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In this work we study the chiral phase transition as observed by an accelerating observer taking into
account the Unruh effect. We use chiral perturbation theory at leading order and the large N limit (N being
the number of pions) as an effective description of low-energy QCD, and the thermalization theorem to
compute the relevant partition function for the accelerating observer. As a result, we obtain that chiral
symmetry is restored for uniformly accelerated observers with acceleration a larger than the critical value
ac ¼ 4πfπ , with fπ being the pion decay constant.
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I. INTRODUCTION

It is well known that the formulation of quantum field
theory for arbitrary observers in Minkowski spacetime, or
in the presence of gravitational fields, is nontrivial mainly
due to the possible presence of horizons. The best known
examples of this are Hawking radiation [1] and the Unruh
effect [2] (see [3] for a very complete review). In this work,
we shall concentrate on the second one and its connection
with chiral symmetry restoration.
Attempting to better understand Hawking radiation,

Unruh discovered that the vacuum state of a free quantum
field theory in Minkowski spacetime is felt by an uniformly
accelerated observer with acceleration a as a thermal
ensemble of particles at temperature

T ¼ aℏ
2πckB

≃ 3.97 × 10−20
a
g⊕

K; ð1Þ

where g⊕ ≃ 9.8 m=s2 is the Earth’s mean surface gravity.
Therefore, it is thought that the accelerations required to
observe theUnruh effect directly are too high to be attained in
the laboratory. There exist, however, some proposals for
indirect detection. For instance, Bell and Leinaas suggested
in 1987 that the Unruh effect may be observed by measuring

the polarization of electrons in storage rings [4], but this
interesting possibility is still under discussion [3].
In spite of this, the Unruh effect is deemed to be highly

fundamental. First, it is the result of the interplay between
quantum field theory, relativity and statistical mechanics, as
can be clearly seen from expression (1), in which the
Planck constant ℏ, the speed of light c and the Boltzmann
constant kB appear together (in the following we will use
natural units with c ¼ ℏ ¼ kB ¼ 1). Second, it can be
derived in several ways, such as the response to quantum
fluctuations of Unruh-DeWitt detectors moving along
noninertial trajectories, canonical quantization [5], and
even axiomatic quantum field theory [6] in the context
of modular theory, where the concept of KMS (Kubo-
Martin-Schwinger) states [7] plays an essential role [8].
Even more importantly, Lee and collaborators showed

in 1986 [9] that the Unruh effect can be generalized to
theories with several interacting fields of arbitrary spin.
Moreover, the result does not rely on perturbation theory or
any other particular treatment of the interaction. It is thus
natural to wonder whether the Unruh effect may be able to
trigger nontrivial dynamical effects that appear in finite-
temperature interacting field theories in Minkowski space-
time, such as phase transitions. Indeed, it has already been
shown that accelerated observers can witness the restora-
tion of spontaneously broken global symmetries in some
systems, such as the Nambu-Jona-Lasinio model [10], the
λϕ4 theory at the one-loop level [11] or the linear sigma
model (LσM) in the large N limit [12]. In fact, Lee’s
formalism, also known as the thermalizatiom theorem, has
been successfully employed to study the Brout-Englert-
Higgs mechanism (i.e., the restoration of a gauge sym-
metry) as seen by accelerating observers [13].
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In this work, we shall make use of Lee’s formalism
to study whether uniform accelerations may lead to a
restoration of the spontaneously broken global chiral
symmetry of quantum chromodynamics (QCD), the theory
of strong interactions in the Standard Model of particle
physics. With that purpose, we will first review the basic
features of this theory in flat spacetime (including its low-
energy effective description and the chiral phase transition
at finite temperature). After that, we will briefly review the
motion of uniformly accelerated observers in Minkowski
and the thermalization theorem, concluding with the
computation of the chiral phase transition in Rindler
spacetime, where uniformly accelerated observers live.
As expected (for two massless-quark flavors), we will find
completely analogous results in both the finite-temperature
and uniformly accelerated cases, with a typical second-
order (or Landau-Ginzburg) phase transition occurring for
accelerated observers with proper acceleration higher than
the critical value ac ¼ 4πfπ ≃ 1.6 GeV, where fπ is the
pion decay constant. There is, however, a significant—and
rather interesting—difference between both scenarios. In
particular, because Rindler spacetime is neither homo-
geneous nor isotropic (unlike Minkowski), the order
parameter of the chiral phase transition (namely, the quark
condensate) becomes position-dependent. Thus, it is still
possible for a uniformly accelerated observer to perceive a
restoration of chiral symmetry even if her acceleration is
smaller than the critical one, provided that she lies in the
region close to her horizon.

