

with As the amplitude of scalar perturbations, ns the corresponding spectral index
and k∗ = 0.05 Mpc−1 the pivot scale of Planck. The latest Planck results show:
As = (2.21 ± 0.10) · 10−9 ,
ns = 0.9645 ± 0.0049,

(1.46)
(1.47)

making the perturbative calculations carefully, it can be shown that
ns − 1 ≡

d ln(Δ2R )
= −2e − η.
d ln(k)

(1.48)

So that slow-roll inﬂation predicts a nearly scale invariant primordial spectrum of
curvature perturbations.
Similarly, GW can also be produced during inﬂation. A tensor perturbation of
the metric reads,
ds2 = dt2 − a2 (δij − 2hij ) dxi dxj ,

(1.49)
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where
⎛

h+

h×

0

⎞

⎟
1 ⎜
⎟
hij (k) = √ ⎜
⎜ h× −h+ 0 ⎟ ,
⎠
2⎝
0
0
0

(1.50)

with vk pointing towards the z axis.
Einstein equations result,
2
¨ a + 3H ḣa + k ha = 0,
h
a2

(1.51)

with a ∈ {+, ×}. The result is similar to the scalar case,
Δ2t (k) =

2 H2
π 2 MP2 l

.

(1.52)

k=Ha

and its observational value is parametrized similarly, in terms of a tensor amplitude
At and the corresponding tensor spectral index nt . The pivot scale in this case is
chosen by Planck collaboration as k∗ = 0.002 Mpc−1 ,
Δt = A t

k
k∗

nt

.

(1.53)

The usual parameter comparing both scalar and tensor amplitudes is the tensor to
scalar ratio
r=

At
.
As

(1.54)

Up to date, this quantity is compatible with zero, r0.002 < 0.09 with a 95% conﬁdence
level [12]. The detection of this primordial tensor spectrum will suppose a major
step for the inﬂationary paradigm. It will also be decisive to constraint the nature
of the inﬂaton (see Fig. 1.6) as it can be shown that
r = 16e and nt = −2e.

1.2.3

(1.55)

The Dark Matter problem

The standard cosmological model can only make a phenomenological description of
Dark Matter (DM) [41–43] as no candidate has been detected. The main character
istic included is the fact that dark matter should be cold, ω = p/ρ = 0, in order to
ﬁt the mass distribution observed. If dark matter were hot (HDM), i.e. made out of
ultra-relativistic species ω = 1/3, around equality, its clustering will be suppressed
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below some limit scale (free-streaming scale). Thus, HDM has problems to explain
the existence of structures like galaxies. However, there is still room for candidates
that were coupled with the plasma while they were ultra-relativistic and cooled in
the radiation era, thus with a cut-oﬀ at small enough scales. This possibility is
called Warm-Dark Matter. The tension between N-body simulations of cold dark
matter halos and observations has increased the attention to these models [44] as
well as to N-body techniques [45].
The initial and more conservative candidates were Standard Model neutrinos,
however in light of the upper bounds to the neutrino mass this possibility vanished
when HDM was discarded. But there is a huge list of plausible DM candidates:
sterile neutrinos [46–48], axions [49, 50] (also motivated to solve some problems
of the standard model of particles), supersymmetric candidates [51](neutralinos,
Sneutrinos, etc), branons [52,53], etc. All those candidates are motivated in diﬀerent
beyond the standard model theories and have their particular phenomenology.
The diﬀerent models can be ﬁrstly classiﬁed through their production mecha
nism:
• Thermal production ( Weakly Interacting Massive Particle, WIMP).
The WIMP is produced through interactions between plasma particles; reach
ing, at some time, its thermal equilibrium. The evolution of its number density
function, n, is given by the Boltzmann equation
dn
+ 3Hn = − \vσ) n2 − n2eq ,
dt

(1.56)

where \vσ) is the annihilation cross section times the velocity and neq is the
equilibrium number density. When Γeq ≡ \σv)neq » H any deviation from
equilibrium n = neq is quickly damped. However, at some point Γeq /H « 1,
the interaction is not eﬃcient enough to maintain the equilibrium with the
cosmological plasma and DM freezes out evolving independently, n ∼ a−3 .
Following the standard freeze-out computations [52, 54–56], we can infer a
semianalytic expression for the abundance of DM as a function of \vσ) at
freeze-out,
ΩWIMP h2

0.12

g
4

5.0 · 10−26 cm3 s−1
\vσ)f

1 − 0.10 ln

5.0 · 10−26 cm3 s−1
\vσ)f

,
(1.57)

where g is the number of degrees of freedom associated to the WIMP. Notice
that interaction rates close to that of the weak-interaction give us the correct
abundance. This result is usually referred as the “WIMP miracle”.
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• Non thermal production.
Diﬀerent mechanisms are usually considered when DM is not created ther
mally: gravitational production, axionic string decay, the Misalignment Mech
anism, etc. The last method will be the main production mechanism for the
models considered along this thesis, see for example [49, 50] for axion DM
models or [57, 58] for Dark Light models.
Let us take the axions as an example. When the Peccei-Quinn symmetry is bro
ken the axion ﬁeld will take diﬀerent expected values in causally disconnected
regions. If it occurs after inﬂation the causal regions will be small, spoiling
the homogeneity and isotropy; conversely if the symmetry is broken before or
during inﬂation the observable universe will be within a single patch [14]. In
general, the expected value of the ﬁeld will not be aligned with the potential
minimum, thus at some point of the universe evolution the expansion rate
becomes comparable to its eﬀective mass and the ﬁeld stars to oscillate in the
potential.
In parallel with the theoretical eﬀorts to corner the main characteristics of the
dark matter particle, experiments focused on its detection have been growing. They
can be classiﬁed in three approaches sketched in the Feynman diagram on Fig. 1.7.
• Coliders detection.
The major experiment in proton-proton collisions today is the LHC, reaching
energies of 14 TeV [59, 60]. The detection of physics beyond the standard
model may have important consequences in the identiﬁcation of DM.
• Direct detection.
Direct experiments [61] try to observe the ﬂux of galactic DM through col
lisions with nuclei (elastic scattering) or with the electrons of their orbitals
(inelastic scattering). The detector must contain a large number of atoms to
increase the interaction probability and precise phonon, ionization or scintil
lation detectors. In modern experiments, the error due to background sources
is alleviated combining two of these detection methods. The error can also be
reduced by looking for an annual modulation produced by the relative motion
of Earth with respect to the galactic DM ﬂow.
• Indirect detection.
This approach consists on looking for secondary Standard-Model particles pro
duced in the annihilation or decay of DM particles.
Various experiments have been developed to measure the energetic spectrum of
cosmic rays arriving to Earth: γ rays (satellites [62] and Cherenkov telescopes
[63]), e e+ or p p− (satellites [64]) and neutrinos (detectors [65–67]).
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Figure 1.7: This ﬁgure sketches the methods used for detecting DM.
The main problem of indirect detection is modelling the astrophysical back
grounds. There are also diﬃculties concerning the conﬁguration of galaxies:
the exact distribution of the DM halo is unknown and various proﬁles have
to be tested, galactic magnetic ﬁelds (or even the solar activity) drift charged
particles making the analysis more diﬃcult, etc.
These detection methods usually need information about the DM distribution
of the target sources in order to make proper estimations of the expected number
of interactions or the ﬂux of Standard Model particles that arrive to the Earth
depending on the DM model. The distribution of DM in the halo is inferred from
N-body simulations of non interacting CDM particles. In [68] it is shown how the
proﬁle of DM follow the same universal distribution independently of the halo mass,
the initial density ﬂuctuation or the value of the cosmological parameters, the so
called Navarro-Frenk-White proﬁle, namely
ρ(r) =

ρs
r
rs

1+

r
rs

2,

(1.58)

where ρ is the density of DM, rs and ρs are parameters of the distribution and r is
the distance to the cluster centre.
The interest on N-body simulations has been growing in recent years as a conse
quence of some tensions between CDM simulations and astrophysical observations.
These problems will be reviewed in Section 2.2.1 along a possible solution, an ul
tralight scalar ﬁeld (Fuzzy Dark Matter FDM). Notice, however, that the baryonic
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eﬀects, such as supernovae, are diﬃcult to incorporate to N-body codes and may
well be the reason behind these deviations.

1.2.4

The Dark Energy problem.

Observations of SNIa concluded that the universe expansion was accelerating [27,28].
The same evidence have been found in the CMB and the large scale structure [69] as
well as in the age of the oldest globular clusters and stars, which clearly exceeds that
of radiation-matter cosmologies (on the other hand acceleration models typically
predict older universes).
As we saw in Section 1.2.2, in order to have an accelerating expansion we need
ω < −1/3. The combined data from SNIa, CMB and BAO constraint the source
equation of state to:
ω = −1.019

+0.075
−0.080

,

(1.59)

provided the equation of state had a constant value.
The standard model of cosmology assumes a cosmological constant [70, 71], ω =
−1, in good concordance with evidence. However, the cosmological constant has
some theoretical diﬃculties to be blindly accepted.
The main problem rests on the order of its expected value. If the Standard
Model of particles within GR is valid up to the Planck scale mpl
1.2 · 1019 GeV.
The expected contribution of quantum ﬂuctuations to the vacuum energy could be
estimated as ρ ∼ m−4
pl which is more than one hundred orders of magnitude above
the observed value. Even supersymmetric theories in which the ferminonic/bosonic
contributions cancel exactly the vacuum energy, as this symmetry is spontaneously
broken, it only “alleviates” the problem in half of the orders of magnitude for a
symmetry breaking at 100 GeV.
Moreover, the low ΩΛ value is comparable with the abundance of matter today,
Ωm . If ΩΛ would have been smaller, the acceleration could not have been noticed.
On the other hand, for larger values structures would not have formed. This issue
is called the “Coincidence Problem”.
Notice that the coincidence problem makes the cosmological constant sensitive to
the Anthropic Principle. Given that Λ could take diﬀerent values at other regions of
the meta-universe, only on those where it is small enough, structures and intelligent
life could have been formed. This possibility has been recently revisited as it could
naturally be adapted to certain string theories [72].
But leaving this possibility aside, we can tentatively try to classify DE models ac
cording to what side of Einstein equations they aim to change, i.e. their geometrical
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or energetic origin.
Among the former stands modiﬁcations of GR such as f (R) theories. Another
possibility is considering a space-time with more than four dimensions: the cosmo
logical constant can then curve the bulk but not the brane where the SM ﬁelds are
conﬁned [73].
Concerning the introduction of new matter ﬁelds, there are likewise several pro
posals. As for inﬂation, a slowly-rolling scalar is a plausible candidate, usually called
“Quintessence”. However, the ﬁne tuning is not usually solved but translated to the
parameters of the model. Other theories including scalars assume non standard ki
netic terms: k-essence (−1/3 < ω < −1), phantom ﬁelds (ω < −1), etc (see [74]).
There also exist other theories with higher spin ﬁelds. In [75], it is shown that cosmic
acceleration can be produced by a cosmic vector ﬁeld avoiding the coincidence and
ﬁne tuning problems, for example a cosmological magnetic ﬁeld generated during
inﬂation [76].
Most of this models involve new degrees of freedom that can spoil the good
concordance of the solar system tests with GR. Screening mechanisms are usually
considered in this sense making the model viable at the solar system while letting the
action to deviate from GR at cosmological scales. A scalar ﬁeld conformally coupled
to the energetic content of the universe can actually do this, let us synthesize some
options parametrizing the Lagrangian as,

1
L = Z µν (φ, ∂φ, . . .)∂µ φ∂ µ φ − V (φ) + f (φ)Tµµ .
2

(1.60)

One possibility is Z = 1 and f (φ) = gφ/MP l φ, making the mass of φ very high
at highly dense mediums, shortening its range and therefore decoupling it from the
rest of ﬁelds; whereas at low cosmic densities its mass is very small, “Chameleon
mechanism”. A similar approach is followed by the “Symmetron mechanism” but
the coupling with the matter sector is proportional to the vacuum expectation value.
In other screening models the scalar can acquire a large inertia, Z, depending on
the environment, e.g. “Vainshtein mechanism”. Those screening mechanisms appear
also in modiﬁcations of GR like f (R) theories. See [77] for a wider discussion.
But it might not be necessary to invoke new physics, we cannot discard that
the low value is not a consequence of the late time cosmic conﬁguration where the
homogeneous and isotropic approximation is no longer valid. The backreaction of
the structures can solve the ﬁne tuning while giving a natural explanation to the
Coincidence problem [78].
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Cosmological perturbations

Going further ahead than the homogeneous and isotropic approximation is necessary
in order to build a successful cosmological model. As we have already seen, the early
universe curvature shows a large degree of homogeneity and isotropy with small
curvature perturbations that have an almost scale invariant power spectrum. In
this section, we will study the evolution of the initial inhomogeneities that became
the structures observed today [13, 79].
According to this discussion,
(0)
gµν xλ = gµν
(t) + δgµν xλ ,

(1.61)

(0)
with δgµν xλ « gµν
(t). This is indeed a good approximation as evidence the
anisotropic corrections of the CMB at decoupling, ΔT /T ∼ O (10−5 ).

However, this induces an arbitrarity in the perturbations, as small transforma
tions of the coordinate system describes the same physics. In particular for the
metric tensor, those coordinate systems are related by
gµν xλ =

dx̃ρ dx̃σ
ρ (0)
(0)
g̃ρσ x˜λ = g˜ρσ x˜λ + ξ,µ
gµν (t) + ξ,νσ g̃µρ
(t) + O e2 .
µ
ν
dx dx

(1.62)

Combining (1.61) and (1.62),
g˜ρσ x̃λ

(0)
ρ (0)
(0)
= gµν
(t) + δgµν xλ − ξ,µ
gµν (t) − ξ,νσ g̃µρ
(t)
(0)
= gµν
(t) + δg̃µν x̃λ .

(1.63)

thus,
(0)
δg̃µν x̃λ = δg xλ + Lξ gµν
(t),

(1.64)

where Lξ represents the Lie derivative. For a general tensor the same expression
holds.
The parametrization of the metric perturbation will be decomposed in scalar,
vector and tensor modes with respect to rotations in the spatial hypersurfaces. Pro
vided that there are not background vector and tensor contribution, they evolve
independently of each other at the ﬁrst order of perturbations.
The perturbed ﬂat FLRW metric, changing to conformal time dη = dt/a, can be
written as,
ds2 = a2 (η) (1 + 2Ψ) dη 2 − 2B̃i dxi dη − (δij + Ξij ) dxi dxj ,

(1.65)

Bi = ∂i B + Qi ,
Ξij = −2Φδij + 2∂(i ∂j) E + 2∂(i Ej) + 2hij ,

(1.66)
(1.67)
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where Ψ, Φ, E, B are scalar, Ei and Bi are divergenceless vectors, Ei,i = Qi,i = 0,
and hij is a symmetric traceless and transversal tensor, hii = hij,j = 0. The indexes
of the perturbed quantities are raised and lowered with the δij metric. Under a
gauge change of variables, x̃µ = (x0 + ξ 0 , vx + v ξ + ξˆ), where ξ 0 and ξ are scalars
and ξi a divergenceless vector. The new perturbed ﬁelds result,
�

Ψ̃ = Ψ − ξ 0 − Hξ,
1 2
ξ,
Φ̃ = Φ − Hξ 0 −
3
B̃ = B + ξ 0 − ξ ' ,
Ẽ = E − ξ,
ṽ = Q
v − ξˆ' ,
Q
ṽ = E
v
v − ξ,
E
h̃ij = hij .

(1.68)
(1.69)
(1.70)
(1.71)
(1.72)
(1.73)
(1.74)

where ' represents the derivative with respect to the comoving time.
The perturbed energy momentum tensor of a perfect ﬂuid reads,
δT00
δT0i
δTi0
δTji

=
=
=
=

δρ,
(ρ + p) v i ,
− (ρ + p) (vi + Qi ) ,
−δp δji − Πij ,

(1.75)
(1.76)
(1.77)
(1.78)

where (ρ + p) v i is the momentum density and Πij is the anisotropic stress tensor.
Under a change of variables, the perturbations vary according to,
δρ̃ = δρ − ξ 0 ρ' ,
δP̃ = δP − ξ 0 P ' ,
ṽ = v + ξ ' ,
ṽi = vi + ξˆ' ,
i

Π̃ij = Πij .

(1.79)
(1.80)
(1.81)
(1.82)
(1.83)

where Πij is a traceless tensor.
As we have already discussed the perturbed ﬁeld varies with the change of gauge,
thus in order to avoid the confusion of the physical content with the mathematical
freedom we can follow two approaches:
• Derive gauge invariant quantities,
¯ ≡ Ψ + H (B − E ' ) + ∂0 (B − E ' ) ,
Ψ
1 2
Φ̄ ≡ Φ − H (B − E ' ) +
E,
3
v≡E
v
v ' − Q.
S

(1.84)
(1.85)
(1.86)
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• Fixing the gauge, i.e. choosing a particular coordinate frame. There are many
possibilities, but some of the most popular are
– Newtonian or Longitudinal gauge: E = B = 0.
– Spatially-ﬂat gauge: C = E = 0.
– Uniform density gauge: δρ = 0.
– Comoving gauge: v + B = 0
– Synchronous gauge: Φ = B = 0
Notice that on those gauges where the vector degree of freedom has not been
v = 0 or Q
v = 0, for example.
speciﬁed it can be ﬁxed by making E
For the subject discussed in this thesis, we have chosen to work in the Newtonian
v = 0 for simplicity. By taking the spatial Fourier transform the per
gauge with E
turbed Einstein equations read,
−3H (Ψ'k + HΦk ) − k 2 Ψk = 4πGa2 δρk ,

(1.87)

k 2 (Ψk − Φk ) = 0,

(1.88)

Ψ''k + H (Φk' + 2Ψ'k ) + H2 + 2H' φ = 4πGa2 δp,

(1.89)

Ψ'k + HΦk = −

4πGa2
(ρ + p) ivkvv ,
k2

(1.90)

where the expansion rate is H = a' /a = H/a (the calligraphic nomenclature is used
to remember that the derivative has changed to conformal time), k̂ ≡ vk/|vk| and the
sub-index k indicates the Fourier transform of the ﬁeld.
Combining the scalar equations (1.87-1.89), we can summarize the scalar poten
tial evolution in a single equation:
Ψk'' + 3H 1 + c2s Ψ'k + H2 + 2H' + 3cs2 H2 + c2s k 2 Ψk = 0,

(1.91)

c2s ≡ δpk /δρk ,

(1.92)

with

the perturbations speed of sound.
For the vector perturbation, we obtain
16πGa2
Qi =
δTk0i − ikˆi k̂ j δTk0j
2
k

,

(1.93)
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which implies,
4

v =
Q

a��
a

k2 − 4

− H2
a��
a

− H2

v − k̂ k̂ · v

.

(1.94)

The tensor perturbation equation of motion is obtained using the projector
l
Λij,lm δGm
− 8πG δTml = 0,

(1.95)

1
Λij,lm ≡ Pil Pjm − Pij Plm , Pij ≡ δij − k̂i k̂j ,
2

(1.96)

with

The two degrees of freedom of tensor perturbations follow:
h''a + 2Hh'a + k 2 ha = Πa , a ∈ {+, ×},

(1.97)

the two polarizations {+, ×} are deﬁned in (1.50). Thus,
⎛

Π+

⎜

Π×

0

⎞
⎟

⎟
l
Πij (k) ≡ ⎜
.
⎜ Π× −Π+ 0 ⎟ = −16πGa2 Λij,lm δTm
⎝
⎠
0
0
0

(1.98)

The observations show that the vector and tensor amplitude can be neglected
with the current precision. Thus, in the following lines we will focus only on scalar
modes. Under this assumption, the perturbations of (1.22) can be written as
δpk
− ω δk = (1 + ω) ivkvvk + 3Φ'k ,
δρk
1
δpk
vk' + 3H
− ω vk = ivk
+ Φk ,
3
(1 + ω) ρ
δk' + 3H

(1.99)
(1.100)

where δk ≡ δρk /ρ.

1.3.1

Linear evolution

As in the background case, we will study the characteristics of the ﬂuid, particularly
the relation between the pressure perturbation and the energy density perturbation,
δp = c2a δρ + δpN A =

p'
δρ + δpN A ,
ρ'

(1.101)
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where c2a = p' /ρ' is the adiabatic sound speed and δpN A the non adiabatic contri
bution. If we suppose that the background is composed of barotropic ﬂuids with
constant equations of state pi (η) = ωi ρ(η),
c2a =

ωi fi , fi ≡
i

(1 + ωi ) ρi
j (1 + ωj ) ρj

(1.102)

and the non adiabatic contribution can be written as
δpN A =

(1 + ωi ) ρi
j (1 + ωj ) ρj

δρi
−
j δρj

ωi
i

,

(1.103)

i.e. in general in order to have adiabatic perturbations,
δρi
−
j δρj

(1 + ωi ) ρi
= 0,
j (1 + ωj ) ρj

(1.104)

thus the perturbations are adiabatic when the relative density heat, (ρi +pi )/(ρ+p),
is equal to the relative contribution to the perturbed energy density, δρi /δρ, for each
of the species considered.
Notice that when a single ﬂuid dominates the energetic content of the universe the
non adiabatic part vanishes. As the perturbations during inﬂation get frozen when
they leave the horizon, single-ﬂuid inﬂation models naturally fulﬁll the adiabatic
initial conditions inferred from the observations.
We will focus on the particular case of a single ﬂuid domination, studying the
evolution of the diﬀerent modes in two limits: super-Hubble, k « H, and subHubble, k » H.
• Super-Hubble modes (k « H)
In this limit equations (1.91), (1.99), and (1.100) can be approximated by
Ψ''k + 3H (1 + ω) Ψk'
0,
'
'
δk 3 (1 + ω) Ψk
1
vk' + 3H
−ω
0,
3

(1.105)
(1.106)
(1.107)

notice that as we are considering a single ﬂuid c2s = ω.
From (1.105),
η

Ψk = Ψ0 (k) + Ψ1 (k)

a(η ' )−3(1+cs ) dη ' ,
2

(1.108)

η0

with Ψ0,1 (k) initial conditions. For radiation or matter dominated universes
at large times the non constant contribution decays, moreover the constant
term is the dominant mode for inﬂationary initial conditions, thus
Ψk

Ψk (η0 ), δk = 3(1 + ω)Ψk (η0 ) + δ1 (η0 ),

(1.109)
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where δ1 (η0 , k) is an integration constant. For the adiabatic initial conditions
set during inﬂation δ1 (η0 , k) = 0.
Finally,
v = v0

a0
a

(1−3ω)

∝

⎧
⎨

a−1 , Matter Dominated

⎩

const, Radiation Dominated

.

(1.110)

• Sub-Hubble modes (k » H)
˜ k a− 32 (1+c2s ) , we
Assuming a constant c2s for simplicity and redeﬁning Ψk = Ψ
can write (1.91) as,
˜ '' + 3 1 + 3ω + 6c2
Ψ
k
s
4

1 + cs2 H2 + cs2 k 2 Ψ̃k = 0,

(1.111)

where the equality H' /H2 = −(1 + 3ω)/2 has been used. As it can be seen,
the behaviour of the equation will depend on the relative weight of the two
terms that multiply Ψ̃k ; i.e. basically, neglecting the uninformative prefactors,
on the parameter H2 /c2s k 2 . This relationship deﬁnes what it is usually called
the Jean’s wavenumber:
kJ2 =

H2
.
c2s

(1.112)

For modes with k » kJ , Ψk behaves simply as a damped harmonic oscillator,
Ψk = Ψ0

a0
a

3
2

(1+c2s )
cos (cs kη + ϕ0 ) ,

(1.113)

where Ψ0 and ϕ0 are integration constants. On the other hand, for k « kJ
modes, Ψk evolves as if it was super-Hubble, particularly if c2s = ω they will
evolve following (1.108). However, this is not translated to other perturbations
like the energy density, which in the sub-Hubble limit satisﬁes,
δk

2 k2
Ψk .
3 H2

(1.114)

Particularly, in a matter dominated universe for the asymptotic case c2s = ω =
0, where all the sub-hubble modes are unstable,
η

Ψk = Ψ0 (k) + Ψ1 (k)

η0

dη '
,
a3

(1.115)

with Ψ0,1 (k) integration constants. At late times the solution is constant, thus
the energy contrast grows
2 k2
δk ≈
Ψ0 ∼ a
3 H2

(1.116)

1.3. Cosmological perturbations

37

Finally, the velocity perturbation follows
v ' + (1 − 3ω) Hvv = ivk

2ω
k2
+ 1 Ψk .
3 (1 + ω) H2

(1.117)

thus,
v = v0

1.3.2

a0
a

1−3ω

+

ivk

η

a1−3ω

dη ' a1−3ω

η0

2ω
k2
+ 1 Ψk .
3(1 + ω) H2

(1.118)

Non linear evolution

As we can see from equation (1.116) matter perturbations grow during the matter
dominated epoch, reaching at some point the limit in which the inhomogeneity can
no longer be considered small,
δk ∼ 1.

(1.119)

The time when the approximation breaks depends on the mode. Small scales that
have been growing during the matter dominated epoch for most of the time can
no longer be considered linear; typically for the cosmologically relevant scales the
non-linear corrections have to be taken into account since z ∼ O(50).
In the following lines, we will describe the simplest non-linear analytical model
usually called “Spherical Collapse Model” [80, 81]. The model considers a spherical
overdensity in a matter dominated universe (Einstein-de Stitter universe) and assumes a radial motion of the particles. The spherical symmetry isolates the interior
of the overdensity (Birkhoﬀ theorem), thus its radius evolves according to
1
2

dr
dt

2

−

GM
= E,
r

(1.120)

notice that we have changed to cosmological time and named M the object mass
and E the energy of the particles at radius r. The solution is usually parametrized
as
r
= (1 − cos(θ)) ,
rm
t
θ − sin(θ)
=
,
π
tm

(1.121)
(1.122)

where rm is half of the maximum radius in the evolution of the sphere and tm the
time when the maximum is reached.
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At early times or for θ « 1,
r
θ2 θ4
=
− ,
4!
rm
2
3
θ5
t
θ
=
− ,
5!
tm
3!

(1.123)
(1.124)

combining both expressions we can get r(t)/rm and compute,
1+δ =

ρr
ρEdS

3 6πt
=1+
20 tm

2
3

,

(1.125)

thus,
δ ∝ a,

(1.126)

where ρr is the density of the object and ρEdS the density of the background Einstein
de Sitter universe. As it can be seen, the solution follows the expected behaviour of
the linear perturbation approach. However, this approximations start to fail even
before reaching the turn around point r = 2rm , where δ − δ lin ∼ 3.6.
In this model after t = tm the radius starts to decrease until the ﬁnal collapse
at t = 2tm . However, this only occurs in the unstable case where all the particles
have only radial velocities, in a more realistic approach the tangential velocities will
produce chaotic motions of the particles inside the object preventing its collapse.
From the conservation of energy,
E =T +U =−

GM
.
2rm

(1.127)

Assuming that the sphere reaches an equilibrium state, we can apply the virial
theorem,
U
T =− ,
2

(1.128)

req = rm .

(1.129)

and get the equilibrium radius,

Moreover, it is usually consider that the system reaches the equilibrium at teq ∼
tcollapse = 2tm , with
δeq ≈ 178.

(1.130)

This simple model, sketched in Fig.1.8, gives us some insight of the non-linear
regime. More sophisticated techniques are used today in order to correct the non
linear blurred of BAO and the interest in N-body techniques has been growing
to study the evolution of the highly dense objects observed as well as the proﬁle
distribution of dark matter in them.
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Figure 1.8: In this ﬁgure the evolution of a spherical overdensity radius is plotted. The blue
line corresponds to the case where particles move radially, in other case assuming that the system
reaches an equilibrium state the collapse stops at r = rm (dashed line).

1.4

Conclusions

In this chapter, we have brieﬂy reviewed the state of the art in cosmology. Firstly,
the most relevant observations have been introduced, showing, at the same time,
some of the unexpected results that puzzle the scientiﬁc community.
The Standard Cosmological Model shows good agreement with observations. It
assumes a homogeneous and isotropic solution of Einstein’s General Relativity to
describe the evolution of the universe at large scales. Due to the unusual initial
conditions and ﬂatness, the Standard Cosmological Model is usually supplemented
by a primordial accelerated epoch, called “inﬂation”. This stage also produces nat
urally the inferred initial spectrum of inhomogeneities. When inﬂation ﬁnishes, the
universe is populated during a period called “reheating” with the species observed
today. After that, the energetic content of the universe will be dominated by the
cosmological plasma. As the universe expands, the cosmic plasma cools down and
some of its interactions become ineﬃcient to maintain the equilibrium and diﬀerent
components start to evolve separately (“relic” densities). Finally, even the electro
magnetic interaction between photons and electrons becomes ineﬃcient to keep them
in thermal equilibrium. So that, photons decouple propagating from the Last Scat
tering Surface towards us. This photons constitutes the CMB. Had we estimated
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the matter from luminous sources today, this would not have ocurred during the
matter dominated era. This fact together with the gravitational estimation of mat
ter through rotation curves of galaxies, gravitational lensing, etc; points towards
the existence of an unknown matter ﬂuid that does not interact (or barely) with
photons, “Dark matter”. Finally, Hubble diagrams obtained for high redshift SNIa
observations show that the current expansion of the universe is accelerated. In the
Standard Cosmological Model a cosmological constant is assumed to describe this
behaviour. However, its theoretical problems prevents its acceptance as the solution
to the dark energy problem.
The Friedman equation for the standard model reads,
H 2 = H02 ΩΛ + Ωm

a0
a

3

+ Ωr

a0
a

4

+ Ωk

2

a0
a

,

(1.131)

where a0 and H0 are the scale factor and expansion rate today respectively. The
abundances of the diﬀerent species measured by Planck [11] are
Hubble constant:
Cosmological contant abundance:
Matter abundance:
Radiation abundance:

H0 = 67.74 ± 0.46,
ΩΛ = 0.6911 ± 0.0062,
Ωm = 0.3089 ± 0.0062,
Ωr = (9.16 ± 0.19) 10−5 ,

Curvature abundance: Ωk = 0.0008

+0.0040
−0.0039

,

(1.132)
(1.133)
(1.134)
(1.135)
(1.136)

Finally, in the last section we have discussed the evolution of the initial deviations
from the homogeneous and isotropic approximation that originates the structures
seen today; studying the theory of linear cosmological perturbations and introduc
ing the non-linear regime with the simplest model of an spherical collapse and its
virialization.

