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Abstract—According to intensity consideration along the prop-
agation axis, we derived mathematical conditions for a family of
modulating functions able to produce needles of arbitrary length,
sub-wavelength width and almost constant irradiance. These
functions are derived by introducing mathematical constrains
on the on-axis power content. As a result, the modulating
distribution is continuous with no jumps within or at the edge of
the pupil. Numerical results suggests that the proposed approach
is suitable for producing high quality needles.

Index Terms—Light needles, High Numerical Aperture optical
systems, Polarization.

I. INTRODUCTION

Most designs proposed for generating optical needles are
based on the utilization of binary or ternary ring-geometry
modulation functions [1]–[6]. Nevertheless, diffractive needles
produced by means of high numerical aperture objective lenses
usually display remarkable distortions and lack of quality.
To avoid this behavior, several authors developed alterna-
tive techniques to avoid the use of bulky diffractive optical
elements. In particular, super-oscillatory lenses have been
made using both spatial light modulators and metamaterials
[7]–[10]. Interestingly, polarization takes a key role in the
calculation of optical needles, as pointed out in [11]–[14]. In
this communication we discuss our recent developments on
the design of diffractive optical needles [15].

II. BACKGROUND

The electric field E at the focal area is described by the
Richards-Wolf integral [16]

E(r, φ, z) = A

∫ θ0

0

∫ 2π

0

E0(θ, ϕ) exp (ikr sin θ cos(φ− ϕ))

exp (−ikz cos θ) sin θ dθ dϕ. (1)

k is the wave number, (r, φ, z) are the cylindrical coordinates
at the focal area, θ and ϕ are the polar and the azimuthal angles
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at the Gaussian sphere of reference and A is a constant. The
Numerical Aperture (NA) of the focusing lens is NA=sin θ0
where θ0 = max{θ} is the semi-aperture angle.

E0 is the vector angular spectrum described by

E0 =
√
cos θ ((Es · e1) e1 + (Es · e′2) e2) , (2)

where e1 and e2 are unit orthogonal vectors on the azimuthal
and radial directions and e′2 is the projection of e2 on the
entrance pupil plane:

e1 = (− sinϕ, cosϕ, 0) (3a)
e2 = ( cos θ cosϕ , cos θ sinϕ , sin θ ) (3b)

e′2 = (cosϕ, sinϕ, 0) . (3c)

Es describes the transversal beam distribution at the entrance
pupil of the optical system, namely

Es(θ, ϕ) = g(θ)h(θ)p(ϕ). (4)

h(θ) is a modulation function tailored for producing light
needles and p(ϕ)) describes the input polarization pattern.
Without loss of generality, the illuminating beam profile g(θ)
is considered Gaussian, i.e.:

Es =
1√
2
exp

(
− sin2 θ

f2
0 sin2 θ0

)
(hx(θ, ϕ)ex + hy(θ, ϕ)ey) ,

(5)
where ex = (1, 0, 0), ey = (0, 1, 0) and f0 is the filling factor.

III. OPTICAL NEEDLE DESIGN

In this paper we propose a modulation function h(θ) able
to produce long light needles with sub-wavelength width and
almost constant irradiance. First, we introduce vector function
F̃, which is related to the electric field on the optical axis
E(0, z) by means of the following equation:

E(0, z) =

∫ θ0

0

F̃(θ)e−ikz cos θ sin θ dθ (6)



with

F̃(θ) = A

∫ 2π

0

E0(θ, ϕ) dϕ =

A

∫ 2π

0

√
cos θ ((Es · e1) e1 + (Es · e′2) e2) dϕ . (7)

The modulation function h(θ) is selected in such a way that
F̃(cos θ) is continuous and presents a zero jump at the entrance
pupil edge, i.e. F̃(cos θ0) = 0. Moreover, it is required that
F̃ displays large derivative values. If both conditions holds, it
can be demonstrated that the length of the light distribution
2L on the z−axis that encloses at least the 75% of the on-axis
power content is

2L =
2λ

π

⎡
⎢⎣
∫ 1

α0

∣∣∣dF̃(α)
dα

∣∣∣2 dα∫ 1

α0

∣∣F̃(α)∣∣2 dα

⎤
⎥⎦

1
2

. (8)

Among all possible modulation distributions h(θ) that
produces F̃(cos θ) functions with the desired mathematical
properties, we propose the following one:

h(θ) = N sinc

(
2πN

cos θ − α(m)

1− α0

)
sin θ (9)

where α(m) is

α(m) =
m

2N
(1− α0) + α0, (10)

and sinc(x) is the unnormalized cardinal sine function; N and
m are natural numbers (0 < m < 2N ) and factor α(m) is
related to the transverse width. Note that h(0) = h(θ0) = 0.

IV. NUMERICAL RESULTS

In order to test the proposed modulation function h(θ), we
simulated the behavior of a optical needle with the following
parameters: N = m = 7, NA = 0.85. In this case, the input
beam Es is assumed to be radially polarized. The filling factor
of the Gaussian illuminating beam is f0 = 1.5.

The simulation is performed considering an optical system
able to produce beams with arbitrary complex amplitude and
polarization [17], [18]. Lack of flatness and codification errors
in the liquid crystal devices are also taken into account.

The produced needle is about 35λ long with sub-wavelength
width. The three images on the top show the transverse light
distribution at the planes indicated by the arrows. Interestingly,
the axial intensity displays an almost constant irradiance.

V. CONCLUDING REMARKS

Summarizing, we proposed a new family of modulation
functions for producing diffractive needles with arbitrary po-
larization and almost constant irradiance. These function are
derived by introducing mathematical constrains on the on-
axis power content. As a result, the modulating distribution is
continuous with no jumps within or at the edge of the pupil.
To illustrate their behavior, we simulated a 35λ-long needle
in realistic conditions.

Fig. 1. Simulation of a radially polarized optical needle. N = m = 7, NA
= 0.85, f0 = 1.5
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