Chapter 2
Coherent ﬁelds in cosmology
In this chapter we will place in context the thesis by deﬁning what is understood by
a cosmological coherent ﬁeld as well as reviewing some models that illustrate their
relevance in modern cosmology. We will also explain the approach used through
out the following chapters to study the cosmological behaviour of a coherent fast
oscillating ﬁeld.

2.1

Coherence

Coherence can be deﬁned as the ability of a ﬁeld to exhibit interference phenomena.
This property is usually split in temporal and spatial coherence. The deﬁnitions
given in this section are based on [82–84].

2.1.1

Classical coherence

Temporal coherence is the ability of a ﬁeld to interfere with a temporally delayed
copy of itself.
Let us deﬁne a ﬁeld, u(t), and its delayed copy, u(t + Δt). In a non dissipative
medium its intensity is the same:
I0 = \u(t)u∗ (t)) = \u(t + Δt)u∗ (t + Δt)) ,

(2.1)

where \ ) represents a temporal average. When both ﬁelds coincide in the same
point, its joint intensity will not be in general the square sum of both signals, but
|u(t) + u(t + Δt)|2 = 2I0 + 2Re [Γ(Δt)] ,
41
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where Γ(Δt) is the self coherence function.
Γ(Δt) = \u(t)u∗ (t + Δt)) .

(2.3)

Comparing terms of (2.2), we can deﬁne as a measure of the temporal coherence
γ(Δt) ≡

Γ(Δt)
Γ(Δt)
,
=
Γ(0)
I0

(2.4)

its modulus ranges 0 ≤ |γ| ≤ 1 from incoherence to full coherence respectively. With
this weight we can compute the typical time interval for which the ﬁeld is considered
coherent
∞

Δtc =

|γ(Δt)| dΔt.

(2.5)

−∞

Thus, a cosmological time-coherent ﬁeld satisfy
Δtc » H −1 .

(2.6)

Notice, ﬁnally, that the same discussion can be translated to the case of two
signals of the ﬁeld at two spatial points separated by a distance Δl.
∞

Δlc =

|γ(Δl)| dΔl.

(2.7)

−∞

Thus, in order to have coherence at cosmological distances, Δlc » H −1 .

2.1.2

Quantum coherence

v in a box of side L in order to explain what
Let us assume an electromagnetic ﬁeld, A
is understood by quantum coherence. The classical solution for the vector potential
reads,
1

v (vx, t) =
A
k

2ωk

ak vuk (vx)e−iωk t + ak† vu∗k (vx)eiωk t .

(2.8)

where
3

vuk (vx) = L− 2 ê(λ) eikx ,

(2.9)

with ê(λ) , λ = 1, 2; the polarization vector.
In order to obtain the quantum theory we will follow the canonical prescription
and promote the complex amplitudes ak and a+
k to operators that satisfy
ak , ak� = a†k , a†k� = 0,

(2.10)

ak , a†k = δ vk − vk ' .

(2.11)
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The Hamiltonian will be given by,
H=

1
2

ωk a†k ak + ak a†k =
k

ωk Nk +
k

1
,
2

(2.12)

with Nk = a†k ak .
Concentrating on a single mode vk for simplicity, we can write the diﬀerent quan
tum states in the orthogonal basis of the eigenvectors of the Hamiltonian operator
or, equivalently, the number operator:
Nk |n)k = nk |n)k ,
\n |n' )k = δnn� ,

(2.13)
(2.14)

thus,
|ψ)k = I |ψ)k =

\n |ψ)k |n)k

(2.15)

n

Another way of characterizing the state of the system is based on the eigenstates of
the destruction operator:
ak |z)k = zk |z)k ,
2

|z)k ~= e

−

|zk |
2

(2.16)

zn
√k |n)k ,
n!
n=0
∞

(2.17)

with zk ∈ C. Although they are not orthogonal in the bra-ket product
⎛

⎜ zk −
\z ' | z)k = exp ⎝− '
2

zk'

2

⎞
⎟
⎠,

(2.18)

they form a basis,
|ψ)k = I |ψ)k =

1
π

|z)k \z |ψ)k d2 z.

(2.19)

Notice that d2 z refers to the integration on its modulus and argument. Both quan
tities have a clear physical meaning:
2

\n)k = \z| a†k ak |z)k = zk ,

(2.20)

\x)k = \z| Xk |z)k =

1
Re zk ,
2ωk

(2.21)

\p)k = \z| Pk |z)k =

1
Im zk ,
2ωk

(2.22)
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where Xk and Pk are the position and momentum operators respectively. Thus, the
modulus is associated with the expected number of photons while the position and
momentum of the state are related to both the phase and modulus.
There are two important properties of coherent states that would be worth men
tioning. Firstly, they saturate the Heisenberg Uncertainty Principle:
1
(Δp)2 (Δx)2 = .
4

(2.23)

On the other hand, the expected value of the ﬁeld follows the classical solution,
v (vx, t)
A

k

=

1
2ωk

zk vuk (vx)e−iωk t + zk∗ vuk∗ (vx)eiωk t .

(2.24)

As it can be seen in comparison with (2.8). However, this result does not imply that
coherent states are the classical limit of the electromagnetic ﬁeld. Notice that, the
mean square ﬂuctuation is not zero,
\A2i )k − \Ai )2k
1
1
∝
= √ , i = 1, 2, 3.
nk
\Ai )k
zk

(2.25)

Thus, the quantum ﬁeld collapses to the classical trajectory as the occupation num
ber grows, nk → ∞.
The traditional deﬁnition of coherence coming from classical ﬁeld theory relates
this notion with noise, either in the temporal oscillation frequency or in the phases of
the diﬀerent waves that conform the signal. This notion is therefore not applicable
in the quantum theory where ﬂuctuations of the ﬁeld are expected. The proper
deﬁnition of coherence which is valid in both descriptions was developed by R. J.
Glauber [85, 86].
Following [84] let us deﬁne the n-th order propagator as
(−)
(−)
(+)
(+)
G(n)
µ1 ...µ2n (x1 , . . . , xn ; xn+1 , . . . , x2n ) = Aµ1 (x1 ) · · · Aµn (xn ) Aµn+1 (xn+1 ) · · · Aµ2n (x2n )

(2.26)
where xn = (tn , vxn ) and
(xn ) =

1
2ωk

v (+) (xn ) =
A

1
2ωk

v (−)

A

are the negative and positive energy modes.

1
2

1
2

a†k vu∗k (vxn )eiωk tn

(2.27)

ak vuk (vxn )e−iωk tn

(2.28)
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A state that satisﬁes,
G(n)
µ1 ...µ2n (x1 , . . . , xn ; xn+1 , . . . , x2n ) =

n
2

fµ∗j (xj )

j=1

2n
2

fµk (xk ),

(2.29)

k=n+1

with f an arbitrary function, is said to be n-th order coherent. The coherent states
fulﬁll this condition at every order, thus the probability of measuring a photon at
a given position, xi , and time is independent of the detection or not of a photon at
the other space-time points, xj with j = i, j = 1, . . . , 2n.

2.1.3

Production of a cosmological coherent ﬁeld

A cosmologically coherent solution is only possible for bosons because they are not
constrained by the Pauli Exclusion Principle and, thus, can populate the lowest
momentum modes with suﬃcient abundance. The evolution of the system can be
described by a classical ﬁeld, which can also be regarded as a cosmological Bose
Einstein condensate.
Such a conﬁguration cannot be generated through interactions in the thermal
plasma as that would spoil the coherence. However, if a primordial accelerated
epoch took place, it could have been produced through a non thermal misalignment
mechanism.
In order to explain this mechanism, let us assume for simplicity a scalar ﬁeld
and a FLRW metric in proper time,
φ¨ + 3H φ̇ + V ' (φ) −

v 2φ
a2

= 0,

(2.30)

with a potential V (φ) bounded from below.
After inﬂation, the term v 2 φ/a2 is redshifted exponentially and can be neglected.
˜ 3/2 , the equation of motion reads,
Redeﬁning the ﬁeld φ = φ/a
˜ 32 a 32 − '3 2Ḣ + H 2 φ̃ = 0.
(2.31)
φ¨˜ + V ' φ/a
4
At the earliest epoch the potential contribution to (2.31) is negligible. This is
equivalent to suppose that the eﬀective oscillation frequency νeﬀ is negligible in
comparison with the expansion rate. For the harmonic case, the eﬀective frequency
is just the mass of the ﬁeld. However, for a general potential it depends on the
amplitude of the ﬁeld which is evolving with the expansion of the universe. Thus,
the eﬀective frequency should be deﬁned at the particular instant, t0 , considered. A
negligible potential contribution means
3
4

2Ḣ + H 2 φ˜
3

∼O'

3

V ' φ̃/a 2 a 2

t=t0

H 2 (t0 )
2
νeﬀ

» 1,

(2.32)
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and equation (2.31) can be approximated by
∂0 a3 φ˙

0,

(2.33)

dt'
.
a3 (t' )

(2.34)

with solution,
t

φ = φ0 + φ1

t0

The second term decays quickly, leaving just a dominant constant ﬁeld that is not
necessarily “aligned” with the minimum of the potential.
Roughly when H νeﬀ , the misaligned scalar starts to oscillate in the potential.
Notice that the cosmologically interesting spatial Fourier modes have the same initial
conditions when this change occurs, thus they begin their oscillation not only with
the same frequency (assuming νeﬀ » k/a) but also with the same global phase.
Thus, the ﬁeld is produced in a cosmologically coherent state.
Let us consider as an example the case of a coherent massive scalar, like the
axion, as a DM model. Following [87], the current occupation number of a massive
particle can be estimated from the typical density of a galaxy, ρgal , and the virialized
velocity of its particles, vgal ,
109 eV
ρgal
∼
,
m
cm3 m
2π
eV
=
∼ 0.1 cm
,
m
mvgal

ngal =

(2.35)

λdB

(2.36)

with m the mass of the particle, ngal the number density of particles and λdB the
associated de Broglie wave-length. The occupation number can be estimated by
N ∼ ngal λ3dB .

(2.37)

Thus, roughly for masses that satisfy,
m « 10 eV,

(2.38)

the ﬁeld can be considered classical, as the high occupation number makes its quan
tum variance negligible (2.25). This condition is relaxed as we consider earlier epochs
of the universe history when the velocity of the particle was lower.
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Cosmological models
Scalar ﬁelds

Coherent scalar ﬁelds are ubiquitous in cosmology. Their popularity is not only
based on their simplicity but mainly on the fact that they intrinsically respect the
large degree of isotropy observed. We have already discussed (Section 1.2.2) their
importance in the standard description of inﬂation. Providing, at the same time,
a mechanism to reheat the universe after inﬂation through the phase of coherent
oscillations. In addition, an oscillatory behaviour of the scalar ﬁeld can source an
accelerated expansion epoch at both early [88,89] or late [90,91] times of the cosmic
evolution.
The general analysis of a homogeneous oscillating scalar in an expanding universe
was performed by Turner [92]. As we later review in Section 3.1.1, a scalar ﬁeld
under a power law potential V (φ) = λφn /n behaves as a perfect ﬂuid with equation
of state,
ω≡

\p)
n−2
=
,
\ρ)
n+2

(2.39)

given that it oscillates fast enough in comparison with the expansion rate of the
universe H. As it can be seen, massive scalars (n = 2) will decay as dust making
them plausible candidates to solve the dark matter problem.
This is the case of the axion when it is produced through the misalignment
mechanism. The axion results particularly attractive because it is well motivated
as a solution to the strong CP problem of the standard model of particle physics.
Basically, there is no apparent reason that prevents the QCD lagrangian to be
supplemented by
LSM −→ LSM +

θQCD a ˜ a µν
G G ,
32π 2 µν

(2.40)

a
where Gaµν is the Faraday tensor of gluons and G̃a µν = eµναβ Gαβ
/2 its dual. This
term does not change the classical behaviour as it can be integrated out as a border
term. On the other hand, at the quantum level it induces a non zero electric dipole
moment in the neutron which is very suppressed according to the current bounds,

dn = (−0.21 ± 1.82) 10−26 e cm,

(2.41)

with e the electron charge.
R. D. Peccei and H. R. Quinn proposed [93, 94] that this ﬁne-tuning problem
could be solved if θQCD is promoted to a scalar ﬁeld that undergoes an UPQ (1)
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spontaneous symmetry breaking. The axion corresponds to the pseudo-Goldstone
boson associated to the symmetry breaking. Similarly, this kind of pseudo Goldstone
bosons are predicted in many extensions of the Standard Model of particles, such
as some realizations of string theories. They are commonly known as axion-like
particles, ALPs [58].
All these particles are usually weakly interacting with photons, in the particular
case of axions through its coupling with neutral pions. In order to be viable DM
candidates this coupling should not be strong enough to make them thermalize
with the cosmic plasma or to decay eﬃciently in a time smaller than the “age
of the universe”, roughly H0−1 . However, exploiting the possible oscillation into a
photon when axions or ALPs passes through intense magnetic ﬁelds, they might
still be detectable in experiments. For example, some experiments try to measure
if any photon could go through an opaque obstacle by turning into an axion and
inverting the change afterwards using intense magnetic ﬁelds at both sides [95, 96].
Other experiments concentrate on the possible detection of DM produced in concrete
sources such as in the DM halos using electromagnetic resonant cavities (ADMX [97])
or solar ALPs employing strong magnets (CAST [98]).
The recent discovery of gravitational waves opens a new possibility of detection
because of the change in the refracting index when they pass through a scalar DM
background, see [99].
Notice, ﬁnally, that these models are not the only possibility involving coherent
scalar ﬁelds, see for example [52, 53, 55, 100–105].
Fuzzy Dark Matter
As we have already seen the Cold Dark Matter (CDM) paradigm gives us an accurate
description of the inhomogeneous modes evolution. The absence of pressure makes
those inhomogeneities unstable while the linear approximation is valid and, thus,
the density contrast in all sub-Hubble scales grow.
Despite the great eﬀorts on the development of numerical techniques for struc
ture formation during the last decades, the non-linear regime remains diﬃcult to
characterize. N-body simulations of CDM structure formation have revealed some
tensions with the observed structures (see [106]):
• Missing satellite problem: CDM-only simulations predict a large number of
sub-halos, much bigger than the observed number of galaxy satellites. How
ever, it is not discarded that baryonic processes could reduce the eﬃciency of
star formation in less massive sub-halos, making them invisible.
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• Too-big-to-fail problem: the central densities of the most massive simulated
subhalos are much higher than those observed in the most luminous satellite
galaxies. Baryonic eﬀects should be less important in this problem.
• Core-cusp problem: CDM-only simulations show that the density distribution
grows as ρ ∼ r−1 in the centre of CDM halos and sub-halos. This proﬁle is in
tension with measurements of dwarf galaxies which exhibit cores. This kind of
galaxies are DM dominated making their evolution less sensitive to baryonic
physics.
Diﬀerent modiﬁcations of the pure CDM paradigm have been proposed in order
to solve these problems. One example is Fuzzy Dark Matter (FDM), also called wave
Dark Matter (ΨDM). FDM mimics a CDM ﬂuid cosmologically, but the evolution
at shorter scales can diﬀer for lower enough masses. This diﬀerence arises from the
fact that a scalar ﬁeld can only be treated as a particle at distances larger than
the de Broglie wave-length [107]. A comoving observer would see a dust particle at
distances
r » λdB =

1
1
1
≈
⇒r» √
,
mv
mHar
maH

(2.42)

or, equivalently, for k = 2π/r
k 2 « Hma,

(2.43)

whereas at shorter distances the observer would not be able to localize it. This wave
behaviour has an eﬀective pressure that works against the formation of structures
as we will see below.
The proper analysis is usually developed deriving the hydrodynamic equations
of the ﬂuid. For a matter of completion, let us review the approach following [108],
assuming a massive scalar in a FLRW universe and their perturbations. Fixing the
Newtonian gauge, the metric an ﬁeld equations result
ds2 = (1 + 2Ψ(t, vx)) dt2 − a2 (t) (1 − 2Ψ(t, vx)) dvx2 ,
µ

µ

+ m2 φ = 0,

(2.44)
(2.45)

notice that due to the gauge chosen, Ψ coincides with the gravitational potential
in the Newtonian or weak ﬁeld limit. Assuming that the ﬁeld is oscillating fast in
comparison with the expansion rate of the universe, thus H « m, and that the
particles can be considered non relativistic; the ansatz for solving the diﬀerential
equation (2.45) reads,
φ = R(t, vx) e−i(mt−S(t,x)) + ei(mt−S(t,x)) .

(2.46)
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Introducing this ansatz in (2.45) and separating the real and imaginary parts, an
equivalent of the Schrodinger and velocity equations can be obtained.
Before writing them down, let us relate them to the hydrodynamical quantities
of the ﬂuid,
m2 2
R (t, vx),
(2.47)
2
vS
v
,
(2.48)
ma
where ρ is the energy density of the ﬂuid and v the velocity which we will assume to
be non-relativistic, v 2 « 1. We will also split the homogeneous part of the energy
density which is assumed to rule the evolution of the cosmological background by
taking its spatial average, i.e.
ρ

ρ = ρ(t) (1 + δ(t, vx)) .

(2.49)

Finally, we reach the system
ρ̇ + 3Hρ = 0,

δ̇ +

(2.50)

v v
v vδ
= − (1 + δ)
,
a
a
v v

v

(V + Q) − Hvv ,
(2.52)
a
a
with Q the quantum pressure that becomes relevant at distances smaller than the
de Broglie wave-length where particles cannot be located,
√
2
1
1+δ
Q≡− 2 2 √
.
(2.53)
2m a
1+δ
vv̇ +

v=−

(2.51)

The gravitational potential follows the Euler equation,
2

Ψ = 4πGa2 ρ δ.

(2.54)

Finally, the average energy satisﬁes the Friedman equation,
8πG
ρ.
(2.55)
3
Notice that we have neglected any anisotropic contribution as well as the backreac
tion of the non linear structures on the metric.
H2 =

Simulations perform within this model seems to favour FDM with masses around
m ∼ O(10−22 eV) [109]. In principle, this idea can be extended to any bosonic ﬁeld
provided that the occupation number is high enough to be described as a single
wave. However, this possibility had not been studied in the literature and it is one
of the major contributions of this thesis.
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Higher spin models

Cosmological models based on homogeneous higher-spin bosonic ﬁelds face an im
portant problem, in general their evolution is anisotropic and this anisotropy is
transferred to the space-time geometry. However, several possibilities have been
proposed to deal with this issue:
• Looking for particular solutions with an exact isotropic EMT. Such conﬁg
urations are for example triads of orthogonal vectors with diﬀerent internal
indexes in Yang-Mills theories [110–117].
• Considering a large number N of randomly oriented ﬁelds [118] reduces the
anisotropy by a factor
Tji
1
∼O √
pk
N

.

(2.56)

where Tji , with i = j, corresponds to any oﬀ-diagonal EMT component and
pk = −Tkk .
• Fast oscillating massive vector ﬁelds linearly polarized do not cause anisotropic
expansion even if they dominate the energy content [119]. The energy momen
tum tensor results anisotropic, albeit isotropic in average.
At ﬁrst glance, it seems that the “cosmic no-hair conjecture” comes to the res
cue of inﬂationary theories involving coherent higher spin models. The conjecture
propose that any accelerated expansion should wash out anisotropies and inhomo
geneities. Wald’s theorem [120] reinforced this possibility stating that cosmologies
given by
Tνµ = Λ δνµ + T̃νµ , with Λ > 0

(2.57)

tend quickly to a de Sitter space-time if T̃νµ , which is the energy momentum tensor
for the other ﬂuids, satisﬁes the Strong and Dominant Energy Conditions,
T̃µν tµ tν ≥ 0; T̃µν T̃λµ tν tλ ≤ 0
1
T˜µν tµ tν ≥ T˜λλ tγ tγ
2

(Dominant Energy Condition),

(2.58)

(Strong Energy Condition),

(2.59)

where tµ is a general timelike four-vector. See [121] for a generalization that takes
into account the end in ﬁnite time of the inﬂationary process. Unfortunately, the
“cosmic no-hair conjecture” does not seem to be reliable in all cases [122, 123], thus
certain degree of anisotropy production is expected for accelerating models involving
higher spin ﬁelds [118, 124–127].
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Other accelerating models consider only timelike vectors [124] which automat
ically satisfy the isotropy constraints, see [75, 76] for a model of dark energy that
also avoids the cosmological coincidence problem.
Concerning dark matter, massive vector ﬁelds have also been proposed as a
candidate. Particularly, hidden photon models coming from string compactiﬁcations
[128–130] seem to have a rich phenomenology [57, 58] and due to its kinetic mixing
with photons, axion-searches can also be used to detect them.
As we will show in Section 5 higher-spin theories are viable candidates as a
cosmological constituent at least regarding the anisotropy problem provided they
oscillate with a frequency much higher than the expansion rate of the universe, H.

2.3
2.3.1

The Einstein equations for average sources.
Background

As we already mentioned above in this thesis we are going to study the cosmological
behaviour of fast oscillating coherent ﬁelds. Solving the problem exactly is very
diﬃcult and maybe not necessary. Even numerically it is a demanding task as the
ﬁeld is oscillating quickly with its frequency changing with the universe expansion.
The problem becomes simpler when the ﬁeld oscillates faster than the expansion
rate of the universe. By making a WKB expansion with adiabatic parameter e ≡
H/νeﬀ , where νeﬀ is the eﬀective frequency of the ﬁeld, the oscillatory and the
damping factors can be separated at leading order. On the other hand, Einstein
equations can also be approximately solved noticing that the main contribution
comes from the average of the source while the integration process will suppress the
oscillating part.
In order to clarify our approach let us assume for simplicity a scalar ﬁeld as a
source and a FLRW metric in cosmological time,
ds2 = dt2 − a2 (t)dvx2 .

(2.60)

The equation of motion of a scalar ﬁeld under a power law potential in cosmological
time can be written as
ȧ
φ¨ + 3 φ̇ + λφn−1 = 0 .
a

(2.61)
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6
Changing φ = φ˜ a− n+2 and dt = a

3(n−2)
n+2
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dt̃, (2.61) results

⎛

2

a'
a

n−4
φ˜'' + λφ̃n−1 + 6 ⎝
(n + 2)2

⎞

a'' ⎠
−
φ̃ = 0 ,
(n + 2)a
(2.62)

where ' is the derivative with respect to the new time variable t̃. Assuming that
the ﬁeld is oscillating fast such that e ≡ a' /(a ν̃eﬀ ) « 1, where ν̃eﬀ represents its
frequency neglecting the last term in brackets. Under this condition, the problem
results analogous to that of a point particle under a one dimensional potential in
classical mechanics up to order O(e2 ).
φ̃'' + λφ̃n−1 + O(e2 ) = 0 .

(2.63)

The solution can be written as the product of a periodic function, P (t̃), that solves
(2.63) and the universe-expansion damping, F (t̃),
a0
a

φ = F t̃ P t̃ + O(e2 ) =

6
n+2

t

P

a(t1 )−

3(n−2)
n+2

dt1 + O(e2 ) ,

(2.64)

notice that only for time t̃ the function P (t̃) has a constant period.
On the other hand, the system formed by the Friedman and conservation equa
tions read
ȧ 2 8πG
=
ρ,
a
3
ρ̇ = −3Hφ˙ 2 ,

H2 ≡

(2.65)
(2.66)

from which we can obtain,
Ḣ = −4πGφ̇2 ,

(2.67)

and integrating twice in time we get:
t

a = a0 exp −4πG

t0

t1

dt1

t̃

= a0 exp −4πG

t˜0

dt̃1 a

t0

dt2 φ˙ 2 (t2 )

3(n−2)
n+2

t̃1

(t̃1 )

t˜0

dt̃2 a

−3(n−2)
n+2

2

(t̃2 )φ' (t̃2 ) .

(2.68)

The φ' terms in the integrand are dominated by the derivatives of the rapidly oscil
lating function so that we can approximate
φ'2 (t̃)

F 2 (t̃)P '2 (t̃) + O(e).

(2.69)

Since P '2 (t̃) is also a periodic function we can Fourier expand it as:
∞

P '2 (t̃) = c0 +

cm cos(mωt̃).
m=1

(2.70)
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Let us now perform the ﬁrst time integration
t˜1
t˜0

t˜1

F̃ 2 (t̃2 )P '2 (t̃2 )dt̃2 = c0

t˜0

∞

F̃ 2 (t̃2 )dt̃2 +

t˜1

cm
m=1

t˜0

F̃ 2 (t̃2 ) cos(mωt̃2 )dt̃2 ,
(2.71)

with F̃ 2 (t̃2 ) = a
we get,
t̃1
t̃0

2

−3(n−2)
n+2

(t̃2 )F 2 (t̃2 ) = a−3 (t̃2 ). Integrating by parts the m > 0 terms
∞

t̃1

'2

F̃ (t̃2 )P (t̃2 )dt̃2 = c0

t̃0

∞

+
m=1

2

F̃ (t̃2 )dt̃2 +
m=1

cm F̃ 2 (t̃2 )
sin(mωt̃2 )
mω

cm ∂t̃2 F˜ 2 (t˜2 )
cos(mωt̃2 )
m2 ω 2

t̃1

t̃0

t̃1

+ ...
t˜0

∞

= I0 +

Im .

(2.72)

m=1

Notice that F̃ 2 (t̃1 ) is proportional to ∂t̃1 I0 , which in general is expected to be,
F̃ 2 (t̃1 )
_ t˜1
t̃0

F̃ 2 (t̃2 )dt̃2

∼ O(H̃).

(2.73)

Thus, we see that compared to the I0 term, the amplitude of the oscillating Im>0
contributions are generically suppressed by:
Im>0
∼ O (e) .
I0

(2.74)

Moreover, the second integration in (2.68), reduces in another O(e) factor the oscil
latory contributions.
Notice also that the periodic factor of the O(e) correction term in (2.69) can be
expressed as a total time derivative, P ' (t̃)P (t̃) = ∂t̃ P 2 (t̃), which does not contribute
to the zero mode of the Fourier expansion, c0 . Thus, in general, we can expand the
scale factor as
a(t̃) = am=0 (t̃) + am>0 (t̃) = am=0 (t̃) + O(e2 )

(2.75)

where am=0 (t̃) is the contribution from the c0 term whereas am>0 (t̃) are the oscilla
tory contributions. We can conclude that, up to O(e2 ), it is a good approximation
to neglect the oscillatory terms cm>0 in the source of Einstein equations provided the
solution involves two time integrations. Thus we will denote by l J the operation of
extracting the m = 0 mode of the Fourier expansion following the procedure explain
previously, i.e.:
la(t̃)J = am=0 (t̃).

(2.76)
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Notice that this operation is equivalent to time averaging \ ) up to O(e) terms.
Indeed
\φ̇2 ) =

1
T

t̃0 +T
t̃0
t̃0 +T

= c0

t̃0

F̃ 2 (t̃1 )P '2 (t̃1 )dt̃1 + O(e)
F̃ 2 (t̃1 )dt̃1 + O((ωT )−1 ) + O(e)

2

= lφ̇ J + O(e)

(2.77)

where in the last step we have considered that both uncertainties are of the same
order.
The l J approach have been useful in order to show how the oscillating con
tribution is reduced to O(e2 ) with respect to the leading order of the background
metric. Thus, whenever we could calculate explicitly terms like lφ̇2 J, this will be
the preferred approach. However, in general this will not be possible and we will
consider the approximated system
Gµν = 8πG \Tµν ) .

(2.78)

The time average only induces an error on slowly evolving terms of O((ωT )−1 ) ∼
O(e) with respect to the lTµν J case. Thus, the solutions for gµν of the time average
Einstein equations would diﬀer from the exact ones in O(e) terms.

2.3.2

Perturbed average ﬁelds

In order to have a successful cosmological model it should match observations not
only at the background level but also when perturbations are taken into account.
Particularly, this is of utmost importance for dark matter models where the growth
of structures have to agree with the observed statistical distribution.
Let us consider for example the evolution of the Fourier modes of scalar pertur
bations, Φk and Ψk (see Section 1.3 for their deﬁnition). By ﬁxing the Newtonian
gauge and changing to conformal time dt = a(t)dη, their evolution is given by
2k 2 (Φk − Ψk ) = a2 T r δTji − 3kˆi k̂ j δTji ,
Ψ''k + HΦ'k + 2HΨk' +

k2
4πG 2
(Ψk − Φk ) + H2 + 2H' Φk =
a
2
3

−3H (Ψ'k + HΦk ) − k 2 Ψk = 4πGa2 δρk ,
Ψ'k

a2 j 0
+ HΦk = 4πGi 2 k δTj .
k

(2.79)
δpk ,
k

(2.80)
(2.81)
(2.82)
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The perturbations of perfect ﬂuids or non-oscillating ﬁelds are usually studied
deﬁning the sound speed,
c2s (η, k) ≡

δpk
.
δρk

(2.83)

If there is no gravitational slip Ψk = Φk , combining (2.80) and (2.81) the problem
would be solved just computing
Ψk'' + 3H 1 + c2s Ψ'k + H2 + 2H' + 3cs2 H2 + cs2 k 2 Ψk = 0.

(2.84)

In order to solve the system we would like to extend the average approach to the
perturbation level,
δGµν = 8πG \δTνµ ) .

(2.85)

However, in contrast to the background case, it is not enough to ask the ﬁeld to
oscillate fast, indeed this approach can fail for certain bands of the spectrum.
Let us discuss the optimal case in order to point out the weaknesses of the
approximation. If there is no gravitational slip,
(exact)

Ψk

(exact)

− Φk

= 0.

(2.86)

Notice that in the subsequent lines we will label the solutions of the exact system
(2.79 - 2.82) with (exact) , while perturbations without this super-index will make
reference to the solutions of the average EMT system (2.85). Then if (2.86) is
exactly satisﬁed, equation (2.81) can be written as
(exact)

Ψk' (exact) + HΨk

= 4πGi

a2 j 0
k δTj .
k2

(2.87)

The integration process will diminish the source oscillatory terms, as in the back
ground case, and the eﬀective approach applies
(exact)

Φ(exact) = Ψk

= Ψk + O(e).

(2.88)

But, if the gravitational slip is not negligible, no integration process prevents the
oscillatory behaviour of Φ(exact) to dominate, ruining the underlying assumption,
Φk φ2

Φk φ2 + O(e).

(2.89)

Notice that this can never be the case of a scalar ﬁeld as its gravitational slip is
exactly zero, however for higher spins this will not be true.
Presuming that the average approach stands, the equation that governs the evo
lution of scalar metric perturbations is simply,
2
2 2
Ψ''k + 3H 1 + c2eﬀ Ψk' + H2 + 2H' + 3ceﬀ
H2 + ceﬀ
k Ψk = 0.

(2.90)
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where
c2eﬀ (η, k) =

\δpk )
.
\δρk )

(2.91)

As we will see in Sections 3.1.2 and 4.4, the oscillating ﬁelds seems to mimic in
general the behaviour of an adiabatic perfect ﬂuid even at the perturbation level,

2.4

p
= c2s (for adiabatic perfect ﬂuids),
ρ
\p)
≡
c2eﬀ (for the eﬀective model).
\ρ)

ωexact ≡

(2.92)

ωeﬀective

(2.93)

Conclusions

In this section we have stated what is understood by a cosmological coherent ﬁeld.
Models involving coherent scalars are very popular in cosmology as they intrinsically
respect the large degree of isotropy observed. This kind of models have been con
sidered for modelling inﬂation and the current dark energy dominated epoch. But
they are not only restricted to acceleration models, fast oscillating scalar ﬁelds can
exhibit diﬀerent cosmological behaviours depending on their potential. Particularly,
for power-law potentials V = λφn /n, the average equation of state reads,
ω≡

\p)
n−2
=
.
\ρ)
n+2

(2.94)

Massive scalar ﬁelds, n = 2, behave as a dust ﬂuid and therefore they are plausible
candidates for solving the dark matter problem. This is the case for example of the
axion when it is produced non-thermally. Moreover, some deviations of the distri
bution of CDM non linear structures from the observations has brought attention
to these candidates. Although, for high masses they cannot be distinguished from
CDM, for lower enough masses where the de Broglie wave-length of the scalar parti
cle is comparable with astrophysical distances a quantum pressure arises modifying
the expected distribution of DM. This is the reason why such candidates are known
as Fuzzy or Wave Dark Matter. The core character of the centre distribution of ha
los and subhalos can be a clear distinction from CDM. N-body simulations together
with astrophysical observations seems to privilege FDM with a mass of 10−22 eV.
On the other hand, higher spin theories have been disregarded in cosmology
as they presumably generate a non-negligible anisotropic contribution. There have
been various proposals in order to deal with this issue. Particularly, in this thesis,
we will show that anisotropy is unimportant at leading order of the cosmological
evolution provided that the coherent ﬁeld oscillates fast in comparison with the
expansion of the universe.
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Finally, we have shown that the oscillatory contribution of the EMT is negligible
after solving the Einstein equations assuming a FLRW universe. We have developed
a systematic method for analysing the cosmology generated by fast oscillating ﬁelds,
which is equivalent at leading order to averaging in time the energy momentum
tensor. We have motivated why this approach can be exploited as well at the
perturbative level and clarify the limits of its applicability.

Chapter 3
Cosmological scalar ﬁelds
In this chapter, we will analyse the evolution of fast oscillating scalar ﬁelds in the
cosmological context [131]. The intrinsic isotropy of these models have made them
very fruitful in cosmology. Firstly, we will focus on the description of the back
ground evolution (Section 3.1.1) exploiting the average Einstein system introduced
in Section 2.3. Using an extension of the virial theorem, we will show that models
with a power-law potential behave as a perfect ﬂuid with a very simple equation of
state.
The evolution of its perturbations will also be discussed in this chapter. We
will review the harmonic case following an adiabatic expansion approach (Section
3.2). This model is widely studied in literature due to its interest as a dark matter
candidate [132–135]. After that, the problem of the perturbations evolution under a
general power-law potential will be addressed by calculating, through a perturbative
version of the virial theorem, its eﬀective sound speed (Section 3.3). Finally, we will
compare the eﬀective approach with the numerical evolution of the exact system as
well as with some asymptotic solutions (Section 3.4).

3.1

Scalar evolution

Let us consider a scalar ﬁeld theory in a curved space-time,
1 µν
g ∂µ φ ∂ν φ − V (φ) .
2
Its equation of motion can be written as
√
1
√
∂µ
−g g µν ∂ν φ + V (1) (φ) = 0 ,
−g
L=

where

(1)

represents the ﬁrst derivative with respect to the argument.
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(3.1)

(3.2)
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The energy momentum tensor can be written as
Tνµ = ∂ µ φ∂ν φ − δνµ

1 ρ
∂ φ∂ρ φ − V (φ) .
2

(3.3)

As it is explained in Section 2.3, if the ﬁeld is rapidly oscillating, the average Einstein
equations provide a good approximation of the exact cosmology,
1
Rµν − gµν R = 8πG\Tµν )
2

3.1.1

(3.4)

Background analysis

If we limit ourselves to the homogeneous solution, the corresponding EMT will be
also isotropic and, thus, the geometry is given by a FLRW metric. We will change
to conformal time η and consider it ﬂat for simplicity,
ds2 = a2 (η) dη 2 − dvx2 .

(3.5)

and the energy-momentum tensor reads,
Tνµ = −δνµ
where

'

φ' 2
φ' 2 µ 0
−
V
(φ)
+
δ δ .
2a2
a2 0 ν

(3.6)

≡ ∂/∂η . And the average Einstein equations reduce to
8πGa2
8πGa2
H =
\ρ) =
3
3
2

2H' + H2 = −8πGa2 \p) = −8πGa2

φ' 2
+ V (φ) ;
2a2
φ' 2
− V (φ) ,
2a2

(3.7)
(3.8)

with H = a' /a.
On the other hand, the equation of motion results,
φ'' + 2Hφ' + V (1) (φ)a2 = 0 .

(3.9)

Let us consider that the typical frequency of the ﬁeld oscillations is νeﬀ » H.
We will calculate the average of the EMT in a time interval, T , which is large in
comparison with the oscillation period but small considering the Hubble time, i.e.
−1
H−1 » T » νeﬀ
. Notice that as the expansion can be neglected within the average
interval, (3.9) is analogous to the problem of a classical point particle oscillating in a
one dimensional potential well. Thus, standard results of classical mechanics as the
virial theorem [136] can be applied. In order to derive it, let us start by calculating
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the average of the total derivative ∂0 (φ' φ) = φ' 2 + φ'' φ. Thus, if the oscillations of
φ are bounded
\∂0 (φ' φ)) =

φ' φ|t+T − φ' φ|t
νeﬀ 2
∼O
φ .
T
T

(3.10)

2 2
φ ), we see that (3.10) is suppressed by a factor
in comparison with \φ' 2 ) ∼ O(νeﬀ
1/(νeﬀ T ). Using (3.9) and neglecting H terms, we obtain the virial theorem equation

φ' 2 + φ'' φ
2a2

=

φ' 2 V (1) (φ) φ
H
−
+O
2
2a
2
νeﬀ

=O

1
νeﬀ T

.

(3.11)

If the evolution of the ﬁeld is bounded, the error introduced by neglecting the total
derivative can be reduced by taking large T , so that the minimum limit is set by
e ≡ H/νeﬀ . But notice also that for quasi-periodic solutions, as it was shown in
Section 2.3, the error can be saturated O(H/νeﬀ ) by averaging during an integer
number of periods.
Using the average equation derived from the virial theorem, we can reach a useful
expression for the equation of state:
V (1) (φ) φ − 2V (φ)
\p)
ω≡
=
+ O(e) ,
\ρ)
\V (1) (φ) φ + 2V (φ))

(3.12)

where V ' represents the derivative with respect to the argument.
Considering a power-law potential V (φ) = λ|φ|n /n, the last expression becomes
simply
ω=

n−2
+ O(e) ,
n+2

(3.13)

(see [92] for an alternative discussion). Therefore, from the conservation equation
\ρ)' + 3(1 + ω)H\ρ) = 0 ,

(3.14)

we can show that the average energy density evolves as
\ρ) = ρ0

a0
a

3(1+ω)

.

(3.15)

which together with the Friedmann equation (3.7), gives us the evolution of the scale
factor:
a(η) = a0

η
η0

2
1+3ω

.

(3.16)
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First order perturbations

In this section we will study the evolution of small deviations from the homogeneous
background,
φ(η, vx) = φ(η) + δφ(η, vx) ,
(3.17)
with δφ/φ « 1.
Up to the ﬁrst order, the system of equations will be linear in the perturbed
ﬁelds and only scalar metric perturbations will be sourced. Therefore, we will simply
restrict to the metric
ds2 = a2 (η) (1 + 2Φ(η, vx)) dη 2 − (1 − 2Ψ(η, vx)) dvx2 .

(3.18)

Notice that the longitudinal gauge has been chosen.
By taking the Fourier transformation in the spatial coordinates, the equation of
motion for the perturbation results
δφ''k + 2Hδφ'k − 3Ψ'k φ' − Φ'k φ'
+ (V (2) (φ) a2 + k 2 )δφk + 2V (1) (φ) a2 Ψk = 0 .

(3.19)

Following the same approach used for the background we will consider the average
Einstein equations,
Ψk − Φk = 0 ,

(3.20)

6H2 Ψk + 6HΨ'k + 2k 2 Ψk = −8πGa2 \δρk ) ,

(3.21)

2HΨk + 2Ψ'k = −i8πGa2 ki

\δT 0i |k )
,
k2

(3.22)

Ψ''k + 3HΨk' + H2 + 2H' Ψk = 4πGa2 \δpk ) .
(3.23)
where the perturbed energy-momentum tensor components read
δφ'k φ'
φ' 2
−
Ψ
+ V (1) (φ)δφk ;
k
a2
a2
φ' 2
δφ'k φ'
(1)
= δji
−
Ψ
(φ)δφk
k 2 −V
a2
a
−iki δφk φ'
=
.
a2

δρk = δT00 |k =
δpk δji = −δTji |k
δTi0 |k

(3.24)
;

(3.25)
(3.26)

3.2. Perturbations of a massive scalar

3.2

63

Perturbations of a massive scalar

In this section, we will analyse the eﬀective system for the simple case of a massive
scalar. This model results particularly interesting since it mimics a dust perfect
ﬂuid at background and perturbation levels which makes it a viable dark matter
candidate. The evolution of its perturbations has been widely studied in literature
[132–135].
Let us assume a quadratic potential (n = 2) and redeﬁne the ﬁeld φ̃ = a(η)φ in
(3.9) under which the equation of motion turns into
φ'' + m2 a2 −

a''
φ=0.
a

(3.27)

Making an adiabatic expansion [137] with e = H/ma « 1, the solution to the
leading adiabatic order results
φ̃ =

m
W (η)

η

φs sin

W (η ' ) dη ' + φc cos

η

W (η ' ) dη '

,

(3.28)

with φs and φc integration constants, and
W 2 (η)

m2 a2 1 + O e2

(3.29)

.

Setting the origin of time appropriately, the background ﬁeld can be written as
φ (η) =

φc
a3/2

η

cos

ma (η ' ) dη ' + O e2

,

(3.30)

without loss of generality.
Thanks to this WKB approximation, we will be able to compute explicitly the
constant Fourier mode l J of the rapidly oscillating part of the EMT terms. Thus,
we can follow the approach explained in Section 2.3:
Gµν = 8πG lTνµ J .

(3.31)

Combining equations (3.20-3.22) to form an algebraic system for Φk and Ψk as
a function of φ and δφ is obtained
Ψk = Φk = 8πG

lδφ'k φ' + 3Hδφk φ' + m2 a2 φδφk J
+ O(e),
3H2 − 2k 2

(3.32)

notice that we have used the virial theorem (3.11) and (3.7) such that lφ' 2 Ψk J ≈
lφ' 2 J Ψk ≈ 3H2 Ψk /8πG. Introducing this result in (3.19) we can solve δφk through
an adiabatic expansion.
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3.2.1

Regimes of perturbations

In the analysis of the perturbations three comoving scales aﬀect the evolution,
namely k, ma and H. The relative weight of the diﬀerent scales can be taken into
account expanding in two parameters: e = H/ma as in the background solution and
k/H. In order to simplify the discussion, we will divide the spectrum according to
the relation between both parameters. Two limits clearly stand out: the particle
< O(e0 ), i.e. k 2 « Hma; and the wave regime k 2 /H2 ∼ O(e−1 ), i.e.
regime k 2 /H2 ∼
k 2 » Hma. As we will see the former limit is indistinguishable at leading order from
the CDM scenario. Whereas for the wave regime the wavelength associated with the
perturbation is comparable with the de Broglie wavelength and the pressure due to
the localization uncertainty suppresses the growth of structures.

Particle regime (k ∼ H, i.e. k/(ma) ∼ � )

We will proceed as in the background case by assuming an adiabatic ansatz for
the ﬁeld perturbation,
η

δφk (η) = δφs (η) · sin

ma(η ' )dη ' + δφc (η) · cos

η

ma(η ' )dη ' .

(3.33)

The amplitudes can be expanded in the adiabatic parameter,
(1)
2
δφs,c = δφ(0)
s,c + δφs,c + O(e ) .

(3.34)

(1)
0
where δφ(0)
s,c and δφs,c are of adiabatic order e and e respectively. This regime spans
both super-Hubble and sub-Hubble modes provided k 2 « maH. From the leading
order of the equation of motion (3.19), we obtain

δφ(0)
c = 0 ,

(3.35)

taking this constraint into account, the next order implies
H
2 3
(0)'
3 12 + k 2 η 2 δφ(0)
,
s + k η δφs
24ma
+ 3Hδφ(0)'
=0.
s

δφ(1)
=
c
δφs(0)''

(3.36)
(3.37)

By solving this system, the evolution of the perturbations can be written to leading
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Figure 3.1: Sub-Hubble mode of a massive scalar ﬁeld with k « ma. Those graphics are the
numerical solution to the non-averaged Equations (3.65−3.67), with V (φ) = m2 φ2 /2. We work in
8πG/3 = 1 and ηini = 1 units. In order to calculate a representative mode, we have set m = 3000,
k = 100, δφ(η = 1)k = 10−6 , δφk (η = 1) = −10−6 , a(η = 1) = 1. The two plots on the top
show that the scalar perturbation of the metric tends to a constant. The energy density contrast
(gray) grows as η 2 ∼ a, as expected for the perturbations of a dust-like perfect ﬂuid. Finally, the
ratio δpk /δρk (purple) oscillates around zero. The parameter α on the bottom left corner has been
introduced to show explicitly the asymptotic behaviour of δ.

order in the adiabatic approximation, i.e. up to O(e) corrections, as
δφs(0) =

C1
+ C2 ,
a5/2

3
1 C1
Ψk = − √ C2 + √ 5/2 .
2 2
5 2a
√
3H2 + k 2
2 −9H2 + 2k 2 C1
√
lδρk J =
C
−
,
2
15
2a2
a5/2
2a2
lδpk J = 0 ,

(3.38)
(3.39)
(3.40)
(3.41)
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c2eﬀ = 0 .

(3.42)

The solution behaves as the perturbations of a dust perfect ﬂuid, i.e. it has vanishing
eﬀective sound speed and Φk is constant. Notice also that when k is negligible in
comparison with H the usual super-Hubble behaviour of the energy density contrast
is recovered lδρk J / lρJ ∝ constant, whereas lδρk J / lρJ ∝ a at late times.
Wave regime (k ∼ (Hma)1/2 , i.e. k/(ma) ∼ �1/2 )
Expanding the equations of motion in e we obtain the system
2ma
3
(0)'
δφ
+
,
Hδφ(0)
c
c
2
k
2
k4
3 2
+ 4Hδφc(0)' +
H +
δφc(0) = 0.
4m2 a2
2

=
δφ(0)
s
δφ(0)''
c

(3.43)
(3.44)

with solution
=
δφ(0)
c
+

1
a3/2
3

3

maH
m 2 a2 H 2
k2
C
+
−
1
C
cos
3
2
1
k2
k4
maH

maH
m2 a2 H2
C
−
3
−1
1
k4
k2

C2

sin

k2
maH

,

(3.45)

where C1 and C2 are integration constants. The cosmological perturbations read
maH
3 maH 1
m2 a2 H2
k2
3
C
Ψk = − √
+
1
−
3
C
sin
1
2
k2
k4
maH
2 k 2 a3/2
2 2 2
2
k
maH
maH
+ 3 2 C2 − 1 − 3
C
cos
,
(3.46)
1
k4
maH
k
lδρk J = −
c2eﬀ =

2 k 2 Ψk
,
3 a2

k2
.
4m2 a2

(3.47)
(3.48)

In this case Φk oscillates slowly compared to ma with a decaying amplitude
at early times and is constant at late times. On the other hand, lδρk J / lρJ also
oscillates with decaying amplitude at early times while growing as a at late times
matching the matter behaviour.
> O(ma), δφ oscillates with a higher fre
Finally, notice that for modes with k ∼
quency than φ spoiling the temporal coherence of both ﬁelds and, thus, all pertur
bations go to zero in average. Consequently, a cut-oﬀ is expected as we consider
larger-k modes.
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Figure 3.2: In this ﬁgure, we compute the metric perturbation, Ψk , by the non averaged system
(3.65-3.68) for a scalar theory with various potentials: V = λ|φ|n /n ; n = {4, 6, 8}. We
work in the same units of Fig. 3.1. The parameters used for each case were respectively: λ =
{1032 , 1052 , 1064 }, k = 1000; and we consider the initial conditions: δφk (1) = 10−7 , δφk (1) =
−3·10−7 and a(1) = 1. This numerical result is well described by (3.49) with c2eﬀ = {1/3, 1/2, 3/5}
respectively.

3.3

Perturbation of power law potential theories

The non-linearity of the equation of motion for a general power-law potential ham
pers the possibility of computing its solution as an adiabatic expansion and per
forming the explicit averages as in the harmonic case. However, we can still exploit
the fast oscillatory behaviour in order to get rid of negligible terms using average
equations. As we will see, the perturbed version of the average virial theorem will
lead us to an expression for the eﬀective sound speed that will take diﬀerent values
depending on the relative weights of the three scales involved at the perturbative
level: νeﬀ , H and k.

3.3.1

Eﬀective sound speed

As we show in Section 2.3, combining (3.21) and (3.23), we get a single equation for
the metric perturbation:
2 2
Ψk'' + 3H 1 + c2eﬀ Ψ'k + ceﬀ
k Ψk + 2H' + 1 + 3c2eﬀ H2 Ψk = 0 .

(3.49)
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Figure 3.3: In this ﬁgure, we compare the metric perturbation, Ψk , computed by the non averaged
system (3.65-3.68) (continuous line) and by the eﬀective equation (3.49) (dashed line) for a massive
scalar ﬁeld. (a),(b) and (c) label the cases m = {3 · 103 , 103 , 100}, respectively, with k = 100. We
work in the same units of Fig. 3.1. The initial conditions for the exact system are δφk (1) = 10−6 ,
δφk (1) = −6 · 10−6 and a(1) = 1. The initial conditions for the eﬀective equation has been tuned
properly. We observe good concordance between both, moreover it can be seen that the shape of
(b) and (c) comes from the correction given by Eq. (3.59).
If φ dominates the background energy density, (3.49) can be rewritten as
2
− ω H2 Ψk = 0,
Ψ''k + 3H 1 + c2eﬀ Ψk' + c2eﬀ k 2 + 3 ceﬀ

(3.50)

where here, H and ω correspond to the average background evolution.
In order to compute the eﬀective sound speed, let us consider the following
−1
:
average in a period T , which veriﬁes H−1 » T » νeﬀ
\∂0 ((φ' + δφ'k ) (φ + δφk ))) ≡
=

(φ' + δφ'k ) (φ + δφk )|t� =t+T − (φ' + δφk' ) (φ + δφk )|t� =t
T
2

(φ' + δφ'k ) + (φ'' + δφ''k ) (φ + δφk ) .

(3.51)

If the ﬁeld evolution is oscillating fast in comparison with the expansion rate, the
left-hand side of the equation will be negligible in comparison with the average of
(φ' + δφ'k )2 .
Focusing on the ﬁrst order of perturbations and introducing the equation of
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motion (3.19):
\δφ'k φ' ) =
+

−2Ψ'k φ' φ +

k2
a2
δφk φ + V (1) (φ)δφk
2
2

a2 (2)
V (φ) φδφk + a2 V (1) (φ)Ψk φ + O(e) ,
2

(3.52)

where e = H/νeﬀ and we have neglected the scale factor derivatives as we are con
sidering time intervals much smaller than the inverse of the expansion rate.
By using (3.52), we obtain the following expression for the eﬀective speed of
sound

2
ceﬀ

=

�2
k2
δφk φ − V (1) (φ)δφk + V (2) (φ)φδφk − a22 Ψ'k ∂0 (φ2 ) − 2Ψk φa2 − V (1) (φ)φ
a2
�2
k2
δφk φ + 3V (1) (φ)δφk + V (2) (φ)φδφk − a22 Ψ'k ∂0 (φ2 ) − 2Ψk φa2 − V (1) (φ)φ
a2

(3.53)
Notice that the terms proportional to Ψk are neglected as they are multiplied by fast
oscillating terms which can be either expressed as a total derivative or they coincide
with the background generalization of the virial theorem (3.11).
c2eﬀ

k2
δφk φ − V (1) (φ)δφk + V (2) (φ)φδφk
a2
k2
δφk φ + 3V (1) (φ)δφk + V (2) (φ)φδφk
a2

+ O (e) .

(3.54)

If a power-law potential, V (φ) = λ|φ|n /n, is considered:
• When νeﬀ » k, i.e. the frequency of φ is almost equal to the perturbation
frequency, the behaviour is similar to a perfect ﬂuid with constant equation of
state (see Fig. 3.1 for the case n = 2 and Fig. 3.2 for n = {4, 6, 8}), i.e. up
to O(e):
c2eﬀ =

n−2
\p)
=ω≡
.
n+2
\ρ)

(3.55)

Notice that for n < 2, there is an instability in agreement with [136]. In this
case V (2) (φ) is not well deﬁned when φ = 0.
• For massive scalar ﬁelds n = 2 to leading order in O(e),
\δpk ) =
\δρk ) =

k2
δφk φ ,
a2
k2
δφk φ + 4m2 φ δφk
2
a

(3.56)
.

(3.57)

.
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notice that
\δpk )
= Q,
\ρ)

(3.58)

where Q is the quantum pressure asssociated with the Madelung equations
(2.51-2.52).
The result obtained in [132–135, 138, 139] is reproduced:
c2eﬀ =

k2
k 2 + 4m2 a2

k2
.
4m2 a2

(3.59)

Although this expression seems to be valid for all k, when k is comparable
with ma, it fails since the averaging time interval has the same order of the δρ
oscillation period. See curve (c) in Fig. 3.3 at early times. The high k limit
will be discussed in Section 3.4.3.
The corresponding comoving Jeans length λJ = 2π/kJ , which satisﬁes c2eﬀ (kJ )kJ2 =
4πG\ρ)a2 reads:
√
kJ2 = 8πGφc m2 a2 .
(3.60)
• In the harmonic case, because of the vanishing of the potential terms in the
numerator of (3.54), we can also consider anharmonic corrections, V (φ) =
m2 φ2 /2 + λφl /l in a simple way. According to the parametrization used for
the background solution (3.30), the sine mode of δφk will be averaged out:
cos ( ma dη)l
l
_

l−1

φ

sin

ma dη

=

φl−1
c (η)

· ∂0

∼ O eφl−1
c (η) .
(3.61)

In the same way, only even powers l = 2p will be considered since odd expo
nents make the sinusoidal resulting function to oscillate around zero and will
be suppressed by the average. Finally, the correction reads
⎛

c2eﬀ

⎞

k2
(p − 1) ⎝ 2p ⎠ λφc2p−2
=
+
.
m2 a3(p−1)
22p
4m2 a2
p

(3.62)

For example, for the case p = 2, we recover the sound speed obtained in [136].
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Comparing with the non-average solutions

The exact solution of the system can be approximated in certain limits. These
asymptotic solutions are valuable to gain insight of the perturbations behaviour as
well as for checking the validity of the eﬀective system results formerly detailed.
(exact)

(exact)

and Φk
In order not to be overwhelmed by notation, we will refer to Ψk
as
Ψk and Φk , respectively. In other words, we will make it explicit if we are referring
to the average system in this section. Otherwise Ψk and Φk satisfy the Einstein
equations with the exact (non-average) energy-momentum tensor.
Thus, at the background level we have:
H2 =

8πGa2
8πGa2
ρ=
3
3

2H' + H2 = −8πGa2 p = −8πGa2

φ' 2
+ V (φ) ,
2a2
φ' 2
− V (φ) .
2a2

(3.63)
(3.64)

and the equations for the exact perturbations read,
Ψk − Φk = 0 ,

(3.65)

−6H2 Ψk − 6HΨ'k − 2k 2 Ψk = 8πGa2 δρk ,

(3.66)

2HΨk + 2Ψ'k = −i8πGa2 ki

δT 0i |k
,
k2

Ψ''k + 3HΨ'k + H2 + 2H' Ψk = 4πGa2 δpk ,

(3.67)
(3.68)

where the expression for the perturbed energy-momentum tensor components are
given in (3.24), (3.25) and (3.26).

3.4.1

Super-Hubble analytic approach

In the super-Hubble limit k « H, we can neglect the terms proportional to k in
(3.66), and introducing (3.67) in (3.66), we obtain
−3Hφ' δφk = φ' δφ'k − Ψk φ' 2 + V ' (φ)δφk .

(3.69)

It is interesting to note that whenever the oscillating φ' is zero, the perturbation
δφk must be zero too. This fact naturally points towards the assumption of the
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ansatz δφk = fk (η)φ' . When it is substituted in the previous equation and by using
Eq. (3.9), we can write the metric perturbation as:
Ψk = fk' (η) + Hfk (η) .

(3.70)

If we take into account (3.67), we can obtain the following equation for fk (η):
fk'' (η) + 2Hfk' (η) + H2 + H' fk (η) = 4πGfk (η)φ' 2 .

(3.71)

By combining equations (3.63) and (3.64), we can integrate (3.71) obtaining:
fk' (η) = −2Hfk (η) + c̃0k ,

(3.72)

where c̃0k is an integration constant. This equation can be solved formally as
fk (η) =

c1k η0 ck0
+ 2
a
a

η

a2 (η ' )dη ' ,

(3.73)

η0

where c0k and ck1 are integration constants. Substituting in (3.70)
Ψk = c0k 1 −

H
a2

η
η0

a2 (η ' )dη ' −

c1k η0 H
.
a2

(3.74)

As it can be seen in Fig. 3.4 for the case of a quadratic potential, Ψk does not
oscillate in an important way. On the other hand, computing the energy density
contrast:
δk ≡

δρk
φ' 2
ρ+p
= −3Hf (η)
= −3Hf (η)
,
ρ
ρ
ρ

(3.75)

Notice that since φ' 2 oscillates around a non-vanishing value, the same behaviour is
expected for δk . This agrees with the numerical result in Fig. 3.4.
Finally, it can be seen that averaging the previous expression, we ﬁnd a perfect
agreement with the results in the previous section. Thus, substituting (3.16) in
(3.74) and (3.73), and averaging in (3.75) we ﬁnd that at late times:
\δk ) = −

6(1 + ω) 0
c = −2\Ψk ) + O(e) ,
3ω + 1 k

(3.76)

where the O(e) error comes from the average in φ' 2 . This equality agrees with the
standard result for super-Hubble modes in perfect ﬂuid cosmologies with constant
equation of state. Notice that (3.76) is in good concordance with the numerical
solution shown in Fig. 3.4.
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Figure 3.4: Super-Hubble mode of a massive scalar ﬁeld. The plots are the numerical solution to
the non averaged equations (3.65−3.67), with V (φ) = m2 φ2 /2. We work in the same units of Fig.
3.1. In order to calculate a representative mode we have set m = 10, k = 0, δφk (η = 1) = 10−5 ,
δφk (η = 1) = 0, a(η = 1) = 1. It can be seen that the scalar perturbation of the metric (blue) tends
to a constant. The perturbation of the energy density (gray) decays as η −6 ∼ a−3 , consequently
the average contrast of density is constant as expected for the perturbations of a dust-like perfect
ﬂuid during the super-Hubble limit. Finally, the pressure perturbation (purple) oscillates around
zero.

3.4.2

Sub-Hubble analytic approach

In this section, we will consider a diﬀerent approach in order to check the validity
of the eﬀective sound speed for power law potential models (3.55). This approach is
valid for sub-Hubble modes of power law potential theories with n = 2. Fortunately,
as we shown, the n = 2 case is well understood thanks to the possibility of expanding
the solution adiabatically.
Using (3.9) and (3.19), we can write the perturbation of the energy density and
pressure as,
δρk

φ' 2
1
n+2 '
4
4n
'
2
=
Σ
−
Δ
−
k
φδφ
−
+
λφn Ψk
k
k
k
2
2
2a
n−2
a
n−2
n−2
2
4∂0 (φ ) '
H
Ψk −
(4φδφ'k − 2nδφk φ' ) ,
(3.77)
+
2
(n − 2)a2
(n − 2)a

δpk =

1
φ' 2
φ' δφk
'
'
(Σ
−
Δ
)
−
Ψ
+
2H
,
k
k
k
2a2
a2
a2

(3.78)

where Σ'k ≡ ∂02 (φ δφk ), Δ'k ≡ ∂0 (φ δφ'k − φ' δφk ). Multiplying (3.66) by the ex
pected eﬀective sound speed c2eﬀ = (n − 2)/(n + 2) and subtracting it from (3.68):
2 2
2
k + 2H' + 1 + 3ceﬀ
H2 Ψk
Ψk'' + 3H 1 + c2eﬀ Ψ'k + ceﬀ

= 4πGa2 δpk − c2eﬀ δρk

.
(3.79)

74

Chapter 3. Cosmological scalar ﬁelds

Using (3.77) and (3.78),
Ψ''k + 3H 1 + c2eﬀ +

16πG ∂0 (φ2 )
2 2
k Ψk
Ψ'k + ceﬀ
3 (n + 2) H

(3.80)

8πG
∂02 + H∂0 + k 2 φ δφk .
n+2

=

Notice that the order of the φ amplitude can be estimated through (3.7),
H
φc ∼ O √
8πGνeﬀ

(3.81)

,

thus,
H
16πG ∂0 (φ2 )
∼O
3 (n + 2) H
νeﬀ

«1.

(3.82)

Taking this into account, Eq. (3.80) can be approximated by
2 2
k Ψk =
Ψ''k + 3H 1 + c2eﬀ Ψ'k + ceﬀ

8πG
∂ 2 + H∂0 + k 2 φ δφk .
n+2 0

(3.83)

Moreover, in time intervals Δη « H−1 , Ψk follows approximately
2 2
k Ψk =
Ψk'' + ceﬀ

8πG
8πG
Σ' + k 2 φδφk =
∂ 2 + k 2 φδφk .
n+2
n+2 0

(3.84)

Its solution can be decomposed in a solution for the homogeneous equation,
Ψk,hom (η) = Ψ0k cos (ceﬀ kη + Δ0k ) ,

(3.85)

and a particular solution for the inhomogeneous one. In order to obtain it let us
take the Fourier transform of (3.84),
2
2
ˆ k,part (ω) = −8πG ω − k φˆ ∗ δφ
ˆ .
Ψ
k
ω 2 − c2eﬀ k 2

(3.86)

where ∗ denotes the convolution operation.
In the limit νeﬀ » k, φδφk oscillates with ωeﬀ and, thus,
ˆ k,part (ω) = −8πG φˆ ∗ δφ
ˆ
Ψ
k 1+O

k2
ω2

.

(3.87)

By taking the inverse Fourier transform, we reach the general solution,
Ψk (η)

Ψ0k cos

2ceﬀ k
z + Δ0k − 8πGφδφk ,
ωeﬀ

(3.88)
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where z = ωeﬀ η/2.
As it can be seen, Ψk,part ∼ O(8πGφδφk ), however for sub-Hubble modes, we
know from (3.66) that
2
8πGa2 δρk
ωeﬀ
∼
O
8πG
φδφk
k2
k2

Ψk

,

(3.89)

and, consequently, the particular solution can be neglected. In addition, the source
on (3.83) can also be neglected, obtaining the same approximated equation (3.49)
of the eﬀective model.
A more rigorous analysis can be done thanks to Floquet’s theorem. Within time
intervals Δη « H, (3.19) takes the form,
∂z2 δφk + Q(z) + e2k δφk = 0 .

(3.90)

2
with Q(z) ≡ 4(n − 1)λ|φ|n−2 /νeﬀ
and ek ≡ 2k/νeﬀ . Notice that during the interval
φ can be considered periodic, so is Q(z) and, thus, the Floquet’s theorem provides
us the general form of its solution.
(1)

(2)

Following [140], let us deﬁne δφk and δφk as the normalized solutions corre
(1)
(1)
(2)
sponding to the initial conditions: δφk (0) = 1, ∂z δφk (0) = 0 and δφk (0) = 0,
(2)
∂z δφk (0) = 1. The characteristic equation reads
(1)

(2)

τ 2 − δφk (π) + ∂z δφk (π) τ + 1 = 0 ,

(3.91)

whose associated roots can be written as
τ1k = eiαk π , τ2k = e−iαk π .

(3.92)

Following this parametrization, Floquet’s theorem states:
1. If τ1k = τ2k , (3.90) has two linearly independent solutions
(1)

(2)

δφk = eiαk z ξ1k (z) , δδφk = e−iαk z ξ2k (z) ,

(3.93)

where ξ1k and ξ2k are π-periodic functions.
2. If τ1k = τ2k , (3.90) has a periodic solution, ξ(z), with period π (τ1k = τ2k = 1)
or 2π (τ1k = τ2k = −1). And another linearly independent solution such that
(2)

(2)

δφk (z + π) = τ1k δφk (z) + c ξk (z) ,
where c is a constant.

(3.94)
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As an example, let us consider the quartic potential case V (φ) = λφ4 /4,
λ
φ0 η + Δ ;
2

φ = φ0 sn[z, i] ; z =
∂z2 δφk +

(3.95)

6 sn[z, i]2 + e2k δφk = 0 ; ek ≡

2k 2
,
λφ20

(3.96)

with φ0 and Δ integration constants and sn[z, i] the corresponding Jacobi Elliptic
function. If k = 0,
δφk=0 = δφ10

d
d
(sn[z, i]) + δφ20 (z · sn[z, i]) .
dz
dz

(3.97)

Notice that, as Jacobi Ellliptic functions are periodic with period 4K,
π
2

K≡
0

dθ

(3.98)

1 + sin2 (θ)

making the change z = 4Kx/π, we can see by comparing with (3.94) that this
solution corresponds to the τ1k = τ2k = 1 case of the Floquet’s theorem:
δφk (z + π) = δφ10

π d
4Kx
sn
,i
4K dx
π

π d 4Kx
4Kx
sn
,i
4K dx
π
π
d
4Kx
+ 4K
sn
,i
.
(3.99)
dx
π

+ δφ20

However, in general, when k = 0, τ1k = τ2k and it can be seen that for modes with
νef f » k, δφ is an oscillating function modulated by a periodic function of frequency
O k/ λφ20 . This particular fact can be appreciated in Fig. 3.5 where the explicit
numerical calculation shows how the number of nodes is multiplied by a factor of
10 when k is increased from k = 1 to k = 10.
For a general power law potential, if ek = k = 0, the analogous solution to (3.97)
can be written as
δφk=0 = δφ10 φ' + δφ20

2
φ + tφ'
n−2

,

(3.100)

which also corresponds to the second case of Floquet’s theorem. For k = 0, δφk
behaves analogously to the n = 4 case and, thus, we will assume that δφk has the
form:
δφk (z) = eiαk z ξ1k (z) + e−iαk z ξ2k (z) .
As δφk ∈ R, solutions can be divided in [141]:

(3.101)
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Figure 3.5: This plot shows the numerical solutions of (3.96) for diﬀerent k values. We work
in the same units of Fig. 3.1. The initial conditions are δφk (0) = 0 and δφk (0) = −10−6 , for
λ = 106 . The solution with k = 0 (black) shows the growing mode of (3.97), which corresponds
to the second case of Floquet’s theorem. As it can be seen for the cases with k = 1 (gray) and
k = 10 (lighter gray), in general the characteristic equation roots will be diﬀerent and the ﬁrst
case of Floquet’s theorem applies.
1. Stable solutions with Re(αk ) = 0:
∗
∗
δφk (z) = eiαk z ξ1k
(z) + e−iαk z ξ1k
(z) .

(3.102)

2. Unstable solutions with Re(αk ) = µ and Im(αk ) = l ∈ Z:
δφk (z) = eµk z eilz ξ1k (z) + e−µk z e−ilz ξ2k (z) .

(3.103)

Notice that eilz ξ1k (z) and e−ilz ξ2k (z) are real π-periodic functions.
We can synthesise both cases in a single expression:
δφk = eiαk z ξ˜1k (z) + e−iαk z ξ˜2k (z) ,

(3.104)

where ξ˜1k (z) and ξ˜2k (z) are π-periodic functions. We consider Im(αk ) = 0, and
ξ˜1k = ξ˜2∗k for stable modes, which are those in which we are interested.
Due to the periodic properties of φ and δφk , their product can be expanded in
Fourier series as,
+∞

+∞

bmk ei2mz + e−iαk z

8πGφδφk = eiαk z
m=−∞

b∗mk e−i2mz ,
m=−∞

(3.105)
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ˆ ,
From this series, we can get a simple expression for φ̂ ∗ δφ
k
4k2
2
ωeﬀ
2
4k 2
c
ω 2 eﬀ

ω2 −
Ψ̂k,part (ω) = −

ω2 −

+∞

bmk δ (ω − i(αk + 2m))
m=−∞

eﬀ

+∞
∗
bmk
δ (ω + i(αk + 2m))

+

(3.106)

,

m=−∞

We can obtain the general solution of (3.84),
Ψk = Ψ0k cos

+∞
2ceﬀ k
z + Δ0k −
cmk bmk ei(2m+αk )z
ωeﬀ
m=−∞

+∞

cmk b∗mk e−i(2m+αk )z ,

−

(3.107)

m=−∞

(3.108)
with
cmk =

4k2
2
ωeﬀ
,
2
4k 2
c
ω 2 eﬀ

(αk + 2m)2 +
(αk + 2m)2 +

(3.109)

eﬀ

Notice that in the limit in which we are interested (ωeﬀ » k), cmk 1. Therefore the
particular solution is at leading order equal to φδφk and is negligible in comparison
with the homogeneous one, in agreement with our preliminary analysis (3.89).
From the general solution (3.108), we can obtain an expression for the eﬀective
sound speed up to O(e):

c2eﬀ ≡

\δpk )
\δρk )
n−2
n+2

2
ωeﬀ
∂z2 Ψk (z)
4

\−k 2 Ψk (z))
n+2
1 + αk2 4(n−2)

2
ωeﬀ
2[Re(b0k )·cos(αk z)−Im(b0k )·sin(αk z)]
k2
Ψ0k cos ω2k ceﬀ z+Δ0k
eﬀ

1+

2[Re(b0k )·cos(αk z)−Im(b0k )·sin(αk z)]
Ψ0k cos

,

(3.110)

2k
c z+Δ0k
ωeﬀ eﬀ

where we have considered only the m = 0 mode in (3.108) since the m = 0 modes
vanish when taking the average.
This expression depends not only on αk but also on the initial conditions given by
2
b0k and Ψ0k . However, from (3.89) we know that |b0k /Ψ0k | O(k 2 /νef
f ). Thus, the
only thing missing is to determine the size of the parameter αk . With this purpose,
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(1)

we will follow the discussion made in [141] writing Q(z) and a possible solution δφk
as Fourier expansions:
∞

∂z2 δφk +

e2k + θ0 +

2θr cos (2rz) δφk = 0 ,
r=1

(3.111)
(1)

δφk

∞

= eiαk z

c(2m)k ei2mz .

(3.112)

m=−∞
(1)

We introduce the tentative solution δφk in (3.111), which results in the following
system:
1
c(2m)k +
2
θ0 + ek − (αk + 2m)2

∞

θ2l c(2m+2l)k = 0,

(3.113)

l=−∞

where l = 0 and m = . . . , −1, 0, 1, . . . . We eliminate c(2m)k , obtaining the determi
nant Δk (αk ) and an equation for αk , Δk (αk ) = 0. This equation can be rewritten
as
π
cosh (iπαk ) = 1 − 2Δk (0) sin
θ0 + e2k .
(3.114)
2
We know the solution when ek = 0, where one of the modes is periodic. Consequently
ek → 0 ⇒ αk → 0. Notice that we have also checked this behaviour numerically in
Fig. 3.5. Expanding (3.114) in αk ,
π 2 αk2
π
+ · · · = 2Δk (0) sin
θ0 + e2k
2
2

.

(3.115)

Even if we can not compute Δk (0) analytically for ek = 0, we know that expanding in
ek the ﬁrst correction of the matrix elements is O (e2k ). Thus from equation (3.115),
we expect that αk ∼ O(ek ).
Therefore, the correction to the eﬀective sound speed given by (3.110) is:
2
ceﬀ
=

n−2
k2
1+O
2
n+2
νeﬀ

(3.116)

which is a generalization of (3.59) for n = 2.

3.4.3

High-k modes

We have seen that for νeﬀ » k an oscillating scalar ﬁeld under a general power-law
potential behaves as a perfect ﬂuid for which c2eﬀ = ω. Let us now consider the
opposite limit with k » νeﬀ . For sub-Hubble modes, Ψk is well approximated by
δφ'k φ' V (1) (φ)
Ψk = −4πG
+
δφk
2k 2
2k 2

.

(3.117)
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Figure 3.6: Sub-Hubble mode of a massive scalar ﬁeld with k » ma. Those graphics show the
numerical solution to the non averaged equations (3.65−3.67), with V (φ) = m2 φ2 /2. We work
in the same units of Fig. 3.1. In order to calculate a representative mode, we have set m = 10,
k = 104 , δφk (η = 1) = 10−5 , δφk (η = 1) = −10−5 , a(η = 1) = 1. The ﬁrst plot on the left shows
clearly the approximation for the scalar perturbation of the metric (blue) made in (3.118). The
perturbation of the energy density (gray) oscillates around zero with an amplitude that decays as
7
η −7 ∼ a− 2 . The last plot shows that the ratio δpk /δρk (purple) oscillates around 1.

In this case the ﬁeld perturbation oscillates much faster than the background ﬁeld.
The typical frequency of δφk oscillations would be k [140], thus
Ψk

−4πG

δφ'k φ'
.
2k 2

(3.118)

We can also reach an equivalent expression using (3.108). In this limit, we can neglect
2
V (2) (φ) from Eq. (3.90) in comparison with 4k 2 /νeﬀ
. It implies αk
2k/νeﬀ . If
we assume that the lowest m coeﬃcients are responsible of the main contribution
to the Fourier expansion
m+2
, for |m| « αk .
m

cmk

(3.119)

And, thus,
Ψk

Ψk,part

−
|m|«αk

m+2
(Re (bmk ) cos ((2m + αk )η)
m

− Im (bmk ) sin ((2m + αk )η)) .

(3.120)

The gravitational potential, and accordingly the density perturbation, oscillates
around zero as shown in Fig. 3.6. Because of this fact, all the perturbations vanish
in average but the eﬀective sound speed is c2eﬀ = 1 (see Fig. 3.6) according to (3.54),
since in both δpk and δρk , the kinetic term dominates.
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Conclusions

In this chapter we have analysed the evolution of cosmologies sourced by fast oscil
lating coherent scalar ﬁelds. Firstly, we have reviewed the standard analysis of the
background-geometry evolution. If the ﬁeld oscillates fast in comparison with the
expansion rate of the universe, we can study the problem through a classical me
chanics analogy at time intervals Δη « H−1 . The background evolution is given by
the behaviour of the ﬁeld during this Minkowskian span. Particularly, the equation
of state for power-law potentials V (φ) = λφn /n results,
ω≡

\p)
n−2
=
.
\ρ)
n+2

(3.121)

The analysis of perturbations is developed following diﬀerent approaches:
• For the harmonic case it is possible to perform the averages explicitly as the
ﬁeld background and perturbations can be solved through a WKB expan
sion. The spectrum exhibits two diﬀerent regions, namely, the particle regime,
k 2 /H2 ∼ O(e0 ), and the wave regime, k 2 /H2 ∼ O(e−1 ). The evolution of
the modes in the particle regime mimics that of a CDM perfect ﬂuid. This
behaviour diﬀers for the modes in the wave regime where the scale of the
perturbation becomes comparable to the de Broglie length. Due to the non
localizability of the particle a quantum pressure arises suppressing the struc
ture formation. This fact has become particularly relevant as could explain
some mismatches between the clustering expected from CDM-only N-body
simulations and the observations as discussed in Section 2.2.1.
• For a general power law potential we cannot solve explicitly the average system.
However, it is possible to derive a perturbed version of the virial equation, from
which it is straightforward to obtain the eﬀective speed of sound,
c2s ≡

\δpk )
n−2
=
+ O(e) = ω + O(e).
n+2
\δρk )

(3.122)

The validity of this result is tested analysing the exact solution of the sys
tem at some asymptotic limits. For super-Hubble modes we could identify a
natural ansatz from which the system was easily solved. On the other hand,
for sub-Hubble modes we took advantage of the Floquet theorem to solve for
mally (3.79) verifying, at the same time, that the sound speed coincides with
that derived from the average approach. Finally, we have also supported our
conclusions with the numerical computation of the exact system.
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Chapter 4
Cosmological vector ﬁelds
In this chapter we will address the suitability of coherent vector ﬁeld theories as
cosmological models. At ﬁrst sight, the anisotropic evolution of a cosmologically
coherent vector ﬁeld complicates its viability due to the large degree of isotropy
observed. However, as we will show along the chapter this obstacle can be avoided
under very natural conditions. Basically, provided that the ﬁeld oscillates faster
than the expansion rate of the universe, the anisotropic contribution to the EMT
vanishes in average.
We will come to this result analysing the cases of an abelian vector ﬁeld (Section
4.1.1) and a Yang-Mills theory (Section 4.1.2), which can be supplemented with a
gauge ﬁxing term (Section 4.1.3). Firstly, we will assume an exact FLRW back
ground; but as we will show (Section 4.2) the conclusions can be extended to a
general metric under analogous conditions.
After that, we will explore some particular solutions of homogeneous Yang-Mills
theories (Section 4.3). Solutions with a restricted number of degrees of freedom will
help us highlight the main features of this model avoiding an overwhelming numerical
exploration. Thus, for example, we will see that some solutions can undergo an epoch
of chaotic evolution, which is transferred to the background metric.
Finally, we will conclude the chapter analysing the perturbations of massive
vector ﬁelds (Section 4.4). This study opens the possibility of constructing vector
FDM models. Its detectability through deviations from the CDM behaviour and
the generation of vorticity and gravitational waves will be discussed.
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Oscillating vector ﬁelds in a FLRW background
Abelian vector ﬁelds

Let us start the discussion from the simplest case of an abelian vector ﬁeld with
Lagrangian
1
L = − Fµν F µν − V (A2 ) ,
4

(4.1)

where A2 = Aµ Aµ and the ﬁeld strength tensor is deﬁned as
Fµν = ∂µ Aν − ∂ν Aµ .

(4.2)

The covariant ﬁeld equations read
F µν;ν + 2V (1) (A2 )Aµ = 0 ,

(4.3)

where (1) represents the ﬁrst derivative with respect to the argument. The EMT can
be written covariantly as,
T µν =

1
Fρλ F ρλ g µν − F ρµ Fρν + V (A2 )g µν − 2V (1) (A2 )Aµ Aν .
4

(4.4)

In order to simplify the argumentation, let us assume ﬁrstly a ﬂat FLRW metric
in cosmological time
ds2 = dt2 − a2 (t)dvx2 ,

(4.5)

the homogeneous solutions for the vector ﬁeld, Aµ = (A0 (t), Ai (t)), satisfy
V (1) (A2 )A0 = 0 ,

(4.6)

A¨i + HȦi − 2V (1) (A2 )Ai = 0 .

(4.7)

Under these assumptions the EMT takes the following form expressed in compo
nents,
ρ ≡ T 00 =

1 Ȧi Ȧj δ ij
+ V (A2 ) ,
2 a2

pk ≡ −T kk =

1 Ȧi Ȧj ij Ȧk Ȧk
Ak Ak
δ −
− V (A2 ) − 2V (1) (A2 ) 2 ,
2
2
a
a
2 a

T i0 = 0 ,
T ij =

Ai Aj
Ȧi A˙ j
+ 2V (1) (A2 ) 2 ,
2
a
a

(4.8)
(4.9)
(4.10)

i=j .

(4.11)
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Notice that no summation in k = 1, 2, 3; is assumed in the deﬁnition of the pressures
pk .
Bianchi’s identity T µν;ν = 0 gives us the evolution of the energy density as a
consequence of expansion,
ρ̇ + H

pk + 3ρ = 0 .

(4.12)

k

Notice that because of the homogeneity condition, the oﬀ-diagonal part of the EMT
does not contribute to (4.12).
Once the problem has been set, let us start the analysis of the ﬁeld evolution
noticing that the temporal equation (4.6) in general implies
A0 = 0 .

(4.13)

v
Therefore, the problem is reduced to the evolution of the spatial 3-vector A(t).
If Ai
evolves fast in comparison with the universe expansion νi » H, we can neglect time
derivatives of the scale factor within time intervals Δt « H−1 . So that deﬁning
ri = Ai /a, during this interval we can approximate
r˙i =

A˙ i
− Hri
a

A˙ i
.
a

(4.14)

This approximation ignores the friction due to the universe expansion considering
the scale factor constant. This fact reduces (4.7) to the evolution equation of a point
v in the presence of a central potential V (−r2 ).
particle with position vector vr = A/a
We can, thus, exploit standard results from classical mechanics as in Section 3.1.1
for the scalar ﬁeld. For example, since the potential is central, the corresponding
v = vr × vṙ is conserved, which, in turn, implies that the vector
angular momentum L
v
v . Also we can separate the total
A(t)
should evolve in a ﬁxed plane orthogonal to L
kinetic term in radial and angular contributions as,
A˙ i A˙ j ij
δ
a2

vṙ 2 = ṙ2 +

L2
.
r2

(4.15)

Similarly, the total energy density can be written as
ρ=

1 2 L2
1 Ȧi Ȧj ij
2
δ
+
V
(A
)
=
ṙ + 2 + V (−r2 ) ,
2 a2
2
2r

(4.16)

which is approximately constant. In summary, the problem is analogous to the
motion of a particle in the radial dimension in the presence of the eﬀective potential
L2
Vef f (r) = 2 + V (−r2 ) ,
2r

(4.17)
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where the value of the constant L is set by the initial conditions.
Similarly to the approach followed in Section 3.1.1 for the background of a scalar
ﬁeld, let us deﬁne
Gij =

Ȧi Aj
,
a2

i, j = 1, 2, 3 ;

(4.18)

and take its time derivative, neglecting the scale factor time dependence,
Ġij =

A¨i Aj A˙ i A˙ j
+ 2 .
a2
a

(4.19)

Using the equations of motion, we get
Ai Aj Ȧi Ȧj
G˙ ij = 2V (1) (A2 ) 2 + 2 .
a
a

(4.20)

Integrating this expression in a given time interval [0, T ]:
Ai Aj
Gij (T ) − Gij (0)
= 2V (1) (A2 ) 2
T
a

+

A˙ i A˙ j
a2

,

(4.21)

with i = 1, 2, 3. If the motion is periodic and T corresponds to an integer number
of oscillation periods, the left hand side (l.h.s.) vanishes. But even if the motion
was not periodic, but Ai and Ȧi were bounded; by taking T suﬃciently large, within
H −1 » T » νi−1 for any i, the l.h.s. of the equation would result negligible likewise,
Ȧi Ȧj
a2

− 2V (1) (A2 )

Ai Aj
,
a2

i, j = 1, 2, 3 .

(4.22)

Notice that this result is equivalent to the virial theorem following the mechanical
analogy.
Using (4.22) in (4.11), we straightforwardly get
T ij = 0, i = j ;

(4.23)

i.e. the average EMT is diagonal. Also, using (4.22) in (4.9), we obtain
\pk ) ≡ − T kk

=

1 A˙ i A˙ j ij
δ
− V (A2 ) , k = 1, 2, 3 ;
2
2 a

(4.24)

i.e. all the average pressures are also equal. Thus, the EMT is isotropic in average:
T ij = − \p) δ ij .

(4.25)
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Moreover, the virial relations (4.22) also allow us to derive a simple expression
for the average equation of state for power-law potentials: V = λ(Aµ Aµ )n/2 /n,
1 A˙ i A˙ j ij
δ
2 a2

=

n
V (A2 ) ,
2

(4.26)

that implies,
\pk ) = \p) =

n−2
V (A2 ) , k = 1, 2, 3 .
2

(4.27)

On the other hand, the average energy density results,
\ρ) =

n+2
V (A2 ) ,
2

(4.28)

and combining both expressions we ﬁnally obtain,
ω=

\p)
n−2
=
,
\ρ)
n+2

(4.29)

which agrees with the scalar case (3.13) [92] and shows that the average equation
of state does not depend on the polarization of the vector oscillations (notice that
the scalar case corresponds to L = 0, i.e the evolution of a particle in one spatial
dimension). In the case of a general potential, the equation of state cannot be
obtained analytically and, in general, it will depend on the initial conditions for the
vector oscillations, as Fig. 4.1 shows.

4.1.2

Yang-Mills theories

Vector ﬁelds appear in the standard model of particles as force mediators. In order
to promote a global symmetry to a local one the introduction of these new bosonic
degrees of freedom is required, so that a covariant derivative under local symmetry
transformations can be deﬁned properly,
Dµ = ∂µ + Aµ ; Aµ = −igAaµ T a ,

(4.30)

where T a ∈ G, a = 1 . . . N are the symmetry group generators. We will assume a
compact semi-simple Lie group with a ﬁnite number of generators. In this case, it
is always possible to ﬁnd an orthonormal basis for the group generators for which
1
Tr(T a T b ) = δ ab .
2

(4.31)

and the structure constants, deﬁned as
T a , T b = icabc T c ,

(4.32)
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Figure 4.1: The eﬀective equation of state ω ≡ \p) / \ρ), can be computed numerically by
integrating expressions (4.8) and (4.9) with respect to the r variable with the use of Eq. (4.15)
and (4.16). Thus, in the case V = −aA2 , ω = 0 and the coherent vector oscillations behave as
cold dark matter (CDM); or for V = bA4 , ω = 1/3 and they behave as radiation. These results
agree with Eq. (4.29). For a general potential, the eﬀective equation of state depends on the initial
conditions: Vm and L. In this ﬁgure, one can see the L dependence of ω for V = −aA2 + bA4
and Vm = 104 . Depending on the particular values of a and b, the equation of state interpolates
between the radiation and the CDM behavior: from top to bottom respectively, dotted (black) line
corresponds to (a, b) = (10−7 , 2.4 · 10−7 ), blue (dashed) line corresponds to (a, b) = (0.1, 2 · 10−4 ),
dashed-dotted (red) for (a, b) = (0.4, 10−4 ), long dashed (orange) for (a, b) = (0.7, 6 · 10−5 ) and
continuous (green) for (a, b) = (10−2 , 10−11 ).

are totally antisymmetric (see [142]). This property will result very helpful for our
future discussion.
In order to write a kinetic term for gauge bosons, we consider the curvature
tensor associated to the covariant derivative:
Fµν ≡ [Dµ , Dν ] = ∂µ Aν − ∂ν Aµ + [Aµ , Aν ] .

(4.33)

Notice that this expression is still valid in a curved space-time due to the antisym
metry properties of the Fµν tensor. Evaluating the commutator, the Faraday tensor
can be written as
a
Fµν ≡ −igFµν
Ta
a
Fµν
= ∂µ Aaν − ∂ν Aµa + gcabc Abµ Aνc ,

and the Yang-Mills Lagrangian density reads
1
1 a a
Lkinetic = 2 Tr (Fµν F µν ) = − Fµν
F
2g
4

µν

(4.34)

.

(4.35)
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In this work we will study Yang-Mills theories with a potential of the form
V (Mab Aaρ Abρ ), where Mab is a constant symmetric matrix, so that gauge symmetry
is explicitly broken. Finally, the action in general curved space-times reads
S=

1 a a
√
d4 x g − Fµν
F
4

µν

− V (Mab Aaρ Abρ )

(4.36)

.

The covariant version of the equations of motion are given by
a ;ν
b
− gcabc Fµν
Ac ν + 2V (1) (A2 )Mab Abµ = 0 .
Fµν

(4.37)

The mechanical analogy can be better visualized in cosmological time, however
in order to eliminate the damping terms in this section, we will change to conformal
time,
ds2 = a2 (η) dη 2 − dvx2 .

(4.38)

The equations of motion read,
gcabc Abi ' Aci + g 2 cabc cbde Ad0 Aei Aic + 2V (1) (A2 )Mab a2 (η)Ab0 = 0,
(4.39)
Aa''
i

− gcabc

2Aib' Ac0

+

Abi A0c '

2

+ g cabc cbde

Adi A0e Ac0

−

Adi Aej Acj

−2V (1) (A2 )Mab a2 (η)Abi = 0,

(4.40)

Notice that there is no second time derivative of the temporal component in these
equations, as expected for the standard kinetic term that we are considering.
On the other hand, the EMT is given by:
T µν =

1 a a
F F
4 αβ

αβ

a
+ V δ µν − F a µα Fνα
− 2V (1) (A2 )Mab Aaµ Abν ,

(4.41)

that expressed in components reads,
ρ =

pk = −Tkk =
−

1
a4 (η)

1
Aa' Aa' + 2gcabc Aia ' Ab0 Aic + g 2 cabc cade A0b Ad0 Acj Aje
2a4 (η) i i
g 2 cabc cade b d c e
A0a Ab0
(1)
2
,
+
A
A
A
A
+
V
−
2V
(A
)M
ab
i
i
j
j
4a4 (η)
a2 (η)

(4.42)

1
Abi Adi
a' b c
a ' a'
2
b d
A
A
+
2gc
A
A
A
+
g
c
c
A
A
−
Acj Aje
abc
abc
ade
i
0 i
0 0
2a4 (η) i i
2
c b
2
b d
b d
c e
Aka' Aka' + 2gcabc Aa'
k Ak A0 + g cabc cade A0 A0 − Aj Aj Ak Ak

−V − 2V (1) (A2 )Mab

Aka Aka
, k = 1, 2, 3 ;
a2 (η)

(4.43)
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Tji =

1
Aai ' Aaj ' − gcabc Aia' Ajb + Aaj ' Aib A0c + g 2 cabc cade Aib Adj Ac0 Ae0
4
a (η)
−g 2 cabc cade Abi Akc Ajd Ake + 2 V (1) (A2 )Mab a2 (η)Aai Abj ,

Ti0

i=j

(4.44)

Aai
=− 4
gcabc Ajb' Acj + g 2 cabc cbde Ad0 Aej Acj + 2V (1) (A2 )Mab a2 (η)A0b . (4.45)
a (η)

The average of the pressure along the three spatial directions will be denoted by:
p≡

1
3

(4.46)

pk .
k

It is easy to show from the equations of motion of the temporal components (4.39),
that the energy ﬂuxes vanish
Ti0 = 0 .

(4.47)

We will follow the same approach introduced in Section 4.1.1 in order to compute
the average components of the EMT. If the ﬁeld evolves rapid in comparison with
the background, Aai would be alike the “i” position coordinate of the classical point
particle “a”. Thus, in the case Aa0 = 0, the problem is analogue to a mechanical
system of N interacting particles in three dimensions, with N the group dimension.
The only diﬀerence comes with the necessity of taking into account the internal
indexes, thus we can similarly deﬁne
Gab
ij =

Aia' Ajb
, i, j = 1, 2, 3; a, b = 1 . . . N .
a4 (η)

(4.48)

As we can neglect the expansion of the universe at the ﬁeld equations while averaging
over periods T such that H −1 » T » ν −1 , the virial equation reads,
ab
ab
a b
Gij
(T ) − Gij
(0)
(1)
2 Ai Aj
= 2V (A ) 2
T
a

Aai ' Ab'
j
+
,
2
a

(4.49)

where the l.h.s. is negligible if the motion is periodic or bounded,
b
b'
Aa''
Aa'
i Aj
i Aj
+ 4
a (η)
a4 (η)

=0.

(4.50)

Noticing that the spatial components of the EMT can be written as
Tji =
Tkk =

1
2a4 (η)

a'
a'' a
a'' a
2Aa'
i Aj + Ai Aj + Aj Ai , with i = j .

1 a a ρλ
+V
F F
4 ρλ

−

1
a4 (η)

a'' a
(Aka' Aa'
k + Ak Ak ) , k = 1, 2, 3 .

(4.51)
(4.52)
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Using (4.50) it is straightforward to show that the average EMT is diagonal and
isotropic.
In this case, there is not a general result for the equation of state such as (4.29)
for the abelian ﬁeld. As we will see in Section 4.3, the structure is richer even if the
potential is constrained to a simple power law due to the non-abelian interaction
terms.

4.1.3

Yang-Mills plus gauge-ﬁxing theories

As it is well-known the standard kinetic term for gauge ﬁelds (4.35) does not contain
a time derivative of the temporal components which implies that no conjugate mo
menta can be deﬁned for them. Accordingly, temporal components cannot be quan
tized along with the spatial ones, preventing an explicitly covariant quantization of
the theory. Thus, covariant quantization requires the modiﬁcation of the kinetic
sector by including new gauge-breaking terms [143]. The complete Lagrangian for
the Yang-Mills ﬁeld reads,
1 a a
F
L = − Fµν
4

µν

ξ
+ (
2

aρ 2
ρA )

− V (Mab Aaρ Abρ ) .

(4.53)

We can express the covariant equations of motion as
a ;ν
b
− gcabc Fµν
Ac ν + 2V (1) (A2 )Mab Abµ + ξ Aρa ;ρ
Fµν

=0.

(4.54)

ξAa''
+ gcabc Abi ' Aci + g 2 cabc cbde Ad0 Aei Aic
0
a''
a'2
− 3 2 δab + 2V (1) (A2 )Mab a2 (η) Ab0 = 0 ,
+
2ξ
a
a

(4.55)

;µ

which can be written in components as

c
b c'
2
d e c
d e c
− gcabc 2Ab'
Aa''
i
i A0 + Ai A0 + g cabc cbde Ai A0 A0 − Ai Aj Aj

− 2V

(1)

2

(A )Mab a

2

(η)Abi

(4.56)

=0.

The EMT has the form
Tµν =

1 a a ρλ
a
+ V gµν − Fµa ρ Fνρ
− 2V (1) (A2 )Mab Aaµ Abν
(4.57)
F F
4 ρλ
ξ
+ gµν ( ρ Aa ρ )2 + 2Aaλ λ ( ρ Aa ρ ) − 4Aa(µ ν) ( ρ Aa ρ ) ,
2

where the parenthesis in the sub-index means symmetrization as mentioned before.
If ξ < 0, the energy density associated to the temporal component of the ﬁeld is
generally negative deﬁned. This is consistent with the standard interpretation of
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Aa0 as a ghost ﬁeld. The presence of ghosts is a potential problem in vector ﬁeld
theories and has to be carefully studied case by case [126, 127].
It can be seen that the introduction of the gauge breaking term does not spoil
the average isotropy of the EMT. On the one side, from the equation of motion for
the temporal component (4.55) it is straightforward to realise that the energy ﬂuxes
are zero,
Aai ~ a''
ξA0 + gcabc Ajb' Acj + g 2 cabc cbde Ad0 Aej Ajc ~
a4
a''
a'2
− 3 2 δab + 2V (1) (A2 )Mab a2 (η) Ab0 = 0 .
+
2ξ
a
a

Ti0 = −

(4.58)

On the other hand, the new ξ term does not contribute to Tji . Therefore, following
the same procedure of the previous section (see Eqs. (4.48) to (4.52)), we can
conclude that the virial theorem also guarantees in this case the isotropy of the
EMT and its diagonal form in average if the spatial ﬁelds oscillate fast enough in
comparison with the expansion rate of the universe.
In order to obtain the equation of state let us take the trace of the EMT:
Tµµ = ρ − 3p = 4V − 2V (1) (A2 )Mab Aa µ Abµ + 2ξ (

ρA

aρ 2

) + Aaµ

µ(

aρ
ρA )

,
(4.59)

with p the average pressure along the three spatial directions deﬁned in (4.46). Thus,
ρ − 3p = 4V − 2V (1) (A2 )Mab Aa µ Abµ + 2ξ

λ

(Aaλ

aρ
ρA )

.

(4.60)

Notice that the fast oscillating condition is not mandatory for the temporal part
since it does not contribute to the anisotropies. Nevertheless, if the oscillations are
indeed faster than the expansion rate of the universe, taking the average, we get:
(1 − 3ω)\ρ) =

4V − 2V (1) (A2 )Mab Aa µ Abµ

+ 2ξ

λ

(Aaλ

aρ
ρA )

.

(4.61)

Notice that the ξ term, when neglecting the scale factor derivatives, is nothing but
the temporal derivative of the Gaa
00 function used in the virial theorem which in
average vanishes, i.e.:
b
Aa'
0 A0
Gab
=
, a, b = 1 . . . N,
(4.62)
00
a2 (η)
and as in the spatial case (4.50), we get:
'
\Gab
00 )

=

b
b'
Aa'
Aa''
0 A0
0 A0
+ 4
a4 (η)
a (η)

=0,

a, b = 1 . . . N.

(4.63)
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Thus, we can give an expression for ω depending only on the average of the
potential and the energy density:
2V (1) (A2 )Mab Aa µ Abµ − 4V
1
ω= +
3
3\ρ)
Considering a power law potential V =
ω=

λ
n

.

(4.64)

Mab Aµa Aa , the expression reduces to:

1 (n − 4) \V )
+
.
3
3
\ρ)

(4.65)

As it can be seen the solution for a potential with n = 4 always behaves as radiation
ω = 13 .
Abelian case
In the abelian case (or g → 0) we can obtain the exact expression for the average
equation of state by following the virial method,
a'
\Aa'
0 A0 ) =

2Mab a2 (η)
V (1) (A2 )Aa0 Ab0 ,
ξ

\Aai ' Aai ' ) = −2Mab a2 (η) V (1) (A2 )Aai Abi ,

(4.66)
(4.67)

and the average energy density can be written as
\ρ) =

a'
a'
1 Aa'
1
ξ Aa'
i Ai
0 A0
(1)
+
+ V − 4 (ξAa''
(A2 )Mab a2 (η)Ab0 )Aa0 .
0 + 2V
4
4
2 a (η)
a (η)
2 a (η)
(4.68)

Using (4.55) and neglecting time derivatives of the scale factor, we see that the last
term vanishes and ﬁnally we get:
\ρ) =

a'
a'
ξ Aa'
1 Aa'
0 A0
i Ai
+
+V
2 a4 (η)
2 a4 (η)

.

(4.69)

Then using (4.66) and (4.67), we obtain:
\ρ) =

(n + 2)
\V ) .
2

(4.70)

Introducing this expression in (4.65), we reach the same result as (3.13) for a scalar
ﬁeld and (4.29) for an abelian theory without gauge-ﬁxing term:
ω=

n−2
.
n+2

(4.71)
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Non-abelian case
For non-abelian theories we must compute the average of the potential and the
energy density in (4.65). As commented before, we cannot apply the virial theorem
as in the abelian case for simple power law potentials because now some non-abelian
terms intervene. Thus, the eﬀective potential becomes a sum of power laws, and
Vef' f A2 is not proportional to Vef f . In any case, if we assume 0 < \V ) /\ρ) < 1, we
can constrain the value of ω to

4.2

n−3
3

⎫
⎪
⎪
⎪
⎬

1
3

⎪
⎪
⎪
⎭

⎧
1
⎪
⎪
⎪
⎨ 3

, for n < 4 ;
(4.72)

<ω<⎪
⎪
⎪

⎩ n−3
3

, for n > 4 .

Isotropy theorem for cosmological vector ﬁelds

The average isotropy is not a property noticeable at ﬁrst glance. Moreover, consid
ering a non abelian theory or a gauge ﬁxing term does not spoil this feature, thus
it can be thought that the isotropy of the average EMT could have been inherited
from the isotropy of the FLRW metric. This explanation can be quickly refuted by
repeating the same process for a Bianchi I metric,
ds2 = dt2 − a21 (t)dx2 − a22 (t)dy 2 − a23 (t)dz 2 ,

(4.73)

Aai
Aa
→ i , i = 1, 2, 3 ;
a
ai

(4.74)

if we replace

and assume νia much greater than any Hi = ȧi /ai , it is straightforward to obtain the
same results for \T µν ). As we will discuss in this section, the previous results can be
directly extended to general space-time geometries (not necessarily homogeneous).
With this purpose, we will consider a locally inertial observer at xµ0 = 0 and
write the metric tensor using Riemann normal coordinates around xµ0 [144]:
1
gµν (x) = ηµν + Rµανβ xα xβ + . . .
3

(4.75)

Let us assume that the following conditions hold:
1. The Lagrangian is restricted to the Yang-Mills form with or without a gauge
ﬁxing term.
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2. The vector ﬁeld evolves rapidly:
γ
Rλµν
| « (νia )2 , and |∂j Aia | « |Ȧia |, for i, j = 1, 2, 3 ; and a = 1 . . . N,

(4.76)
for any component of the Riemann tensor. νia is the characteristic frequency
of Aai .
3. Aai and A˙ ai remain bounded in the evolution.
γ
The second condition implies that within time scales Δt−2 » |Rλµν
| the observed
ﬁeld remains within a normal neighbourhood, i.e. the second term in (4.75) can be
neglected. In such a case, it is possible to rewrite all the above equations with
a(η) = 1. Thus, considering an interval [0, T ] that veriﬁes the condition:
γ
|Rλµν
| « T −2 « (νia )2 ,

(4.77)

for any component of the Riemann tensor and of the vector, it is possible to obtain
(4.21) and prove that the mean value of the EMT is isotropic. Thus, we conclude
that if oscillations are fast compared to the curvature, the average EMT takes the
perfect ﬂuid form for any locally inertial observer.
The average isotropy seems to be a robust property, as we will see in Chapter 5
even the Lagrangian form can be generalized.

4.3

Particular solutions of cosmological Yang-Mills
theories.

In this section we will study simple solutions of homogeneous Yang-Mills theories,
i.e. with a limited number of degrees of freedom, along with the main features of
the cosmology that they source.
Firstly, we will look for simple solutions of a general compact semisimple group
assuming a FLRW background (Section 4.3.1). After that the results will be partic
ularized for SU (2) (Section 4.3.2). Due to the rapid evolution we will show that the
main cosmological characteristics can be derived in the Minkowskian limit (Section
4.3.3), i.e. neglecting the expansion. Finally, we will compare these conclusions
with the numerical analysis of the exact anisotropic metric of Bianchi type that
they source (Section 4.3.4).
In this Section, we will not follow the Einstein summation convention. Thus, for
clarity we will make the summations explicit, where the internal indeces a, b, c, e =
1, . . . , N and the spatial ones i, j, k = 1, 2, 3.
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4.3.1

Yang-Mills solutions in a FLRW background.

In this section we will study simple solutions of homogeneous Yang-Mills theories
with action (4.36). The covariant equations of motions are given by (4.37).
Before studying numerically the non-average equations, let us derive the main
conclusions in the isotropic approximation, i.e. we will consider a ﬂat FLRW metric
in proper time,
ds2 = dt2 − a2 (t)dvx2 .

(4.78)

As mentioned before, we will focus on simple solutions with a restricted number of
degrees of freedom. They will help us not only to identify the main characteristics
of fast oscillating Yang-Mills cosmologies, but also to simplify the examination of
the initial conditions set.
In order to proceed let us write the ﬁeld equations in cosmological time by
components,
g

cabc
j

b,c

Abj A˙ jc
− g2
a2

j

cabc ccde d e b
A0 Aj Aj + 2
a2
b,c,d,e

V (1) (A2 )Mab Ab0 = 0,
b

(4.79)
⎛

⎞

A¨ai + H ⎝A˙ ai − g
b,c

b,c

⎛

⎞

cabc cdec Adi ⎝Ae0 Ab0 −

−g 2

cabc 2Ȧbi Ac0 + Abi A˙ c0

cabc Aib A0c ⎠ − g

j

b,c,d,e

Aej Abj
⎠−2
a2

V (1) (A2 )Mab Abi = 0 .

(4.80)

b

Notice that the ﬁrst equation is a constraint condition which in the abelian
case sets A0 = 0. We will classify our solutions according to the treatment of this
constraint. Firstly, we will explore possible solutions with Aa0 = 0 exactly. This
is for example the case of solutions depending on a single function. After that,
simple solutions for the case Aa0 = 0 involving two or three independent functions
will be obtained. Finally, we will discuss the introduction of a gauge ﬁxing term,
that promotes Aa0 to a dynamical degree of freedom.
Aa0 = 0
If we set the temporal component to zero exactly, (4.79) turns into,
gcabc Abj Ȧcj = 0.
j

b,c

(4.81)
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There are two trivial ways of fulﬁlling this constraint: exploiting the antisymmetry
of cabc (Solution A) or orthogonalize some ﬁelds and their time derivatives while
cancelling the rest (Solution B).
Solution A:
Due to the internal contraction with the antisymmetric cabc , solutions parametrized
by Aai = kia fi (t) with kia constants and fi three temporal dependent functions, fulﬁll
the temporal equation constraint,
−g

cabc
i,j b,c

Abi Ȧcj ij
δ = −g
a2

cabc
i,j b,c

kib kjc fi f˙j ij
δ = 0.
a2

(4.82)

With this ansatz the equations of motion take the form,
Aa0 = 0,

(4.83)

kia f¨i + Hkia f˙i + g 2

cabc cdec kid kjb kje
j b,c,d,e

−2V

(1)

fi fj fj
a2

Mab kib fi = 0.

2

(A )

(4.84)

b

Dividing by kia (when kia = 0),
f¨i + Hf˙i + g 2

cabc cdec
j b,c,d,e

−2V

(1)

2

(A )
b

kid b e fi fj fj
kk
kia j j a2

kib
Mab a fi = 0.
ki

(4.85)

Thus, in order to have a consistent system, it is necessary to satisfy
cabc cdec
j b,c,d,e

Mab
b

kid b e
(g)
k k fj fj = Ξi (t), ∀a,
kia j j

kib
(M )
= Ξi , ∀a,
kia

(g)

(4.86)
(4.87)

(M )

where Ξi (t) are three arbitrary functions of time and Ξi

are three constants.

If we restrict to only one temporal dependence, fi (t) = f (t) for i = 1, 2, 3; the
conditions become much simpler,
cabc cdec
b,c,d,e

Mab
b

kid v b v e
˜ (g) , ∀ a, i;
(k · k ) = Ξ
kia

kib
˜ (M ) , ∀ a, i.
=Ξ
kia

(4.88)
(4.89)
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Notice that the arbitrary functions are now constants and common in all spatial
indices labeled by i.
Solution B:
For the orthogonalization option, only a maximum of three gauge components of
the ﬁeld can be diﬀerent from zero.
• B.1 Three linearly polarized orthogonal ﬁelds.
We are going to consider three non zero gauge ﬁelds with internal indices
{a1 , a2 , a3 }. We will work with the following ansatz for the proﬁle of these
three ﬁelds.
Aµai = f ai δµi .

(4.90)

For simplicity we will assume Mab = M δab . Substituting the ansatz in (4.80)
imposes the following constraints,
j

cbaj c cai aj c f ai f aj f aj = 0, ∀ b, i

(4.91)

cai aj c cak aj c = 0 ; with i = j = k .

(4.92)

c

c

It can be seen that this is trivially satisﬁed by any subgroup with dimension
≤ 3, such as a SU(2) subgroup.
The ﬁeld equations result
0 = f¨1a1 + H(t)f˙1a1 − 2V (1) (A2 )M f1a1
(ca1 a2 c )2 (fva2 )2 + (ca1 a3 c )2 (fva3 )2 a1
+ g2
f1 ,
a2 (t)
c
0 = f¨a2 + H(t)f˙a2 − 2V (1) (A2 )M f a2
2

2

2

(ca2 a3 c )2 (fva3 )2 + (ca2 a1 c )2 (fva1 )2 a2
f2 ,
a2 (t)
c
0 = f¨3a3 + H(t)f˙3a3 − 2V (1) (A2 )M f3a3
(ca3 a1 c )2 (fva1 )2 + (ca3 a2 c )2 (fva2 )2 a3
2
+g
f3 ,
a2 (t)
c

(4.93)

(4.94)

+ g2

(4.95)

where only summation in “c” is expected.
Assuming that all the temporal dependence of all the ﬁelds are equal, i.e.
f a1 = f a2 = f a3 = f , (4.91) becomes a condition over the group structure
constants,
3

cbaj c cai aj c = 0, ∀ b = ai ,
i,j=1 c

(4.96)
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but due to this simpliﬁcation, two new conditions arise in order to have a
unique equation of motion for f (η),
c2a1 a2 c + ca21 a3 c =
c

ca22 a1 c + ca22 a3 c =
c

ca23 a2 c + ca23 a1 c .

(4.97)

c

• B.2 Two ﬁelds, one linearly polarized and the other polarized in the
orthogonal plane.
Let us consider two non-vanishing gauge components: a1 pointing in the z
direction and a2 polarized orthogonally,
Aaµ1 = (0, 0, 0, Aa31 (t)) ,

(4.98)

Aaµ2 = (0, Aa12 (t), Aa22 (t), 0) .

(4.99)

If we ask again for Mab = M δab , the structure constants have to satisfy only
(4.91). The ﬁeld equations results,
A¨a31 + H(t)A˙ a31 + g 2
c

−2V

(1)

(A )M Aa31 = 0,
2

c

−2V

(4.100)

v a1 )2 a
(ca2 a1 c ) (A
Ai 2
a2 (t)
2

A¨ia2 + H(t)Ȧia2 + g 2
(1)

v a2 )2
(ca1 a2 c )2 (A
Aa31
a2 (t)

(A )M Aai 2 = 0,
2

i = 1, 2.

(4.101)

In order to be compatible, the system must satisfy,
v aj
cbaj c cak aj c Aai k A
j,k

2

= 0, ∀b, i;

(4.102)

c

with b = a1 , a2 .
A0 (t) �= 0
Solution A: ξ = 0
For type A solutions, the equations for Aa0 are algebraical as no gauge ﬁxing term,
ξ = 0, is considered in the action. As it can be seen from (4.79), solutions with
Aa0 = 0 must have at least two diﬀerent temporal dependent functions. Thus, the
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simplest possibility consist on considering three non-vanishing components, namely
a1 , a2 , a3 , which can be written as,
Aaµ1 = (A0 (t), 0, 0, 0) ,
Aaµ2 = (0, A2 (t), 0, 0),
Aaµ3 = (0, A3 (t), 0, 0),

(4.103)
(4.104)
(4.105)

one gauge component pointing in the temporal direction Aa1 and the other two are
spatial, parallel and linearly polarized in the x direction, without loss of generality.
For this ansatz, equation (4.79) reads,
gcaa2 a3 A2 Ȧ3 − A3 Ȧ2 − g 2

(caa2 c cca1 a3 + caa3 c cca1 a2 ) A0 A2 A3

(4.106)

c

ca1 a2 c caa2 c A22 + ca1 a3 c caa3 c A23 A0 + 2a2 (t)V (1) (A2 )Maa1 A0 = 0,

−g 2
c

for a = 1, . . . , N . As the potential will be important when solving the polynomial
equation (4.79), we will assume for simplicity that it is harmonic and fully degener
ate, V (A2 ) = m2 (Aaµ Aa µ )/2.
Equations (4.106) for a = a1 are dynamical constraints that in general are not
integrable (nonholonomic) constraints. This fact transfers the restriction to the
structure constants, which together with the constraints coming from the spatial
components equations (4.80), reduces to
caa2 a3 = 0, ∀a = a1 ,
caa1 a2 = 0, ∀a = a3 ,
caa1 a3 = 0, ∀a = a2 ,

(4.107)
(4.108)
(4.109)

Solving the equation (4.79) for a = a1 , we obtain
Aa01 =

gca1 a2 a3 A2 Ȧ3 − A3 Ȧ2
g 2 c2a1 a2 a3 A22 + A23 + m2 a2 (t)

.

(4.110)

Notice that we can easily found a solution with three ﬁelds, just giving Aa1 any
spatial component.
� 0
Solution B: ξ =
For type B solutions, the gauge ﬁxing term is not zero, ξ = 0. As explained in
Section 4.1.3, it is possible to give dynamics to the temporal component of the
vector ﬁeld by introducing a gauge ﬁxing term [143] in the action (4.53).
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Assuming a homogeneous solution, these equations are reduced to:
ξA¨a0 + 3ξHȦa0 + g

cabc Ȧbj Acj + g 2
j

cabc cbde
j b,c,d,e

b,c

Ad0 Aej Ajc
a2

2

˙ ab + 2V (1) (A2 )Mab Ab = 0 , A
3ξ Hδ
0
a2

+
b

(4.111)
⎛

cabc 2Ȧbi A0c + Abi A˙ c0 + g 2

A¨ai + 3HȦai − g
b,c

⎞

cabc cbde ⎝Adi Ae0 Ac0 −
b,c,e,d

j

Aid Aje Ajc
⎠
a2

2

V (1) (A2 )Mab Abi = 0.

− 2
b

A
a2

(4.112)

Finding a solution with a limited number of degrees of freedom is diﬃcult, notice
that all the ﬁelds are now mixed. However, as we will see in next section for the
particular case of a SU (2) group there is at least a simple compatible conﬁguration.

4.3.2

SU(2) examples

The SU (2) group is characterized by its structure constants,
cabc = eabc ,

(4.113)

with eabc the Levi-Civita symbol.
A0 = 0
Type A
For this case there are some examples already known for a SU (2) theory [110–
114],
Aai = kia f (t) ,
(4.114)
with vk b · vk a = δ ab . Notice that they are also a particular case of Solution B.1. If
we assume Mab = M δab , the equation of motion for the ﬁeld reads,
3

f
f¨ +Hf˙ + g 2 (κ − 1) 2 − 2V (1) (A2 )M f = 0,
a

(4.115)

where κ ∈ {1, 2, 3} is the number of non-vanishing gauge components. This solution
gives rise by construction to an exactly isotropic EMT.
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A diﬀerent conﬁguration that satisﬁes the constraints (4.88-4.89) can be written

as,
A1µ = (0, A(t), −A(t), 0),

(4.116)

A2µ = (0, 0, A(t), −A(t)),

(4.117)

A3µ

(4.118)

= (0, −A(t), 0, A(t)).

Notice that this solution is not contained in type B and that its EMT will be
anisotropic. The equation of motion for A(t) reads,
3

A (t)
¨
A(t)
+ HȦ(t) + 3g 2 2 − 2V (1) (A2 )M A(t) = 0 ,
a

(4.119)

which is equivalent to (4.115) but with κ = 4.
Type B
As we previously discussed the conditions necessary to have a viable type B so
lution is trivially satisﬁed by groups of dimension n ≤ 3 such as SU (2).
Assuming Mab = M δab , the equation of motion for the solutions B.1 (4.93-4.95)
takes the form
(fva2 )2 + (fva3 )2 a1
f¨1a1 + H(t)f˙1a1 − 2V (1) (A2 )M f1a1 + g 2
f1 = 0;
a2 (t)
(fva3 )2 + (fva1 )2 a2
f2 = 0;
f¨2a2 + H(t)f˙2a2 − 2V (1) (A2 )M f2a2 + g 2
a2 (t)
(fva1 )2 + (fva2 )2 a3
f3 = 0.
f¨3a3 + H(t)f˙3a3 − 2V (1) (A2 )M f3a3 + g 2
a2 (t)

(4.120)
(4.121)
(4.122)

For the case B.2, the equations of motion (4.100-4.101) read,
v a2 )2
(A
A¨a31 + 3H(t)Ȧa31 + g 2 2
Aa1 − 2V (1) (A2 )M Aa31 = 0 ,
a (t) 3
v a1 )2 a
(A
A 2 − 2V (1) (A2 )M Aai2 = 0, i = 0, 1, 2.
A¨ai2 + 3H(t)Ȧai2 + g 2 2
a (t) i

(4.123)
(4.124)
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A0 =
� 0

Solution A: ξ = 0
For SU (2) the conditions (4.107-4.109) are satisﬁed. Thus, there exist a solution
with the gauge component conﬁguration
Aaµ1 = (A0 (t), A1 (t)v̂) ,
Aaµ2 = (0, A2 (t)û),
Aaµ3 = (0, A3 (t)û),

(4.125)
(4.126)
(4.127)

with j ∈ {2, 3}. The ﬁeld A1 (t) can be zero and û and v̂ are unitary vectors that
are arbitrarily oriented. The temporal component of Aaµ1 satisﬁes (4.110).
� 0
Solution A: ξ =
We will focus on a SU (2) theory with a harmonic potential. We will consider the
conﬁguration,
A1µ = (A0 , Ax , Ay , Az ) ;

(4.128)

A2µ
A3µ

= (A0 , Az , Ax , Ay ) ;

(4.129)

= (A0 , Ay , Az , Ax ) ;

(4.130)

which contains some of the previous solutions of SU (2).
The equations of motion read,
g
A¨0 + 3HȦ0 + (Ay Ȧz − Az Ȧy ) − (Ax Ȧz − Az Ȧx ) + (Ax Ȧy − Ay Ȧx )
ξ
2
g
− 2 2 Ax Ay + Ay Az + Az Ax − (Ax2 + Ay2 + Az2 ) A0
ξa
M (1) 2
A2
(4.131)
+ 2 V (A )A0 = 0, 2
a
ξ

g2
A¨x + 3HȦx + 2g(Ȧy − Ȧz )A0 + g(Ay − Az )Ȧ0 + 2 A20 (Ay + Az − 2Ax )
a
g2 2
g2 2
g2 3
g2
− 2 Ay (Az − Ax ) − 2 Az (Ay − Ax ) + 2 2 Ax − 2 2 Ax Ay Az
a
a
a
a
2
A
− 2M V (1) (A2 )Ax = 0, 2
(4.132)
a
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g2
A¨y + 3HȦx + 2g(Ȧz − Ȧx )A0 + g(Az − Ax )Ȧt + 2 A20 (Ax + Az − 2Ay )
a
g2 3
g2
g2 2
g2 2
− 2 Az (Ax − Ay ) − 2 Ax (Az − Ay ) + 2 2 Ay − 2 2 Ax Ay Az
a
a
a
a
2
A
− 2M V (1) (A2 )Ay = 0, 2
(4.133)
a

g2 2
¨
Az + 3HȦx + 2g(Ȧx − Ȧy )A0 + g(Ax − Ay )Ȧ0 + 2 A0 (Ax + Ay − 2Az )
a
g2 3
g2 2
g2 2
g2
− 2 Ax (Ay − Az ) − 2 Ay (Ax − Az ) + 2 2 Az − 2 2 Ax Ay Az
a
a
a
a
2
A
− 2M V (1) (A2 )Az = 0. 2
(4.134)
a
All the conﬁgurations mentioned in the previous section are not recovered when
a dynamical A0 = 0 joins to the system, with the exception of the solution with
spatial components oscillating in the same direction with the same function. In this
simpliﬁed case the equations of motion become,
M
A¨0 + 3HȦ0 + 2 V (1) (A2 )M A0 = 0,
ξ
Äs + 3HȦs − 2V (1) (A2 )M As = 0,

(4.135)
(4.136)

where As denotes the spatial components function. As it can be seen this case is
equivalent to an abelian solution with a gauge ﬁxing term.
A table reviewing all solutions considered for a general group and SU (2) can
be found in Appendix A. In addition, new particular solutions for SU (3) are also
included.

4.3.3

Particular SU(2) solutions in the Minkowskian limit

In this section we will analyse some of the particular solutions derived for a SU (2)
Yang-Mills model in the Minkowskian limit. This approximation just stands during
time intervals Δt « H−1 . However, if the ﬁeld dominates the background energetic
content and it is oscillating fast in comparison with the expansion rate, the evolution
of the universe is characterized by the particular dynamics of the ﬁeld in this limit,
see [92, 145, 146].
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Single ﬁeld solutions A0 = 0
As we have seen all single ﬁeld cases follow the same equation with a diﬀerent factor
multiplying the non-abelian term. Thus, we will study equation (4.119), but the
results can be translated to the other cases through a redeﬁnition of the coupling
constant. In the Minkowskian limit, we obtain the following ﬁeld equation,
3g 2
A¨ + 2 A3 + m2 A
a0

0,

(4.137)

where a0 is the value of the scale factor at a given moment. Its solution can be
written as
⎛
⎞
√
√
m
γ + 1 + 1 (t + c2 )
a0 m √
γ
−
2
γ
+
1
+
2
⎠,
√
A(t) = √
γ + 1 − 1 sn ⎝
−
γ
3g
2
(4.138)
with
6g 2
γ = 4 2 c1 ,
m a0

(4.139)

c1 and c2 are integrating constants and sn(x|k) is the Jacobi elliptic sine function
depending on two arguments, where k is the elliptic modulus, 0 < k 2 < 1.
Substituting (4.138) in the energy density expression, we obtain:
ρ=

3c1
.
a20

(4.140)

Thanks to the virial theorem (4.22) and the periodicity of the Jacobi function,
sn (w0 t|k0 ) = sn (w0 (t + T )|k0 ) , for T =

4
w0

π
2

0

1
1 − k0 sin2 (x)

dx,

(4.141)

we can easily average over one period the components of the EMT. The resulting
equation of state, ω ≡ \p)/\ρ), can be written as
√ √
√
√
2 4 2z + 1
2z + 1 + 1
2z + 4 2z + 1 + 4
ω=
−
·
1
6z
6zEllipticK 12 − 2√2z+1
⎛ √ �√
2 2
2z + 1 + 1EllipticK
√
EllipticE ⎝am ⎝
4
2z + 1
⎛

1
2

−

√1
2 2z+1

(4.142)

⎞
⎞
√
√
1 − 2z + 1 ⎠ 1 − 2z + 1 ⎠
√
√
,
2z + 1 + 1
2z + 1 + 1
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where EllipticE is the elliptic integral of the second kind and EllpticK is the com
plete elliptic integral of the ﬁrst kind. The adimensional parameter z = ρg 2 /m4
controls the change of the equation of state behaviour, see Fig 4.2. For this partic
ular solution, the non-Abelian terms behave as an extra quartic component in the
potential. Thus, at high densities or couplings, g, the ﬂuid behaves like radiation,
ω = 1/3. As the universe expands or considering higher masses, the ﬂuid become
colder, ω → 0.

Two-ﬁeld solution A0 =
� 0
The solution of the system (4.125-4.127) with A1 = 0 is also analytical. In or
der to make more clear the discussion let us redeﬁne the ﬁelds and change to non
dimensional quantities
A1 = 0 ,

(4.143)
1
4

A2 = a0 ρ0 r(τ ) cos(φ(τ )) ,
1
4

A3 = a0 ρ0 r(τ ) sin(φ(τ )) ,
t=

−1
ρ0 4 τ

(4.144)
(4.145)

,

(4.146)

m = ρ0 µ ,

(4.147)

1
4

where ρ0 and a0 are the energy density and scale factor respectively at the moment
considered. Under these changes the equations of motion result,
µ2 r
µ4 + 2g 2 µ2 r2 + g 4 r4 − µ2 φ'2 = 0,
µ2 + g 2 r 2
(2µ2 r' ) '
φ = 0,
+
µ2 r + g 2 r 3

r'' +

(4.148)

φ''

(4.149)

with ' represents the derivative with respect to τ .
Its solution can be written as,
1
r(τ ) = √
(κ20 µ4 + r0' 2 r02 + µ2 r04 ) − 2µr0' r03 sin (2µτ ),
2µr0
− (κ20 µ4 + r0' 2 r02 − µ2 r04 ) cos (2µτ ) AA ,
τ

φ(τ ) = κ0

0

g2 +

µ2
r(τ̃ )2

dτ̃ + φ0 ,

with r0 , r0' , φ0 and κ0 are integration constants.

(4.150)
(4.151)
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Figure 4.2: In this ﬁgure, the behaviour of the equation of state (4.142) is plotted. As it can
be seen for large energy densities or high g coupling, i.e. z ≡ ρg 2 /m4 » 1, the model behaves as
radiation, ω = 1/3 (dashed green line). On the other hand if the harmonic term dominates the
potential, z « 1, the model behaves as dust.
Exploiting this expression we can average explicitly the pressure, obtaining the
eﬀective behaviour of the equation of state. The EMT does not oscillate with fre
quency νφ = φ' , therefore the relevant frequency for the dissipation of the anisotropy
is νr = 2µ. Thus, averaging in integer periods of T = π/µ
ω ≡

− 31

i

ρ0

Tii

=

g 2 κ0 µ2 r02
.
κ0 µ4 + (r0' 2 + g 2 κ20 µ2 ) r02 + µ2 r04

(4.152)

Without lost of generality we can set initial conditions in the maximum of the
solution, thus r0' = 0, and by including the energy conservation,
2 = g 2 κ0 µ2 +

κ20 µ4
+ µ2 r02 ,
2r02

(4.153)

the equation of state (4.152) can be simply expressed as,
ω=

1 − x2
,
1 + xβ2

(4.154)

√
with x ≡ µr0 / 2 and β ≡ µ4 /2g 2 . A graphical description of this expression can
be found on Fig. 4.3 . Notice that even if the equation of state reaches a maximum,
depending on the value of β it may not saturate to ω = 1. In all cases the expansion
of the universe will drive the ﬂuid to a dust behaviour in the low x limit.
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Figure 4.3: In this ﬁgure, the equation of state (4.154) for three diﬀerent values of β: 10−4 (blue),
1 (orange), 103 (green). The equation of state is upper-bounded by ω = 1. In the Minkowski limit
the equation of state remains constant but in an expanding universe the amplitude of r decreases
and, consequently, at large times the model will behave as dust.

Three-ﬁeld solution
The three ﬁeld case (4.123, 4.124) is more complicated. In order to study the system
we will make the following changes:
1

(4.155)

Ax = a0 ρ04 r(τ ) cos(φ(τ )) ,
1
4

Ay = a0 ρ0 r(τ ) sin(φ(τ )) ,

(4.156)

1
4

Az = a0 ρ0 z(τ ) ,
t=

−1
ρ0 4 τ

(4.157)

,

(4.158)

m = ρ0 µ ,

(4.159)

1
4

where ρ0 and a0 are the energy density and scale factor respectively at the moment
considered. Under these changes the equations of motion result,
2

(φ0' r02 )
= 0,
r3 (τ )

r'' +

µ2 + g 2 z 2 (τ ) r(τ ) −

z '' +

µ2 + g 2 r2 (τ ) z(τ ) = 0,

r'
φ'' + 2 φ' = 0,
r
Notice that (4.162) can be solved analytically,
τ

φ(τ ) = φ0 +

0

φ'0 r02
d˜
τ,
r2 (τ̃ )

(4.160)
(4.161)
(4.162)

(4.163)
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with φ0 , φ'0 and r0 are initial conditions.
Finally, if the energy conservation is included,
1=

z '2 r'2
φ' 2 r4
1
1
1
+
+ 02 0 + g 2 r2 (τ )z 2 (τ ) + µ2 r2 (τ ) + µ2 z 2 (τ ),
2
2
2r (τ ) 2
2
2

(4.164)

the degrees of freedom of system are reduced to three. Notice ﬁnally that the
contribution of φ is analogous to an angular momentum term.
Concerning the behaviour of the solution there are two clear limits. If the nonAbelian term is suﬃciently small, the system is quasi-periodic and KAM (Kol
mogórov-Arnold-Moser) theory applies. As we increase the coupling, g, the quasi
periodic region will shrink to a set near the surface of the phase space {z = 0, z ' = 0},
see Fig. 4.4. In this case the system exhibits a chaotic behaviour which resembles
the theory without potential analysed in [147], showing periods where z(τ ) (or r(τ ))
is large and oscillate slowly, whereas r(τ ) (z(τ )) is small and oscillates fast in com
parison, see Fig. 4.5. Our following discussion will be focused in these two limits.
The study of the solution oscillation frequency is important for cosmology as it
will be associated to the degree of anisotropy. Clearly, in the perturbed harmonic
solution the frequency of the ﬁelds will be approximately νz = µ and νr = 2µ. If
the coupling is increased we can see that the quasi-periodic solution ends at some
point. The system becomes chaotic and a wider band of frequencies is expected, see
Fig. 4.6. The analytical calculation of the upper and lower bounds of the band is a
diﬃcult task, however we can make a good estimation studying the solution in the
large ﬁeld extremes shown in [147].
In the large r limit, z is small and oscillates much faster than r. We can solve
equation (4.161) through a WKB expansion:
z=

τ

c0
(µ2 + g 2 r2 (τ ))

1
4

µ2 + g 2 r2 (τ )dτ̃ + ϕ ,

cos
0

(4.165)
with c0 and ϕ are integration constants. The frequency maximum can be estimated
by
νzmax =

2 ,
µ2 + g 2 rmax

(4.166)

where rmax is the maximum r which is located in the turning points line, r' = z ' = 0
(gray line in Fig. 4.5), deﬁned by the conservation of energy:

rmax =

1 − φ'0 2 µ2 r04 + 1
µ

(4.167)
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Figure 4.4: The Poincaré section (z (τ ) = 0) of the adimensional system (4.160-4.162) is shown
in this ﬁgure. The parameters chosen for the system are µ = 0.5, g = 0.33, φ0 = 10, z0 = 0 and a
set of 14 initial conditions contained in z0 ∈ [1, 2.5]. As it can be seen the system exhibits a chaotic
phase together with the KAM tori in the low z region. Notice that there is not a perturbative
region near r(τ ) = 0 as a consequence of the angular momentum like term of φ0 .

z

On the other hand, in the large z limit, the maximum frequency of r occurs when
|zmax |, thus solving
2
r'' + µ2 + g 2 zmax
−

φ'0 2 r04
r = 0,
r4

(4.168)

the solution has frequency,
2 ,
νrmax = 2 µ2 + g 2 zmax

where

√
zmax =

2

µ2

φ0' r02 φ0' g 2 r02 −

(4.169)

φ0' 2 g 4 r04 + 2g 2 µ2 + µ6 + µ2 .
(4.170)

The lower limit can be estimated by the mass of the theory, however for some
solutions this bound could be too restrictive. Thus,
νzmin = µ ,
νrmin = 2µ .

(4.171)
(4.172)

These boundaries can be shown in Fig.4.6, where the frequency deﬁned as 2π/Δt,
with Δt the time between two local maximum, is mapped. As it can be seen, the
analytical boundaries are a good estimation of the frequency band.

4.3. Particular solutions of cosmological Yang-Mills theories.

111

Figure 4.5: In this ﬁgure, we show the orbit of the adimensional system (4.160-4.162), with
µ = 0.5, g = 4 and initial conditions φ0 = 10, r0 = 0.1, z0 = 0.1 and z0 = 0, projected in the
phase-space plane {r(τ ), z(τ )} (green line). The grey line corresponds to the line of turning points
in the phase plane given by setting the momentum to zero in the energy conservation (4.164).
Finally, the orbit at two time intervals are highlighted (black line) showing the regions where the
approximation where one of the ﬁelds is large with a large period and th other is small but with a
higher frequency.

Finally, the equation of state can be written as,
ω=

1
1 − µ2 r 2 + z 2
3

,

(4.173)

where the generalization of the virial theorem has not been used to reach this for
mula. The average \ ) involves an integration in a time interval. In this sense, the
value of ω depends on the time interval T chosen. For perturbed harmonic solu
tions, the value of (4.173) will be near zero for T » 2π/µ as massive fast oscillating
vector ﬁelds behave as dust. On the other hand, for models with high coupling, the
chaotic behaviour is also translated to the equation of state which will be nearer
ω = 1/3. Notice that as the change in the equation of state depends on the distance
to the origin of the (r, z) phase space plane, the major deviations will be leaded by
those periods where one of the ﬁelds is large and oscillates slowly, which have been
previously studied. This behaviour does not last for long. Thus given long enough
average time the system seems to converge to a constant ω value that depends on
the initial conditions, see Fig. 4.7.
The solution of the three ﬁeld case (4.125 - 4.127) with A0 = 0 can also be
studied following the same process described in the A0 = 0 case. Actually, r and z
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Figure 4.6: In this ﬁgure, we show two maps of the time interval between two consecutive maxima
z
of the ﬁeld r(t) or z(t), Δtrmax and Δtmax
. In these maps we can diﬀerentiate the almost periodic
behaviour, with an almost point-like spectrum, from the chaotic behaviour, band-like spectrum, of
the adimensional system (4.160-4.162) varying g for the same initial conditions µ = 0.5, φ0 = 10,
r0 = 0.1, z0 = 0.1 and z0 = 0. The light blue lines corresponds to the boundaries of the maximum
(4.166-4.169) and minimum (4.171-4.172) frequencies expected.

follow also equations (4.160, 4.161) changing φ'0 r0 by κ0 , such that
φ = φ0 +

κ0
a30

τ

g2 +

0

µ2
dτ ' ,
r2

(4.174)

In this case the equation of state is modiﬁed and a new constant term is added,
ω=

1 κ20 µ2 g 2 1 2
+
−
r + z2
3
3
2a60

,

(4.175)

The extra term adds a new constant depending on the initial condition of φ' . For
large enough κ0 the equation of state saturates at ω = 1, this is the main diﬀerence
with (4.173) which is upper bounded by ω < 1/3.

4.3.4

Exact SU(2) cosmologies

In this section we will study the exact cosmology generated by some of the par
ticular solutions previously introduced. The results derived from the Minkowskian
analysis will be tested numerically. For the single ﬁeld case, we will show the good
concordance between the analytical equation of state and that inferred from the
evolution of the exact system. The anisotropic contribution will be negligible once
the ﬁeld starts to oscillate fast. In the particular case of two ﬁelds we will study this
solution for the interesting case of ω → 1 where the anisotropy dilution is stopped.
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Figure 4.7: In this ﬁgure the eﬀective equation of state ω = \p)/\ρ) against diﬀerent averaging
time intervals T is plotted. The dashed grey line shows the lower bound of T , T ∼ O(1/m). The
blue line corresponds to an almost periodic case of system (4.160-4.162), with initial conditions
m = 0.5, g = 0.05, φ0 = 10, r0 = 0.1, z0 = 0.1 and z0 = 0 , consequently it will behave as
a perturbed harmonic case which is equivalent to dust in average ω = 0. The other three lines
are also solutions of the same system in a conﬁguration that exhibits chaos, which have slightly
diﬀerent initial conditions µ = 0.5, g = 4, φ0 = 10, r0 = 0.1, z0 = 0.1 and z0 = 0 for the orange
line, the same initial conditions for the other two lines but with r0 = 0.101 (green) and z0 = 0.01
(red). As it can be seen even if they converge at large T to close values, below T ∼ 104 the
chaotic behaviour is also translated to ω. This will be imprinted in the cosmological evolution in
an expanding universe when µ > a /a > 10−4 .

Finally, in the three ﬁelds case we will discuss whether the chaotic behaviour could
also aﬀect the cosmological evolution.

Single-ﬁeld cosmology
When the conﬁguration (4.116-4.118) dominates the universe, it generates a cosmo
logical metric of the Bianchi I type,
ds2 = dt2 − a2 (t) dx2 + dy 2 + dz 2 − 2a2 (t)ef (t) (dxdy + dxdz + dydz) . (4.176)
Performing the adimensionalization rules,
τ = mt,
A=
g=

3
8πG

8πG
A,
3
3 g
.
8πG m

(4.177)
(4.178)
(4.179)
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Einstein and motion equations result,
1
(2ef (τ )

+ 1)

4a'2 (τ ) − e2f (τ ) (2a' (τ ) + a(τ )f ' (τ )) (6a' (τ ) + a(τ )f ' (τ ))
2

+2e3f (τ ) (2a' (τ ) + a(τ )f ' (τ ))

''

'

f (τ ) + 3H(τ )f (τ ) +

= 12 ef (τ ) − 1

ef (τ ) + 1
2ef (τ )

A'2 (τ ) + A2 (τ ) − 6

(4.180)
g 2 A4 (τ )
,
a2 (τ )

f '2 (τ )

+1
2 4
−f (τ )
f (τ )
18g A (τ )e
2e
+1
6e−f (τ ) 2ef (τ ) + 1 (A'2 (τ ) − A2 (τ ))
=
+
,
a2 (τ )
a4 (τ ) (ef (τ ) − 1)

(4.181)

2f (τ )
2ef (τ ) − 5 f '2 (τ )
a'2 (τ ) a(τ )e
+
a (τ ) +
2
2a(τ )
8 (ef (τ ) − 1) (2ef (τ ) + 1)
''

=−

3 4ef (τ ) − 1 (A'2 (τ ) − A2 (τ ))
2a(τ ) (ef (τ ) − 1)

A'' (τ ) + H(τ ) +

−

9g 2 A4 (τ ) 8ef (τ ) + 1
2

4a3 (τ ) (ef (τ ) − 1)

,

ef (τ )
3g 2 A3 (τ )
'
'
+ A(τ ) = 0,
f
(τ
)
A
(τ
)
+
1 + 2ef (τ )
1 − ef (τ ) a2 (τ )

(4.182)

(4.183)

where ' represents the derivative with respect to τ and H(τ ) = a' (τ )/a(τ ).
We can test if the eﬀective equation of state ω = \p) / \ρ) accurately describes
the evolution by computing ∂τ (H 2 (τ ))/H 3 (τ ), which in the case of a perfect ﬂuid is
equal to 3(1+ω). The result is shown in Fig. 4.8 together with the analytical eﬀective
ω (4.142). Notice that as the energy is no longer conserved we have to conveniently
redeﬁne the argument of the analytical ω to take into account the expansion of the
universe, z ≡ ρ0 g 2 /m4 → z(τ ) = H 2 (τ )g 2 . The two sets of points represent the
average of ∂τ (H 2 (τ ))/H 3 (τ ) using two diﬀerent averaging time intervals, T ,
∂τ (H 2 (τ ))
1
(τ,
T
)
=
T
H 3 (τ )

τ +T /2
τ −T /2

∂τ � (H 2 (τ ' )) '
dτ .
H 3 (τ ' )

(4.184)

The blue points corresponds to the maximal period T = 1/(H(τ )) and for the red
points the period is one order below this limit T = 1/(10H(τ )). As it can be seen,
the blue points, even if the dispersion is small, do not coincide with the analytical
solution as they are aﬀected by the expansion. On the other hand, for the red points,
T is reduced, the dispersion increases at small t. As we consider longer times, the
expansion rate decays and so does the dispersion, showing a good coincidence with
the analytical solution.
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3

Figure 4.8: In this ﬁgure, we plot the numerical computation of ∂0 (H 2 (t))/H 2 (t) of the system
(4.180-4.183) with initial conditions g = 103 , a(0) = 1, f (0) = −1, f˙(0) = 0, A(0) = 0.1 and
Ȧ(0) = 0. When the system is approximately isotropic this corresponds to 3(1 + ω(t)). The
black dashed line corresponds to the analytical expression derived in the Minkowski approximation
3
(4.142), while the two sets of dots are the numerical average of ∂0 (H 2 (t))/H 2 (t) around diﬀerent
times for two ﬁxed periods T = 1/H (blue), 1/10H (red).

Two-ﬁeld cosmology
The two-ﬁeld conﬁguration (4.103-4.105) generates a Bianchi I metric,
ds2 = dt2 − a2 (t) eex (t) dx2 + e−

ex (t)
2

dy 2 + e−

ex (t)
2

dz 2 ,

(4.185)

when it dominates the energy content of the universe. Following the same adi
mensionalization rules of the previous case (4.177-4.179), the Einstein and motion
equations read,
κ20 a2 (τ )eex (τ ) + g 2 r2 (τ )
a'2 (τ )
e−ex (τ ) (r2 (τ ) + r'2 (τ ))
1 '2
− ex (τ ) =
+
, (4.186)
16
2a6 (τ )r2 (τ )
2a2 (τ )
a2 (τ )
a'' (τ ) +
+

a'2 (τ )
3
κ2
+ a(τ )e'x 2 (τ ) = − 5 0 2
a2 (τ )eex (τ ) + 3g 2 r2 (τ )
2a(τ ) 32
4a (τ )r (τ )

e−ex (τ ) 2
r (τ ) − r'2 (τ ) ,
4a(τ )

(4.187)
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e''x (τ ) +

3a' (τ )e'x (τ )
4κ2 eex (τ )
4e−ex (τ ) 2
=− 4 0 2
+ 2
r (τ ) − r'2 (τ ) ,
a (τ )
a(τ )
a (τ )r (τ )

φ' (τ ) = κ0

(4.188)

eex (τ )
g2
+
,
a3 (τ ) a(τ )r2 (τ )

r'' (τ ) + Hr' (τ ) − e'x (τ )r' (τ ) − κ20

(4.189)

e2ex (τ )
+ r(τ ) = 0,
a2 (τ )r3 (τ )

(4.190)

where κ0 is an integration constant and H = a' (τ )/a(τ ).
In the limit 1 » H the ﬁrst integral of equation (4.188) can be approximated
integrating by parts the slowly and fast oscillating components as we have explained
in Chapter 2. Let i Fi (τ )Pi (τ ) be the source of Einstein equation (4.188), where
Fi (τ ) are the terms expanding with the background and Pi (τ ) the fast oscillating
factors, see (2.64). Thus,
ex' (τ ) = e'x (0)

a3 (0)
1
+ 3
3
a (τ ) a (τ )

3

a (0)
+
= Σ0 3
a (τ )
=

e'(h)
x (τ )

+

a3 (t' )Fi (t' )

i~
'(p)
e x (τ )

t

Pi (t'' )dt''

i
t

Fi (τ )

t�

+ O (He'x )
0

Pi (t'' )dt'' + O (He'x )

+ O (Hex' ) ,

(4.191)

where Σ0 parametrizes the contribution coming from both the solution of the homo
geneous equation and the contribution that evolves equivalently from the particular
'(p)
solution. This term is denoted by e'(h)
x (τ ), whereas e x (τ ) represents the last one.
The amplitudes Fi (τ ) decays typically as the energy density, consequently it will
always decrease in comparison with the expansion rate,
e'(p)
x
∝ a−3(1+ω)/2 .
H(τ )

(4.192)

On the other hand, e'(xh) (τ ) decays with the cube of the scale factor, thus
3
e'(h)
1
x (τ )
∝ a 2 (ω−1) .
∝ 3
H(τ )
a (τ )H(τ )

(4.193)

Consequently, when the behaviour of the equation of state is near ω
1, the am
plitude of e'x (τ )/H(τ ) remains almost constant until the expansion of the universe
decreases ω, see Fig. 4.9.
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Figure 4.9: In this ﬁgure, we show two plots that represent the numerical solution of the system
(4.186-4.190) with initial conditions a(0) = 0.01, ex (0) = 0, ex (0) = 0, r(0) =, r (0) = 0 and
κ0 = 0.01, for diﬀerent values of g. The plot on the left shows the function ∂τ (H 2 (τ ))/H 3 (τ ),
which corresponds to the eﬀective equation of state 3(1 + ω) when the anisotropy is negligible. The
diﬀerent colours stand for various values of g: g = 104 (red), g = 105 (green), g = 102 (orange),
g = 1 (blue). The analytical result (4.154) is drawn with dashed lines. The ﬁgure on the right
shows the evolution of the anisotropy as a function of time. The red line corresponds to the solution
with g = 104 . As it can be seen, while ω 1 the amplitude of the anisotropy remains constant.
When ω starts to decline so does the anisotropy. On the other hand, the solution with g = 1,
plotted in blue has ω 0 and exhibits a rapid decline.

Three-ﬁeld case: chaotic cosmology
Finally, we will study the more complex case of three ﬁelds with A0 = 0, assuming
a conﬁguration:
A1µ = (A0 (t), 0, z(t), 0) ,

(4.194)

A2µ
A3µ

= (0, r(t) cos (φ(t)) , 0, 0),

(4.195)

= (0, r(t) sin (φ(t)) , 0, 0),

(4.196)

which is a particular case of (4.125-4.127). The cosmology generated can be de
scribed through the metric,
ds2 = dt2 − a2 (t) eex (t) dx2 + eey (t) dy 2 + e−ex (t)−ey (t) dz 2 .
(4.197)
Applying the adimensionalization rules (4.177-4.179), Einstein and motion equations
read,
κ20 a2 (t)eex (t) + g 2 r2 (t)
a2 (t) '
'
'2
'2
a (t) −
ex (t)ey (t) + ex (t) + ey (t) =
12
2a4 (t)r2 (t)
'2
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e−ex (t)−ey (t) 2
a (t) eex (t) z '2 (t) + z 2 (t)eex (t) + eey (t) r2 (t)
2a2 (t)

+eey (t) r'2 (t) + g 2 z 2 (t)r2 (t) ,

(4.198)

κ20 a2 (t)eex (t) + 3g 2 r2 (t)
a(t) '
'
'2
'2
a +
ex (t)ey (t) + ex (t) + ey (t) = −
8
4a5 (t)r2 (t)
''

+

e−ex (t)−ey (t) 2
a (t) −2a'2 (t)eex (t)+ey (t) − eex (t) z '2 (t) + z 2 (t)eex (t)
4a3 (t)

+eey (t) r2 (t) − eey (t) r'2 (t) − g 2 z 2 (t)r2 (t) ,

e''x (t) + 3H(t)e'x (t) = −

4κ20 eex (t)
2e−ex (t)−ey (t) 2
+
a (t) eex (t) z '2 (t) − z 2 (t)eex (t)
4
2
4
a (t)
a (t)r (t)

+2eey (t) r2 (t) − 2eey (t) r'2 (t) + g 2 z 2 (t)r2 (t) ,

e''y (t)

+

3H(t)e'y (t)

(4.200)

2κ20 eex (t)
2e−ex (t)−ey (t) 2
= 4
+
a (t) −2eex (t) z '2 (t) + 2z 2 (t)eex (t)
2
4
a (t)
a (t)r (t)

−eey (t) r2 (t) + eey (t) r'2 (t) + g 2 z 2 (t)r2 (t) ,

φ' = κ0

(4.199)

g2
eex (t)
+
,
a3 (t) a(t)r2 (t)

(4.201)

(4.202)

r'' (t) + H(t)r' (t) − e'x (t)r' (t) −

κ20 e2ex (t)
g 2 z 2 (t)e−ey (t) r(t)
+
+ r(t) = 0,
a2 (t)r3 (t)
a2 (t)

(4.203)

z '' (t) + H(t)z ' (t) − e'y (t)z ' (t) +

g 2 e−ex (t) r2 (t)z(t)
+ z(t) = 0,
a2 (t)

(4.204)
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where κ0 is an integration constant and H = a' (τ )/a(τ ).
The evolution of the equation of state passes through three stages. When the
massive term is negligible, the equation of state is constant and it is constrained
to the interval 1/3 < ωini < 1. Its value highly depends on the initial condition of
φ' (0). The larger values of φ' (0) will saturate the upper bound and vice versa.
As the universe expands, the equation of state experiences a chaotic period, i.e.
its evolution has an exponential dependence on the initial condition varying between
1/3 > ω > −1/3. In the Minkowski study we observed that the average of ω seems to
converge at large times, see Fig. 4.7. This fact sets a limit on the evolution diﬀerence
for close initial conditions. Moreover, as the universe is expanding the non-linear
contribution will adiabatically decay with time, ﬁnishing the chaotic behaviour when
the system reaches an almost periodic solution. This evolution is illustrated in Fig
4.10. However, the chaotic regime can imprint important diﬀerences in the evolution
as shown in Fig. 4.11. As it aﬀects the redshift, this diﬀerence is physical and
the chaotic epoch could obscure the inferences about the primordial stages of the
universe.
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Figure 4.10: In this ﬁgure, we show the numerical time evolution of 3(1+ω) by solving numerically
the system (4.198-4.204) with initial conditions g = 5 · 102 , κ0 = 10−5 , a(0) = 10−3 , r(0) = 10−2 ,
r (0) = 0, z(0) = 10−2 , z (0) = 0.021 in blue and with z(0) = 1.01 · 10−2 in orange. The three
stages of the evolution are shown in the plots. For small times ω evolves adiabatically with the
expansion with a value constrained between 1 > ω > −1/3. As the universe expands the ﬂuid
enters in the chaotic phase(see longer times on the left plot). Finally, for later times, the non-linear
terms become small and the system behaves as a perturbed harmonic oscillator with average ω = 0
and an almost periodic evolution.

Figure 4.11: The numerical solution of the system (4.198-4.204) with initial conditions g = 103 ,
κ0 = 0.1, a(0) = 10−3 , r(0) = 10−2 , r (0) = 0, z(0) = 10−2 , z (0) = 2.1 · 10−3 in blue and
with z(0) = 1.01 · 10−2 in orange. As it can be seen, the behaviour of the eﬀective equation of
state is completely diﬀerent once the system enters in the chaotic stage. This eﬀect can result
in considerable diﬀerences of the scale factor evolution for the same parameters of the model
depending on close initial conditions (see the left side ﬁgure). This behaviour will end when the
system reaches the almost periodical phase or the inverse of the expansion rate is larger than the
time scale where the average EMT is no longer chaotic.
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Perturbations of massive vectors.

The interest in massive vector ﬁelds as dark matter candidates has been growing
during the last years [57,58,145,146]. The results introduced previously have shown
that anisotropy constraints do not rule out these models for a wide mass range,
Heq ; m aeq which approximately translate into a lower bound m 2 10−27 eV.
However, as dark matter has a principal role in the evolution of the structures
observed today in order to be a successful dark matter model it is not enough to
mimic the appropriate background. The intrinsic anisotropy can spoil its average
description as a dust ﬂuid at the perturbation level or generate an excesive amount
of vorticity and gravity waves which should have been detected.
The study of the deviations from the homogeneous theory is complex, but the
task will be simpliﬁed by following the same average approach used for the back
ground. However, notice that the gravitational slip is in general non-zero, thus as we
discussed along (2.85)-(2.89) the algebraic solution of Φk can spoil the underlying
assumptions of the average approach, such as \Φk A2 ) = Φk \A2 ), in some regions of
the spectrum.
Let us proceed by writing the complete version of the perturbed FLRW metric in
the longitudinal gauge, including vector and tensor perturbations, and the perturbed
ﬁeld,
ds2 = a2 (η) (1 + 2Φ(η, vx)) dη 2 − ((1 − 2Ψ(η, vx)) δij

(4.205)

+ hij (η, vx)) dxi dxj − 2Qi (η, vx)dηdxi ,
Aµ =

v (η) + δA
v (η, vx) ,
δA0 (η, vx), A

(4.206)

v is a divergenceless vector ﬁeld and hij a symmetric traceless transverse
where Q
tensor.
Considering the action (4.1) and a harmonic potential, the equation of motion
for δAi results,
v ' Qi − h' A'
δA''i + iki δA'0 − (Φ' + Ψ' ) A'i − 2ΦAi'' − i vkA
ij j
+

v =0,
m2 a2 + k 2 δAi − ki vk δA

(4.207)

and δA0 satisﬁes the constraint
vkδA
v ' − ivkA
v ' (Ψ + Φ) + m2 a2 A
vQ
v
i
.
δA0 (η, vk) =
2
2
2
m a +k

(4.208)
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The ﬁrst order perturbations of the EMT can be written in Fourier space as
v '
vk A
v ' δA
v'
Ψ
Φ
A
m2 v v
'2
2
2
2
'2
v
v
v
⎣
= − 4 A − m a A + 4A −
− i 4 δA0 + 2 AδA
a
a
a4
a
a
⎡

δT µν (η, vk)

+ hlm

Al' A'm
2a4

⎡

2

m
+ 2 Al Am
2a

δνµ

+

δ0µ δν0

⎣2 (Ψ − Φ)

vkA
v '2
v'
A
+ 2i 4 δA0
a4
a

'
v 'A
v'
δA(i
A'j)
Ai' Aj'
δA
A'l A'm ⎦
µ j
+ 2 4 − hlm 4
+ δi δν 2 (Ψ − Φ) 4 + 2
a
a
a
a4

⎤

k(i A'j)
Aj' Al' m2
δA(i Aj)
Ai Aj
+
h
+ 2 Aj Al
+ 2i 4 δA0 − 2Ψm2 2 − 2m2
il
a
a
a2
a4
a
⎛
⎞
v
vkA
v ' δA
vA
v
v'
A
Q
Ai δA0 ⎠
+ δ0µ δνi ⎝i 4 δAi − iki 4 − m2 2 Ai + m2
a
a
a
a2
⎛

⎞

vkA
v A
vA
v'
v'
v'
Q
Qi v '2
δA
Ai δA0 ⎠
+ δiµ δν0 ⎝ 4 A'i − 4 A
− i 4 δAi + i 4 ki − m2
, (4.209)
a
a
a
a
a2
and the corresponding perturbations of the average Einstein equations read
−3H (Ψ' + HΦ) − k 2 Ψ = 4πGa2 δT 00 ,

(4.210)

(4.211)
−2Ψ'' − 2 H2 + 2H' Φ − 2HΦ' − 4HΨ' + k 2 (Φ − Ψ) δji
1 ''
'
'
+ki kj (Ψ − Φ) −
+ k 2 hij − ik(i Qj)
− i2Hk(i Qj) = 8πGa2 δT ij ,
hij + 2Hhij
2
−2iki (Ψ' + HΦ) +

k2
Qi = 8πGa2 δT 0i .
2

(4.212)

Notice that as we will be able to solve explicitly the equation of motion through
a WKB approximation, we will consider the average l J deﬁned in Section 2.3.1.
Thus, we can deﬁne the average energy density and pressure as:
δρ(η, vk) = δT 00 (η, vk) ,
1
δp(η, vk) =
δT ii (η, vk) .
3

(4.213)
(4.214)

Unlike the scalar ﬁeld case, the perturbations of a vector ﬁeld can source the three
kinds of perturbations. This means that the standard separation in the evolution
can be more involved in this case. In this work we will proceed as follows: we will
ﬁrst consider the dynamics of scalar and vector modes neglecting the contributions
from gravity waves. We will then analyze the generation of gravity waves and will
ﬁnd that they are generically suppressed compared to the scalar and vector modes,
thus proving that our initial assumption was correct.
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Scalar and vector perturbations: basic formulae and
preliminaries

From equations (4.210-4.212) setting hij = 0 we can obtain the following set of
equations, which together with the equation of motion (4.207) will be the starting
point of our analysis:
• From the combination δGii − 3k̂i k̂ j δGij we get,
8πG
v ' − iδA0vk A
v ' δA
v'
−Ψ A'2 − m2 a2 A2 + ΦA'2 − A
2
a
v + 3 Ψ k̂A
v ' 2 − m2 a2 k̂A
v 2 − Φ k̂A
v' 2
v δA
+ m2 a 2 A

k 2 (Ψ − Φ) =

ˆ v'
kA

+

v ' + iδA0vkA
v ' − m2 a2 kˆ A
v
kˆ δA

v
kˆ δA

,(4.215)

with k̂ the unitary vector in the wavenumber direction.
• From G00 we obtain
−3H (Ψ' + HΦ) − k 2 Ψ =

4πG
Ψ A'2 + m2 a2 A2 − ΦA'2
a2
v ' + iδA0vkA
v .(4.216)
v ' δA
v ' + m2 a 2 A
v δA
+A

• From the longitudinal part of G0i we get
Ψ' + HΦ =

4πG
v'
− kˆ A
a2
m2 a2 v v
−i
QA
k

v +A
v
v ' δA
kˆ δA
2 2

v
v + i m a δA0 k̂A
k̂A
k

.

(4.217)

• From the divergenceless part of G0i we can write
v − δA
v
v ' k̂ k̂δA
v (η, vk) = − 16πG i vkA
Q
k 2 a2
ˆv −A
v v − δA0 k̂ kA
v
+m2 a2 QA

.

(4.218)

Before analysing the modes in the diﬀerent regimes, we would like to make the
following preliminary considerations:
1. For simplicity we will consider a linearly polarized background ﬁeld, which can
be written without loss of generality as
v (η) = A
v B (η) cos
A

ma dη + O(e2 ),

(4.219)
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v B (η) a slowly varying amplitude.
with A
We will work in the matter dominated era, assuming that all the DM is gen
erated by the vector ﬁeld and ignoring for simplicity the small baryon contri
bution. Thus, from the Friedmann equation,
8πG 2
a ρ,
3

(4.220)

A'2 m2 A2
,
+
2a4
2a2

(4.221)

H2 =
with ρ the average energy density:
ρ=
we get
AB (η) =

3
m2 η 2 πG

(1 + O(e)) .

(4.222)

2. As we are dealing with vector equations,
it is very helpful to adopt the or
q
r
thonormal basis {ûa , ûpk , ûp } ≡ ûA , (k̂ × ûA )/ sin θ, kˆ − cos θ ûA / sin θ ,
v direction and
for modes with k̂ , ûA ; where ûA is the normalized vector in A
cos θ ≡ k̂ · ûA . On the other hand, in the degenerate case with k̂ 1 ûA , we
can use a new orthonormal basis {ûa , ûpk1 , ûpk2 }, where {ûpk1 , ûpk2 } span
the orthogonal plane to ûa . It can be seen that the perturbations in those
directions are purely vector with the same dynamics as the ûpk , whereas the
ûa components generate purely scalar modes also with the same behaviour as
in the non-parallel case. Finally, no tensor modes are sourced for k̂ 1 ûA .
3. The ûa component of (4.218) gives us an algebraic equation for Qa . Once it
v as a
is solved, it is straightforward to write the other two components of Q
function of the scalar perturbations of the metric and the vector ﬁeld. After
that, combining equations (4.215), (4.216) and (4.217), we reach an algebraic
system from which we obtain Ψ and Φ depending on A and δA.
4. We have three independent (comoving) scales in the problem, namely, ma, H
and k. The main assumption of this work is that ma » max {H, k}, so that
we can deﬁne two small parameters e = H/(ma) and k/(ma). Depending on
the relation between these two ratios, the evolution of the perturbations will
behave diﬀerently. Thus, as we will show, the case k/(ma) ∼ e, i.e. k ∼ H
will lead to the standard CDM behaviour, whereas the k/(ma) ∼ e1/2 case,
i.e. k ∼ (Hma)1/2 will correspond to the wave DM behaviour as commented
above. We will perform an expansion in e and obtain only the leading order
term. The sub-leading correction will in general receive contributions from the
oscillating terms (m > 0) mentioned in Section II and are beyond the scope
of this work.
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5. Provided k « ma, as mentioned before, we will take for the perturbations an
adiabatic ansatz similar to that of the background:
v (η, vk) = δA
v s (η, vk) sin
δA

v c (η, vk) cos
madη + δA

madη + O(e2 ) ,
(4.223)

v (s,c) slowly evolving amplitudes. On the other hand, in the regime with
with δA
k ∼ ma, the perturbed ﬁeld oscillates with a diﬀerent frequency and as a result
in the averaging procedure all the perturbed quantities vanish, consequently
a cut oﬀ in perturbations is expected in the high wavenumber region.
6. In the very-low wavenumber regime with k/(ma) ∼ e3/2 i.e. k ∼ (H3 /(ma))1/2
the leading order equations get contributions from the oscillating terms that
cannot be neglected. Thus, our perturbative approach does not allow to ex
plore this region. Fortunately, for the masses usually considered [58] this range
is out of the cosmologically observable band. Notice for example that assum
ing for the preferred mass m = 10−22 eV the limiting wave-number results
k 10−9 Mpc−1 h much smaller than the lowest wave number accessible today
> 2π/H0 10−4 Mpc−1 h, see Fig. 4.12.
k∼
In Fig.4.12 we show the evolution of the diﬀerent
√ comoving scales involved in the
adiabatic expansion, namely, (H3 /(ma))1/2 , H, Hma and ma as a function of a
from matter-radiation equality to the present time. We see that modes in the wave
regime can cross into the particle regime, but this is not possible in the opposite
way.

4.4.2

Scalar perturbations: results

As mentioned above, we will concentrate in two diﬀerent regimes, namely, k/(ma) ∼
e and k/(ma) ∼ e1/2 . We will present the results of the perturbative analysis to the
leading order in the adiabatic expansion, i.e. up to relative corrections of order e.
Particle regime (k ∼ H, i.e. k/(ma) ∼ � )
Solving the set of equations (4.207), (4.215), (4.216), (4.217), (4.218), we get for
v s (η) and δA
v c (η) the following solutions in components to
the amplitude vectors δA
leading order.
For the components orthogonal to the background vector i = p, pk the solution
is straightforward,
δAi,(s,c) (η, vk) = a−1/2 Ci,(s,c) (vk),

(4.224)
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Figure 4.12: Evolution of comoving scales from matter-radiation equality for m = 10−22 eV.
The blue line sets the limit between the particle and wave regimes. The yellow region corresponds
to super-Hubble modes. The green one corresponds to sub-Hubble modes. The blue area is the
wave regime and the pink one is the cutoﬀ region. The orange region on the left corresponds to
the region where the perturbative approach breaks down.

with Ci,(s,c) constants. These components do not contribute to the scalar perturba
tions Φ and Ψ nor to the density and pressure perturbations.
The equations for the i = a component read:
H (48 + k 2 η 2 )
12 + k 2 η 2 '
δAa,s +
δAa,s ,
24ma
12ma
3
'
− H2 δAa,s = 0 ,
δA''a,s + HδAa,s
2
δAa,c =

(4.225)
(4.226)

Solving we obtain,
δAa,s (η, vk) = a Ca1 (vk) + a−3/2 Ca2 (vk),
(4.227)
√
4πG
Ca2 (vk) a−5/2 ,
(4.228)
Ψ(η, vk) = − 3πG Ca1 (vk) +
3
Φ(η, vk) = Ψ(η, vk),
(4.229)
2 2
2 2
k η
1
k η
δ(η, vk) = √
3+
Ca1 (vk) + 9 −
a−5/2 Ca2 (vk) ,(4.230)
4
2
2
δp(η, vk) = 0 .
(4.231)
The behaviour is the same as that of standard CDM. Notice that the non-decaying
mode of the scalar perturbation Φ is constant independently of the mode and the
gravitational slip vanishes since Φ = Ψ. Moreover, the perturbed energy density is
controlled by k 2 η 2 , making the density contrast δ constant for super-Hubble modes
and growing as δ ∼ a for sub-Hubble modes as expected.
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Wave regime (k ∼ (Hma)1/2 , i.e. k/(ma) ∼ �1/2 )

This case corresponds to modes whose wavelength is comparable to the de Broglie
wavelength of a comoving DM particle. In this regime the wave properties of DM
could have important eﬀects.
As in the previous case, we study the evolution of the diﬀerent components. For
the i = p, pk components, we get to the leading order
δAi,s (η, vk) = a−1/2 Ci2 (vk) sin

k2
k2
v
− Ci1 (k) cos
maH
maH

,

(4.232)

δAi,c (η, vk) = a−1/2 Ci1 (vk) sin

k2
k2
+ Ci2 (vk) cos
maH
maH

,

(4.233)

and

with Ci1 (vk) and Ci2 (vk) constants. Again these components do not contribute to the
scalar perturbations of the metric.
In order to solve for the ûa component, we will use equation (4.217) and average
v
\A· (4.207) ) obtaining
√
mH
Ψ(η, vk) = −2 3πG 2 δAa,c (η, vk) ,
k
√
mH
Φ(η, vk) = −2 3πG 2 δAa,c (η, vk) ,
k
ma
H
'
δAa,s = 2 2 δAa,c + δAa,c ,
k
2
4
k
δA''a,c + 2HδA'a,c +
− H2 δAa,c = 0 .
4m2 a2

(4.234)
(4.235)
(4.236)
(4.237)

By solving (4.237) we get,
3m2 a2 H2
maH
k2
v
+
3C
(
k)
cos
a1
maH
k2
k4
2 2 2
2
3m a H
maH
k
+ Ca1 (vk) 1 −
.
− 3Ca2 (vk) 2
sin
4
maH
k
k
(4.238)

δAc,a (η, vk) = a−1/2

Ca2 (vk) 1 −

The expressions of the metric scalar perturbations are trivially deduced from
(4.234), (4.235) and the leading order solution (4.238). The perturbed energy density
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and pressure can be written as
δρ(η, vk) =

3 mH √
3m2 a2 H2
maH
2
1
−
Ca1 (vk) − 3 2 Ca2 (vk)
5/2
4
k
8πG a
k
2
2 2 2
k
3m a H
sin
+
1−
Ca2 (vk)
maH
k4
maH
k2
+3 2 Ca1 (vk) cos
,
(4.239)
k
maH

3 H2
3m2 a2 H2
k2
√
cos(2θ)
1
−
Ca1 (vk)
8πG a7/2 2 2maH
k4
maH
k2
− 3 2 Ca2 (vk) + tan(2θ) Cp1 (vk) sin
maH
k
2 2 2
3m a H
maH
+
1−
Ca2 (vk) + 3 2 Ca1 (vk)
4
k
k
2
k
+ tan(2θ) Cp2 (vk) cos
,
(4.240)
maH

δp(η, vk) = −

whereas for the scalar metric perturbations we get:
√
mH
3m2 a2 H2
Φ(η, vk) = −2 3πG 2 1/2 Ca2 (vk) 1 −
k4
k a
3m2 a2 H2
k2
cos
+ Ca1 (vk) 1 −
maH
k4
maH
k2
−3Ca2 (vk) 2
sin
.
maH
k

maH
+ 3Ca1 (vk) 2
k

(4.241)

The evolution of the scalar perturbation potential is shown in Fig. 4.13.
We see that for the i = p component it is not possible to deﬁne a sound speed.
For the i = a component the eﬀective sound speed takes a very simple form,
c2ef f ≡

\δp)
k2
= − 2 2 cos(2θ) ,
\δρ)
4m a

(4.242)

however, this expression can become negative. As a matter of fact, since as we will
show below, there is a non-vanishing gravitational slip, this is not going to be the
characteristic propagation velocity of scalar perturbations.
Even though to the leading order we get Φ = Ψ, it is possible to derive the
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Φk (a)/Φk (aeq )
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Figure 4.13: Evolution of the Ca2 mode of the Φ perturbation with k = 80 h Mpc−1 for a vector
mass m = 10−22 eV normalized to the value at matter-radiation equality. We see the decaying
oscillating behaviour at early times and the constant asympotic behaviour at late times.

sub-leading contribution from (4.215)
2 2 2
8πG 3H
−1/2
vk) 1 − 3 m a H
√
C
(
1 + cos2 θ
a
a2
k4
3 2 2ma2
1
maH
k2
2
v
v
+ Cp2 (k) sin(2θ) + 3Ca1 (k) 2 1 + cos θ cos
maH
2
k
2 2 2
1
maH
+ Ca1 (vk) 1 − 3
1 + cos2 θ + Cp1 (vk) sin(2θ)
4
k
2
2
maH
k
−3Ca2 (vk) 2 1 + cos2 θ sin
.
(4.243)
maH
k

Ψ−Φ=−

Thus for the i = a components we can write for the gravitational slip:
Ψ(η, vk) − Φ(η, vk)
k2
=
(1 + cos2 θ)
2 a2
v
2m
Φ(η, k)

(4.244)

which, as commented before, is O(e) in the adiabatic expansion.
As expected, the previous expressions smoothly tend to the standard CDM be
haviour discussed in the previous section for k 2 /(maH) « 1 (see Fig. 4.13), indeed
δAca (η, vk)
Φ(η, vk)

m 2 a2 H 2
−3Ca2 (vk)a−1/2
∝η;
k4
Ψ(η, vk)

(4.245)

8πG 9
m3 a 2 H 3
√ Ca2 (vk)a−1/2
∝ constant ,
3
k6
2
(4.246)

130

Chapter 4. Cosmological vector ﬁelds
δ(η, vk)

8πG m √
3m2 a2 H2
2
−
Ca2 (vk) ∝ a ,
3 a1/2 H
k4

(4.247)

In the opposite limit k 2 /(maH) » 1 expressions (4.238)-(4.240) imply that the
perturbations
δAca (η, vk)
Φ(η, vk)

δρ(η, vk)

a−1/2 Ca2 (vk) cos

k2
k2
+ Ca1 (vk) sin
maH
maH

,

(4.248)

8πG 3 mH
k2
vk) cos
√
(
C
a2
3
maH
2 k 2 a1/2
2
k
+Ca1 (vk) sin
,
(4.249)
maH
k2
3 √ mH
k2
2 5/2
Ca2 (vk) cos
+ Ca1 (vk) sin
,
8πG
a
maH
maH
(4.250)

Ψ(η, vk)

−

are all oscillating and decaying (see Fig. 4.13). This is completely analogous to the
scalar ﬁeld DM case, and this is the reason why on scales with k 2 » maH we expect
a suppression in the matter power spectrum as compared to the standard CDM. See
Fig. 4.14 for the modiﬁcation on the linear transfer function Φk (a0 )/Φk (aeq ) induced
on small scales. Notice however that the possibility of generating a gravitational slip
is absent in the scalar ﬁeld case.

4.4. Perturbations of massive vectors.
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Figure 4.14: Expected correction in the linear transfer function for a vector mass m = 10−22 eV.
We see that the suppression is relevant for k > 10h Mpc−1

4.4.3

Vector perturbations: results

From equation (4.218) , we get to the leading order the following results in the two
regimes in which we are interested
Particle regime (k ∼ H, i.e. k/(ma) ∼ � )
We see that to the leading order, only the i = p, pk components contribute to
the vector modes. Such modes did not contribute to the scalar perturbations in this
regime, and accordingly they are purely vector like. Thus we get
√
8πG
3i
2H
v (η, vk) =
Q
sin(θ)Cp,s (vk) ûa
3/2
3 ka
− cos(θ)Cp,s (vk) ûp + cos(θ)Cpk,s (vk) ûpk .
(4.251)
All the components decay as a−2 in the matter dominated era. This is the same
behaviour expected for vector modes in standard CDM. Notice also that only the
v s actually contribute to the vector
sine components of the vector perturbations δA
v a cosine function,
modes. This can be understood since being the background A
the ﬁrst term in (4.218), which is the only one contributing to the leading order,
v ' factor which in the average procedure is only non-vanishing for sine
contains a A
perturbations.
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Wave regime (k ∼ (Hma)1/2 , i.e. k/(ma) ∼ �1/2 )

In this regime also only the i = p, pk components contribute to the vector modes
√
8πG
3i
2H
k2
k2
vk) cos
vk) sin
v vk) =
(
−
C
(
ûa
Q(η,
−
sin(θ)
C
p1
p2
3 ka3/2
maH
maH
k2
k2
+ cos(θ) Cp1 (vk) cos
− Cp2 (vk) sin
ûp
maH
maH
k2
k2
+ cos(θ) Cpk1 (vk) cos
− Cpk2 (vk) sin
ûpk .
maH
maH
(4.252)
We see that once again all the components decay as a−2 but with an oscillating
v s actually contribute in the average.
behaviour. Also in this case only the δA
In both regimes, even though we have a source for the vector modes, they ac
tually decay in the same fashion as in standard CDM, so that we do not expect
large contributions at late times, unless they were produced with very large initial
amplitudes.
To summarize this section, we have seen that in both regimes the i = a compo
nent contributes to the scalar but not to the vector perturbations, whereas for the
i = p, pk components the situation is the other way around, contributing to the
vector perturbations only. In addition, in the k ∼ H regime perturbations behave
exactly as in standard CDM, whereas in the k ∼ (Hma)1/2 regime we ﬁnd a diﬀerent
behaviour implying that all the scalar perturbations decay with expansion in the
same way as in scalar ﬁeld DM, but unlike the scalar case, a small but non-vanishing
gravitational slip is generated for the i = a component.

4.5

Tensor perturbations

So far we have neglected the tensor perturbations in the average equations. In order
to extract the equations for such modes we use the projector
1
Λij,lm ≡ Pil Pjm − Pij Plm
2

; Pij ≡ δij − kˆi kˆj .

(4.253)

Thus, contracting with Einstein equations we obtain
l
i
l
= Eji − k̂i kˆl Ejl − kˆj kˆm Em
Λij,lm Em
≡ Λij,lm δGm
− 8πG δTml
(4.254)
1
l
l
l
+ kˆi kˆj kˆl kˆm Em
−
δij − kˆi kˆj T r Em
− kˆl kˆm Em
.
2
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We will calculate
q the components of the tensor perturbation in the orthonormal
r
basis deﬁned by: û1 = ûpk , û2 = cos θ ûp − sin θ ûa , û3 = k̂ = sin θ ûp + cos θ ûa .
In this basis the tensor perturbation takes the standard form,
⎛

h+

h×

⎜

0

⎞
⎟

⎜
⎟
hij (η, vk) ≡ ⎜ h× −h+ 0 ⎟ .
⎝
⎠
0
0
0

(4.255)

From the projection of Einstein equations we reach
h''(+,×) + 2Hh'(+,×) + k 2 − 2 H2 + 2H' sin2 (θ) h× = S(+,×) ,

(4.256)

where
Ψ
S+ (η, vk) = −16πG sin(θ) sin(θ) − 2 A'2 − m2 a2 A2
a
'
'
'
kA
Φ
A δAa
+ 2 Ȧ2 −
− i 2 δA0 cos(θ) + m2 AδAa
2
a
a
a
' '
δAp A
k
− cos(θ)
+ i 2 sin(θ)A' δA'0 − m2 δAp A
2
a
a
δA'pk A'
v
S× (η, k) = 16πG sin(θ)
− m2 AδApk .
2
a

,

(4.257)
(4.258)

Particle regime (k ∼ H, i.e. k/(ma) ∼ � )
In this regime the sources vanish to the leading order
S+,× (η, vk) = 0
so that the generation of gravity waves will be negligible.

(4.259)
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Wave regime (k ∼ (Hma)1/2 , i.e. k/(ma) ∼ �1/2 )

In this regime, the average sources read
8πG 3 sin(θ) k 2 H
√
(4 cos2 (θ) − 1) sin(θ)
(4.260)
S+ (η, vk) = −
3 a3/2 2 ma
maH
k2
3m2 a2 H2
v
Ca2 (vk) 1 −
+3C
(
k)
cos
a1
k2
maH
k4
3m2 a2 H2
k2
vk) maH sin
+ Ca1 (vk) 1 −
−
3C
(
a2
k2
maH
k4
2
k2
k
+ 4 sin2 (θ) − 1 cos(θ) Cp1 (vk) sin
+ Cp2 (vk) cos
,
maH
maH
k2
k2
8πG 3 sin(θ) k 2 H
vk) sin
vk) cos
√
C
(
+
C
(
pk1
pk2
3 a3/2 2 ma
maH
maH

S× (η, vk) =

.
(4.261)

Thus we see that the i = a modes associated to the scalar perturbations are not
purely scalar, but rather scalar-tensor modes whose tensor components have only +
polarization. The vector perturbations with i = p are actually vector-tensor modes
also with + polarization and ﬁnally the i = pk component generates vector-tensor
perturbations with × polarization.
˜ (+,×) , we can obtain solutions in terms of
Redeﬁning the ﬁeld as h(+,×) = a−1 h
the Green’s functions:
h̃''(+,×) + k 2 h̃(+,×) = aS(+,×) ,

(4.262)

with solution,
1
h(+,×) (η, vk) =
a
1
=
a

η
η1
η
η1

G (η − η ' ) a(η ' )S(+,×) (η ' , vk)dη '
sin (k (η − η ' ))
a(η ' )S(+,×) (η ' , vk)dη ' ,
2k

(4.263)

where we have assumed that no incoming waves are present at the initial time η1 .
Thus, we are only considering gravitational waves sourced by the vector ﬁeld.
Let us consider for example h× and assume Cpk1 = 0
h× (η, vk) =

8πG 3 sin(θ) k
√
Cpk2 (vk)
3
2 2 ma(η)
η
H(η ' )
k2
'
'
dη sin (k (η − η )) 3/2 ' cos
a (η )
ma(η ' )H(η ' )
η1

. (4.264)
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In this regime k » H so that sin(k(η − η ' )) in the integrand oscillates rapidly
whereas S(+,×) (η ' ) evolves slowly with time, so that can use partial integration as in
(2.72) so that the leading term will be
h× (η, vk) =

8πG 3 sin(θ) Cpk2 (vk)
√
3
2 2 ma(η)
k2
H(η ' )
cos (k (η − η ' )) 3/2 ' cos
ma(η ' )H(η ' )
a (η )

η

(4.265)

.
η1

Thus, we obtain waves with an amplitude that decays as a−1 and propagate at the
speed of light. A completely analogous result can be obtained for the h+ polarization.

4.6

Gravitational wave detection

As shown above, scalar perturbations given by the Ca,(1,2) components generate a
gravity wave background with h+ polarization in the k ∼ (Hma)1/2 regime. If all
the cosmological DM is generated by the vector ﬁeld, it is possible to estimate the
spectrum of gravity waves associated to such components and compare with the
sensitivity of present and future detectors.
Note that for the mentioned components in this regime, the source S+ in (4.260)
can be written in terms of the scalar perturbation Φ given in (4.241) as
k4
Φ(η, vk).
(4.266)
m2 a 2
Thus, from (4.263), integrating by parts as in the previous section we get:
S+ (η, vk) = sin2 (θ) 4 cos2 (θ) − 1

h+ (η, vk) =

k2
sin2 (θ) 4 cos2 (θ) − 1
2
2m a(η)

cos (k (η − η ' )) a−1 (η ' )Φ(η ' , vk)

η
ηeq

(4.267)
where in order to simplify the calculation we have assumed an instantaneous change
to matter domination at equality, Ωm (aeq ) = Ωrad (aeq ), for both background and
perturbations. Thus, we set the initial amplitude of the gravity waves to zero at
equality. The term in brackets oscillates with an amplitude that decays as a−2 so
that it is dominated by the lower integration time. Evaluating it at η ' = ηeq , we
obtain
k2
v
h+ (η, vk) =
sin2 (θ) 1 − 4 cos2 (θ) cos (k (η − ηeq )) a−1
eq Φ(ηeq , k), (4.268)
2
2m a(η)
when the amplitude of the gravity wave is largest, we have
k2
h+ (ηeq , vk)
=
sin2 (θ) 1 − 4 cos2 (θ)
2 a2
v
2m
Φ(ηeq , k)
eq

(4.269)
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which is O(e). This is the reason why we could neglect the contribution of tensor
modes in the evolution of scalar and vector perturbations in Section V.
In this regime, with k » keq where keq = Heq = 0.073 Ωm h2 Mpc−1 it is possible
to obtain Φ(ηeq , vk) directly from the linear scalar transfer function [13]
Φ(ηeq , vk ) =

9 prim
Φ (k)T (k)
10

2
k
9 prim 12keq
Φ (k) 2 ln
,
8keq
10
k

(4.270)

with Φprim (k) the primordial amplitude of perturbations generated during inﬂation,
with a spectrum
k 3 prim
k
PΦ (k) = 2 |Φ (k)|2 = As
2π
k0

ns −1

(4.271)

where the values of the parameters, ln(1010 As ) = 3.089±0.036, ns = 0.9655±0.0062
and the pivot scale k0 = 0.05 Mpc−1 correspond to Planck observations [40].
Finally, the energy density today of gravitational waves with + polarization per
energy interval and solid angle unit reads [148, 149],
1 d2 ρGW
k 3 |h+ ' |2
dΩGW (k, η0 )
=
=
.
48π 3 H02
dΩ
ρc dΩd ln(k)

(4.272)

Integrating over the whole solid angle we obtain the spectral energy density,
ΩGW (k, η0 ) =

k 5 |h+ |2
k2
dΩ
=
1.605A
s
H02
48π 3 H02

2
keq
k
ln
2
8keq
m aeq

2

k
k0

ns −1

,
(4.273)

with
keq « k « maeq .

(4.274)

In Fig. 4.15, we compare the prediction of the vector ﬁeld DM model with the
sensitivity of present and future gravity wave experiments. The best sensitivity at
low frequencies correspond to the CMB data, but unfortunately the spectral range
only reaches k = keq just in the limit of the wave regime. On the other hand, at
higher frequencies, SKA pulsar timing limit is twelve orders of magnitude above the
production prediction.
If we integrate over k in the gravitational wave production band we get
maeq

dk
ΩGW (k, η0 )
k
8keq
k4
k2 k2
k
−
ln
= 1.605As 2 eq4 2
2
8keq
H0 m aeq 4

ΩGW (η0 ) =

(4.275)
k2 2
k
+
ln
2
8keq

maeq

.
8keq
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where we have approximated ns = 1 for simplicity. In Fig. 4.16 we plot ΩGW (η0 )
as a function of m. The expected sensitivity for the combined analysis of the future
COrE and Euclid missions [150] on the eﬀective number of relativistic degrees of
freedom can be translated into a limit on gravity wave abundance
ΩCOrE+Euclid
(η0 ) < 7.6 × 10−8 .
GW

(4.276)

As can be seen in Fig.4.16 the maximum production corresponds to masses m ∼
10−27 eV, but still it is a few orders of magnitude below the mentioned limit.

4.7

Conclusions

In this chapter we have shown that the isotropy constraints are naturally fulﬁlled by
cosmologically coherent vector ﬁelds provided they oscillate fast in comparison with
the expansion rate of the universe. We have proved this result exploiting a classical
mechanics analogy that applies within time intervals Δt « H −1 . This approach
has been applied to abelian vector models (Section 4.1.1) and Yang-Mills theories
(Sections 4.1.2 and 4.1.3) in a FLRW background, reaching the same results with
regard to anisotropy. In Section 4.2 we have discussed the isotropy theorem of cos
mological vector ﬁelds that states the conditions under which the same conclusions
can be extended to a general space-time.
Concerning the equation of state of these models, we have found that the abelian
ﬁeld behaviour is completely analogous to the scalar case for power-law potentials
regardless of the angular momentum of the ﬁeld. However, this is no longer true
when more general potentials are considered. On the other hand, for Yang-Mills
theories, the equation of state is not that simple even considering a power-law po
tential and, in general, depends on the particular conﬁguration chosen. In Section
4.3 some insight of the main cosmological features of homogeneous Yang-Mills mod
els has been gained by studying new families of solutions with a limited number
of degrees of freedom. We have shown that the main features of the solutions in
the Minkowskian limit characterize their cosmological evolution if the ﬁeld oscil
lates fast in comparison with the expansion rate of the universe. In order to prove
these results, we have studied numerically the exact Bianchi I background that they
generate whenever their energetic contribution dominates the EMT. Through this
analysis we have also been able to ﬁnd the dependence with the equation of state
of the anisotropy dilution, as well as to show that solutions that undergo a chaotic
phase seem to translate this feature to the universe geometry. Thus, it would be
very diﬃcult to infer the past of the universe whenever such a solution dominates
the background evolution.
Homogeneous massive ﬁelds have drawn the attention of the scientiﬁc community
in the last years because their deviation from CDM behaviour could explain some
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Figure 4.15: In this ﬁgure the sensitivities to the energy density abundance of gravitational
waves per mode today of COBE (red), EPTA (blue), SKA (orange), BBO (green), LISA (orange)
and eLISA (purple) are plotted [151, 152]. The black dashed line show the upper bound limit of
the massive vector gravitational waves production, as it can be seen its detection is unlikely with
the future detectors.

discrepancies between DM-only N-body simulations and observations (see Section
2.2.1). Analysing the perturbations of a massive abelian ﬁeld (Section 4.4), we have
found that the same behaviour can be expected for such ﬁelds in the usual range
of masses considered. In Fig. 4.17 a summary of the perturbations behaviour in
the diﬀerent regions of the spectrum is shown for massive vector and scalar models.
The main diﬀerence lies in the generation of vorticity and gravitational waves. The
solution for vorticity perturbations follows the same evolution as in the standard
CDM scenario, thus even if detected, they would not be a good discriminator. On
the other hand, the spectrum of gravitational waves is a feature that could stand out
the model as the dark matter particle. Unfortunately, the simple analysis performed
in this chapter shows that the expected intensity of the signal would be very small
in comparison with the sensitivity of current experiments.

4.7. Conclusions
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Figure 4.16: Gravity wave abundance as a function of the vector mass. The maximum is expected
for m

10−27 eV

Figure 4.17: The diagram shows the leading order behaviour of perturbations sourced by the
diﬀerent types of DM. In the standard CDM scenario, DM can be the source of scalar and vector
perturbations. In this case there are only two relevant regimes, namely, sub- and super-Hubble
modes. Coherent scalar DM can only source scalar perturbations, but their scaling depends not
only on the wavenumber but also on the mass of the ﬁeld, deﬁning a total of four diﬀerent regimes.
For coherent vectors, we have the same regimes as for the scalar, but in this case vector and tensor
perturbations can also be sourced, as well as a gravitational slip. Both massive scalar and vector
ﬁelds mimic CDM in yellow and green regions.
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Chapter 5
Isotropy theorem for cosmological
ﬁelds with arbitrary spin
As it was previously shown in Section 4.2 the approximately isotropic evolution of
a universe dominated by a vector ﬁeld is guaranteed under very general conditions.
Basically, if the ﬁeld oscillates with a frequency, νeﬀ , much higher than the expansion
2
rate of the universe, H, the anisotropy is suppressed by O(H2 /νeﬀ
). At ﬁrst sight
there is nothing in the Yang-Mills Lagrangian pointing towards this property, thus
in this chapter we will try to extend this result and to state an isotropic theorem
for cosmological ﬁelds with arbitrary spin and assuming a very general action.

5.1

The Belinfante-Rosenfeld energy momentum
tensor

Unlike in Section 4.1 the explicit dependence of the Lagrangian on the metric tensor
will be a priori unknown. This implies that we cannot obtain the energy-momentum
tensor by following the usual Hilbert deﬁnition as our starting point,
2 δS
T µν = − √
.
g δgµν

(5.1)

This diﬃculty will be circumvented following the so called Belinfante-Rosenfeld ap
proach to the energy-momentum tensor [153, 154], which allows us to relate the
Hilbert energy-momentum tensor to the canonical one. Unexpectedly, we will show
how the relation between the canonical and Hilbert forms is intimately related to
the anisotropic contribution.
Let us review the Belinfante-Rosenfeld approach in a Minkowski space-time [143]
and considering a Lagrangian density depending only on the ﬁelds (labelled by A)
141
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and their gradients:
L ≡ L φA , ∂µ φA .

(5.2)

Under an inﬁnitesimal x-dependent translation xµ → xµ + δaµ (x), the ﬁeld and its
gradient change as [143]:
δφA = δaµ (x) ∂µ φA (x) ,
δ∂µ φA (x) = δaν (x) ∂ν ∂µ φA (x) + ∂µ [δaν (x)] ∂ν φA (x) .

(5.3)
(5.4)

By imposing:
0=δ

d4 x δaν ∂µ Θµν ,

d4 xL = −

(5.5)

we obtain that the canonical energy-momentum tensor, which can be written as
Θµν = −η µν L +

∂L
∂ ν φA ,
∂ (∂µ φA )

(5.6)

should be conserved,
∂µ Θµν = 0 .

(5.7)

Notice that this tensor is nothing but the Noether current associated with the sym
metry under space-time translations, however Θµν is not necessarily symmetric.
This current is not unique, and we can always add a new piece with the form,
˜ ρµν ,
∂ρ Θ

(5.8)

˜ ρµν is antisymmetric in the ﬁrst two indices. This new piece does not
where Θ
modify the value of the Noether charge because it is a total derivative, neither its
time conservation because of its antisymmetry,
Qν =
dQν
dt

=

˜ ρ0ν ) =
d3 x(Θ0ν + ∂ρ Θ

˜ i0ν ) =
d3 x(Θ0ν + ∂i Θ

d3 x(∂µ Θµν + ∂µ ∂ρ Θ̃ρµν ) = 0 .

d3 xΘ0ν ;

(5.9)
(5.10)

We are interested in a symmetric energy-momentum tensor, as it is required to
appear on the right hand side of Einstein equations. The new piece that has to be
included can be written as [155, 156],
1
T µν = Θµν − ∂ρ (S ρµν + S µνρ − S νρµ ) ,
2

(5.11)

µ νρ A
S µνρ = ΠA
Σ φ ,

(5.12)

with

5.2. Homogeneous fast oscillating solutions
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where Σνρ are the antisymmetric Lorentz group generators in the corresponding
representation and
∂L
ΠµA =
(5.13)
∂ (∂µ φA )
is the generalized momentum associated to φA . T µν is the symmetric BelinfanteRosenfeld energy-momentum tensor which agrees with the Hilbert energy-momentum
tensor obtained from variations with respect to the metric (5.1) as shown in [153,
154, 157].
Both, the canonical energy-momentum tensor Θµν and the Belifante-Rosenfeld
tensor T µν can be written in a curved space-time straightforwardly through minimal
coupling, simply changing the ordinary derivatives to covariant ones,
1
ρµν
T µν = Θµν + ρ Θ̃ρµν = Θµν −
+ S µνρ − S νρµ ) .
(5.14)
ρ (S
2
Notice, that the form of the Lagrangian guarantees that only ﬁrst derivatives of the
ﬁelds will appear in Θµν .

5.2

Homogeneous fast oscillating solutions

As done in the previous chapters, we will look for a generalization of the virial
theorem in order to evaluate the average energy-momentum tensor of homogeneous
ﬁelds φA (t). Before writing the most general theorem, let us consider a Friedmann
Lemaı̂tre-Robertson-Walker (FLRW) metric for simplicity,
ds2 = dt2 − a(t) dvx2 .

(5.15)

The energy-momentum tensor expressed in components reads
1
(5.16)
T 00 = Π0A ∂0 φA − L − ∂0 S 000 = Π0A ∂0 φA − L,
2
1
(5.17)
T 0j = − ∂0 S 00j + S 0j0 − S j00 = 0,
2
1
j j0 A
Σ φ , (5.18)
T jj = −g jj L − ∂0 S 0jj + S jj0 − S j0j = −g jj L − ∂0 ΠA
2
1
j k0 A
0 jk A
k 0j A
Σ φ + ΠA
Σ φ + ΠA
Σ φ ,
(5.19)
T jk = − ∂0 ΠA
2
with k = j. The antisymmetry of the Lorentz group generators, Σµν , has been used
for simpliﬁcation. Notice also that we have neglected the derivatives of the metric
˜ Thus,
in comparison with the ﬁeld evolution, i.e. ∂0 Θ̃ ∼ O νeﬀ Θ̃ » HΘ.
˜ ρµν
ρΘ

˜ 0µν + Γρ Θ̃δµν + Γµ Θ̃ρδν + Γν Θ̃ρµδ
= ∂0 Θ
δρ
δρ
δρ

˜ 0µν + O
∂0 Θ

H
.
νeﬀ
(5.20)
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˜ ρµν tensor is indeed the source of
As it can be seen in (5.18) and (5.19), the Θ
the anisotropies. However, as it is a total derivative
ρµν
ρ Θ̃

=

1
T

t+T
t

˜ 0µν (t + T ) − Θ̃0µν (t)
Θ
,
T

dt' ∂0 Θ̃0µν (t' ) =

(5.21)

its average vanishes in comparison with \T 00 ) for suﬃciently large T if the ﬁeld
evolution is periodic or bounded as it is explained in Section 2.3. Finally, the
average energy-momentum tensor reads,
\T 00 )
\T 0j )
\T jj )
\T jk )

=
=
=
=

\Π0A ∂0 φA − L) ;
T 0j = 0 ;
\−g jj L) ;
0 ;k = j ,

(5.22)
(5.23)
(5.24)
(5.25)

which, as it can be seen, results isotropic.
Moreover, using these results we can also express the average equation of state
in this suggestive form:
ω=

\p)
\L)
\L)
=
=
,
0
A
\H )
\ρ)
\ΠA ∂0 φ − L)

(5.26)

with H the Hamiltonian of the system.
There are other ways of writing this quantity:
ω=
Or using the equation ∂0 φA =

\Π0A ∂0 φA )
−1.
\H )

(5.27)

∂H
,
∂ Π0A

ω=

∂H
\Π0A ∂Π
0 )
A

\H )

−1.

(5.28)

Another form can be reached using the Euler-Lagrange equation for φA ,
∂L
,
∂φA
ω=

0 A
\∂0 ΠA
φ − ∂0 Π0A φA )

\H )

−1=

∂L
A
\− ∂φ
A φ )

\H )

µ
µ ΠA

=

−1,
(5.29)

0 A
where we have also applied the extension of the virial theorem to Π0A φA , i.e. \∂0 ΠA
φ )=
0.
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From (5.28) and (5.29), we can deduce that the following average equation is
satisﬁed
\Π0A

∂H
∂L
+ A φA ) = 0 .
0
∂ΠA ∂φ

(5.30)

This last equation results very helpful when considering theories where the kinetic
and potential terms can be written separately as simple power-laws in the following
form
0
H = λAB g00 Π0A ΠB

nT

+ MAB φA φB

nV

,

(5.31)

where λAB and MAB are constant matrices. In such a case, Equation (5.30) relates
the averages of T and V
\T ) =

nV
\V ) .
nT

(5.32)

By using (5.29), we can obtain an analytic expression for ω independent of initial
conditions or the particular polarization of φA :

ω=

2 nV
2 nV \V )
−1=
−1.
\T + V )
1 + nnVT

(5.33)

Notice that this result is also independent of the ﬁeld spin. For instance, for the
canonical kinetic term with nT = 1, the behaviour of the equation of state coincides
with that of scalar ﬁelds [92] (Section 3.1.1) and abelian vector theories [145] (Section
4.1.1)
ω=

nV − 1
.
nV + 1

(5.34)

Note that fast oscillating ﬁelds can have associated a negative eﬀective equation
of state parameter. In this sense, they can be regarded as potential new models of
dark energy or inﬂation. Indeed, we have shown that this result does not depend
on the spin. Similar approaches for scalar ﬁelds have been already considered in the
literature [88, 89, 158]. Another potential interest of these results comes from the
possibility of avoiding the anisotropy typically expected during the reheating period
in inﬂationary models based on vectors or higher-spin ﬁelds.
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5.2.1

A spin-2 example

As an example, we will apply the previous results to the Fierz-Pauli theory of massive
gravity on a curved space-time background given by the Lagrangian 1
L =

MP2 l
8
−

µν
αh

µ
α hµ

α ν
hν

α

hµν − 2

α
α hµ

µβ
β h +2

− m2g hµν hµν − hµµ

2

α
α hµ

µ β
hβ

(5.35)

.

The momentum of this ﬁeld can be written as
Π0µν ~=

MP2 l
∂L
=
∂ ( 0 hµν )
4
0
+ δ(µ

0

α
α hν)

0
hµν − 2δ(µ

α
ν) hα

+ gµν

α0
αh

− gµν

0 α
hα

(5.36)

,

where A(µ B ν) = (Aµ B ν + Aν B µ )/2.
Imposing homogeneity, considering a FLRW metric and exploiting the fact that
hµν is symmetric, the momenta and the Lagrangian take the form
Π00µ = 0 ;
MP2 l 0
∂ hij , i = j ;
4
M2
= − ' Pl
∂ 0 hjj ;
4 j=
# i~

Π0ij ~ =
Π0ii

L =

(5.37)

MP2 l ~
∂0 hij ∂ 0 hij − ∂0 hii ∂ 0 hjj − mg2 hµν hµν − hµµ
8

2

,

where we have neglected the expansion rate with respect to the temporal variation
of the ﬁeld. We will also need the explicit expression for the Hamiltonian. Under
the same assumptions, we can write
H

≡ Π0µν ∂~ 0 hµν − L =

MP2 l
∂0 hij ∂ 0 hij − ∂0 hii ∂ 0 hjj + m2g hµν hµν − hµµ
8

2

.
(5.38)

As it can be seen, the Lagrangian and the Hamiltonian take the standard structure
L = T − V and H = T + V . If the ﬁeld evolves under the conditions for applying
the virial theorem, then (5.30) holds. Consequently,
Π0µν
1

∂H
∂L µν
+
h
0
µν
∂Πµν
~ ∂h

= Π0µν ~ 0 hµν +

∂L µν
h
∂hµν

= \2T − 2V ) = 0 , (5.39)

Note that we are assuming a minimal gravitational coupling for the spin-2 ﬁeld. There are
more general options [159] but they are not relevant for the isotropy theorem presented in this
analysis.

5.3. The isotropy theorem for more general geometries
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where one of the Hamilton equations has been used in the ﬁrst equality. We can
conclude that the behaviour of the ﬁeld will be that of dust perfect ﬂuids by using
the last average equation and (5.26):
ω=

\L)
\T − V )
=
=0.
\H )
\T + V )

(5.40)

Therefore, given the weak coupling to matter ﬁelds, a homogeneous spin-two massive
graviton can contribute to the dark matter density. The massive graviton has been
already studied as a dark matter candidate by assuming an isotropic stochastic
background [160, 161]. However, even an anisotropic coherent evolution could be
taken into account as a viable model since, as shown before, it does not introduce
an important amount of anisotropy in the background geometry.

5.3

The isotropy theorem for more general ge
ometries

In this Section we will study the possibility of extending this result to more general
geometries with that purpose let us consider an inertial observer located at xµ0 = 0
under a general space-time geometry, writing the metric around it using Riemann
normal coordinates:
1
gµν (x) = ηµν + Rµανβ xα xβ + . . .
3

(5.41)

If the following conditions hold:
1. The Lagrangian depends only on the ﬁelds and their gradients.
2. The ﬁeld evolves rapidly:
γ~
|Rλµν
| « '(ν A )2 , and |∂j S µνρ | « |∂0 S µνρ |, for j = 1, 2, 3 ; (5.42)

for any component of the Riemann tensor. ν A is the characteristic frequency
of φA .
3. S µνρ , i.e. φA and Π0A , remains bounded in the evolution.
then, the second condition implies that if the averaging times satisfy
γ
A 2
|Rλµν
| « T −2 « (νeﬀ
) ,

(5.43)

we are in a normal neighbourhood and we can neglect the second term in (5.41) so
that we can work locally in a Minkowskian space-time. In the normal neighbourhood
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˜ ρµν can also be considered as a homogeneous ﬁeld. In such a
of the observer, Θ
region, it is then possible to rewrite all the above equations in Minkowski space
time (a(t) = 1). Accordingly, it is also possible to neglect the right-hand side in
(5.21) and prove that the mean value of the energy-momentum tensor is isotropic.
Thus, if oscillations are fast compared to the curvature scale, the average energy
momentum tensor takes the perfect ﬂuid form for any locally inertial observer.

5.4

Conclusions

In this chapter we have extended the applicability of the isotropy theorem of vector
ﬁelds to arbitrary spin theories. The main obstacle to explore this possibility is the
computation of computing the EMT for a general action that only depends on ﬁelds
and their ﬁrst derivatives. As the dependence with the metric is not explicit, the
standard Hilbert prescription cannot be used to obtain the EMT.
Fortunately, under the assumption of minimal coupling with gravity, the BelinfanteRosenfeld approach to the energy momentum tensor can solve this issue. This ap
proach relates Hilbert deﬁnition with the canonical energy momentum tensor which,
as a matter of fact, also stands out the tensor responsible of the anisotropic contri
bution. Under the usual conditions of homogeneity and fast evolution in comparison
with the expansion rate of the universe, this tensor can be written approximately
as a total time derivative. Thus, following the same process developed in Section
3.1.1 to obtain the generalization of the virial theorem, it is shown to be negligible
in comparison with other EMT components such as the energy density.
Using this generalization of the virial theorem, we have not only shown that the
background evolves almost isotropically but also we could reach a simple expression
for the equation of state of power law Hamiltonian theories,
0
H = λAB g00 Π0A ΠB
2 nV
ω=
−1.
1 + nnVT

nT

+ MAB φA φB

nV

,

(5.44)
(5.45)

This derivation explains the coincidence between the value of ω for scalar and abelian
vector models; as for the standard kinetic term nT = 1, where we recover the
standard result:
ω=

nV − 1
.
nV + 1

(5.46)

After that, a Fierz-Pauli theory of massive gravity has been exposed as a par
ticular example. Following this procedure we have shown that it behaves as a dust

perfect ﬂuid for large enough masses. This fact validates this model as a viable DM
candidate, at least at background level.
Finally, an extension of the isotropy theorem has been stated assuming a general
geometry. The theorem gathers the conditions under which a fast oscillating ﬁeld
of arbitrary-spin gives rise to an EMT with negligible contribution to anisotropy.
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Conclusions
Even if we have a good understanding of the universe evolution from nucleosynthesis,
the nature of the major part of its energetic content remains unknown. Cosmological
coherent scalar ﬁelds are standard solutions of these problems. Their popularity is
not only based on their simplicity, but mainly in the fact that they intrinsically
respect the observed large degree of isotropy.
In this thesis we have analysed the cosmological dynamics of arbitrary-spin coher
ent ﬁelds when their typical oscillation frequency is much higher than the expansion
rate of the universe. We have shown that in this case a good approximation of
the Einstein equations solution can be obtained by temporally averaging the en
ergy momentum tensor. In order to compute the averages we have introduced two
methods:
1. For the harmonic potential case, it is possible to obtain the solution of the
ﬁeld equation of motion through an expansion in the parameters H 2 /m2 and
k 2 /m2 a2 , with: a scale factor, H = a/a
˙
the expansion rate, m the mass of
the particle and k the wavenumber of the perturbation. Thanks to the ap
proximated solution, we can isolate the slowly evolving contribution of the
fast-oscillating factors in the energy momentum tensor. This procedure not
only enables us to solve the background evolution, but also to identify the
cosmologically relevant bands in the perturbations spectrum, namely the par
ticle and wave regimes. In the particle regime, i.e. k 2 /a2 « Hm, a comoving
observer would observe dust particles, thus the perturbations evolve as cold
dark matter. On the other hand, in the wave regime, i.e. k 2 /a2 » Hm,
the de Broglie wavelength becomes much larger than the perturbation wave
length, and the observer would not be able to localize it. This non-localization
originates an eﬀective pressure that works against the formation of structures.
2. For a general potential, we have developed a generalization of the virial the
orem which has allowed us to determine the average equation of state as well
as the eﬀective sound speed of density perturbations.
Let us brieﬂy summarize hereunder the main results obtained:

• Scalar case: We have derived the average equation of state and the eﬀective
sound speed of the density perturbations of fast oscillating scalar ﬁelds. For
the particular case of a power-law potential these quantities take a very simple
form that depends only on the exponent of the potential. In the harmonic
case, as previously discussed, the averages can be computed explicitly. This
fact has enabled us to obtain the leading contribution to the sound speed in
the wave regime, as well as its ﬁrst order anharmonic correction. Finally, these
results have been tested both numerically and by comparison with asymptotic
analytical solutions.
• Vector case: We have shown that the vector ﬁeld contribution to the anisotropy
can be neglected provided that it is oscillating fast in comparison with the ex
pansion rate of the universe. For abelian models with a power-law potential,
the behaviour of its equation of state is indeed the same as in the scalar case.
However, this will not be true if more complicated actions such as Yang-Mills
theories are considered. We have made a detailed analysis of this case look
ing for particular solutions with a restricted number of degrees of freedom.
The diﬀerent conﬁgurations exhibit a much richer behaviour of the equation
of state which can undergo a chaotic period that aﬀects the cosmological evo
lution. Concerning the deviations from the homogeneous solution, we have
analysed the perturbations of a linearly polarized massive vector. This model
results very interesting as a dark matter candidate. For the majority of the
properties, the evolution of the cosmologically relevant modes behaves as those
of a massive scalar. For instance, the same small scale evolution of the fuzzy
dark matter scenario is obtained. However, in contrast to the scalar case,
cosmological shear and gravitational waves are generated. In any case, our
analysis shows that the possibility of detecting them with current experiments
is very limited due to the lack of sensitivity.
• Arbitrary-spin case: We have shown a theorem that synthesizes the condi
tions under which the anisotropic contribution to the Einstein equations of an
arbitrary-spin cosmological ﬁeld can be neglected. The applicability conditions
of this theorem are very general, assuming basically: a Lagrangian that only
depends on the ﬁeld and its ﬁrst derivatives, minimal coupling with gravity
and fast-evolving ﬁelds.
We can conclude that fast-oscillating cosmologically coherent ﬁelds of arbitrary
spin behave as a perfect ﬂuid with a negligible anisotropic contribution. Particularly,
harmonic models mimic cold dark matter at the largest scales but can deviate from
this behaviour at small scales depending on the parameters of the model.

Appendix A
Summary table of homogeneous
Yang-Mills particular solutions
Summary table of homogeneous particular solutions.
General group
Solution

Equations

Observations

Aai = kia fi (t)

(4.84)

Solution A
Conditions: (4.86) and (4.87),
if fi (t) = f (t): (4.88) and (4.89).

Aai b = fib δbi .

(4.93 - 4.95)

Aaµ1 = (0, 0, 0, Aa1 ),
(4.100 - 4.101)
Aaµ2

=

Solution B.1
Conditions: (4.91) and (4.92),
if fib = f (t): (4.96) and (4.97)
Solution B.2
Condition: (4.91) and (4.92).

(0, Aax2 , Aay2 , 0).

Aaµ = (0, f (t)vk)

Solution B.2
Trivial abelian case.

Aa0 = δaa1 A0 ,

A0 =
� 0 Type A
Conditions: (4.107 - 4.109).

Aaµ2 = (0, A2 (t)û),

(4.110)

Aaµ3 = (0, A3 (t)û).
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SU (2)
The structure constants can be deﬁned as:
c123 = 1,

(A.1)

SU(2) with Aa0 = 0
Solution
Aaµ = (0, f (t)vk a ) ;
(4.115)
vk a · vk b = δ ab .
A1µ = (0, A(t), −A(t), 0);
A2µ = (0, 0, A(t), −A(t));

Observations

Equations

Particular case of Solution A
and B. This solution can be
found in [110–114].

Particular case of Solution A.
(4.119)

A3µ = (0, −A(t), 0, A(t)).
Solution B.1

(4.120)

Solution B.2

(4.123 - 4.124)

Contains the previous solution as
a particular case.

SU(2) with Aa0 =
� 0
Solution

Equations

Observations

(4.110)

Type A ξ = 0. The behaviour
depends of the orientation of û
and v̂.

Aaµ1 = (A0 (t), A3 (t)v̂) ,
a

Aµj = (0, Aj (t)û).
A1µ = (A0 , Ax , Ay , Az ),
A2µ = (A0 , Az , Ax , Ay ),
A3µ = (A0 , Ay , Az , Ax ),
Aa = (At (t), As (t)vk).
µ

(4.131 - 4.134)

Type B ξ �= 0.

Abelian case.

SU (3)
The structure constants can be deﬁned as:
c123 = 1,

(A.2)

1
c147 = −c156 = c246 = c257 = c345 = −c367 = ,
2
√
3
.
c458 = c678 =
2

(A.3)
(A.4)

SU(3) with Aa0 = 0
Solution

Observations

Equations

SU(2) subgroup

Detailed in the previous tables.

Solution B.1

(4.93 - 4.95)

Taking ai ∈ {1, 2, 3} and
ai+1,i+2 ∈ {4, 5, 6, 7, 8} the con
ditions are satisﬁed, for some of
them, e.g. ai+1 = 8, the solution
is abelian.

(4.100 - 4.101)

Taking ai ∈ {1, 2, 3} and
ai+1,i+2 ∈ {4, 5, 6, 7, 8} the con
ditions are satisﬁed, for some of
them, e.g. ai+1 = 8, the solution
is abelian.

Solution B.2

SU(3) with Aa0 =
� 0
Solution

Equations

Observations

(4.110)

The tuples {a1 , a2 , a3 } that sat
isfy conditions (4.103-4.105) are
all the permutations of {1, 2, 3},
{1, 4, 7},
{1, 5, 6},
{2, 4, 6},
{2, 7, 5} (30 cases).

Aaµ1 = (A0 (t), A3 (t)v̂) ,
a
Aµj

= (0, Aj (t)û).
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