II. QCD AT LOW ENERGIES
IN MINKOWSKI SPACETIME

In this work we will consider a simple version of low-
energy QCD consisting in two flavors, u and d, forming an
SUð2ÞV isospin doublet coupled to an external source SðxÞ.
This source is a Hermitian color neutral matrix field in
flavor space that can be written as SðxÞ ¼ sðxÞ þ saðxÞσa,
with a ¼ 1, 2, 3. The partition function, which is a
functional on S, has an Euclidean path-integral representa-
tion given by

Z½S�¼
Z

½dGa
μ�½dq̄�½dq�exp

�
−
Z

d4xðLQCDþ q̄SqÞ
�
; ð2Þ

where LQCD is the massless QCD Lagrangian,

LQCD ¼ −
1

4
Ga

μνGa
μν þ iq̄γμDμq; ð3Þ

with strength tensor Ga
μν ¼ ∂μGa

ν − ∂μGa
ν þ igfabcGb

μGc
ν

and covariant derivative Dμ ¼ ∂μ − igTaGa
μ, and where

Ta and fabc respectively denote the generators and struc-
ture constants of the SUð3ÞC color gauge group, and thus
satisfy ½Ta; Tb� ¼ ifabcTc.

If S ¼ 0, the left- and right-chirality parts of the quark
fields are independent of each other, and thus the partition
function is invariant under global SUð2ÞL × SUð2ÞR
transformations.This symmetry is knownas chiral symmetry,
and, in general, it is not present if S ≠ 0. For example, this is
the case when we take into account that quarks have small
(but still nonvanishing)masses. Themass term for the quarks,
−q̄Mq¼−q̄LMqR−q̄RMqL, with M≡diagðmu;mdÞ being
the quark mass matrix in flavor space, may be introduced in
the QCD partition function by setting S ¼ M.
The simplest operator in the theory that breaks chiral

symmetry explicitly is q̄q ¼ ūuþ d̄d. Consequently, its
vacuum expectation value (VEV) hq̄qi, known as the quark
condensate, can be considered to be, in some sense, a
measure of chiral symmetry breaking. It is not difficult to
realize that this VEV may be readily obtained from the
dependence of the path integral representation of the QCD
partition function on S (in fact, only on s) as:

hq̄qi ¼ −
δ lnZ½s�
δsðxÞ

����
s¼0

: ð4Þ

Because Minkowski spacetime is homogeneous and iso-
tropic, the condensate is x-independent for inertial observ-
ers. However, this is not the case for accelerating observers,
as we will see later. We shall also see that, at finite
temperature in Minkowski spacetime, the quark condensate
may be regarded as the order parameter of the chiral phase
transition, being different from zero for temperatures up to
a certain critical value Tc, and vanishing for T ≥ Tc.
In addition to its explicit breaking due to the quark

masses, it is strongly believed that chiral symmetry is
also spontaneously broken into isospin symmetry, i.e.,
SUð2ÞL × SUð2ÞR → SUð2ÞLþR ≡ SUð2ÞV , with the three
Nambu-Goldstone bosons (NGB) corresponding to the
symmetry breaking pattern being the pions. When the
small quark masses are taken into account, the pions
become massive as well, but are nonetheless much lighter
than the rest of the hadrons. Thus, even in this case the low-
energy dynamics and the partition function are largely
dominated by the pions, whose masses may be considered
to be almost negligible.
Since QCD is asymptotically free, its low-energy behavior

becomes nonperturbative. As a result, colored particles
(quarks and gluons) cease to be the relevant degrees of
freedomof the theory in this regime. This role is taken over by
the lightest particles in the spectrum,which are thepions. This
reasoning allows for the formulation of a low-energy effective
field theory for QCD which possesses all of its symmetries,
andwhose relevant degrees of freedomare the (pseudo-)NGB
associated to the spontaneous breaking of chiral symmetry.
The lowest order term of such effective theory is a
nonlinear sigma model (NLσM)1 based on the coset space
S3¼SUð2ÞL×SUð2ÞR=SUð2ÞLþR¼SUð2ÞL−R. Therefore,
the low energy representation of the partition function is
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Z½S� ¼
Z

½dπa� exp
�
−
Z

d4xLNLσM

�
; ð5Þ

with LNLσM being the NLσM Lagrangian density,

LNLσM ¼ f2π
4
trð∂μU†∂μUÞ − f2πB

2
trðSðU þ U†ÞÞ; ð6Þ

where fπ is the pion decay constant,UðxÞ ∈ SUð2ÞL−R is the
NGB field, which may be parametrized in terms of the three
pion fields πa as

UðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

πaπa

f2π

s
þ iπaσa

fπ
; ð7Þ

and B is another phenomenological parameter, related at tree
level with the pion mass Mπ through M2

π ¼ 2Bm, with
m ¼ ðmu þmdÞ=2 (this can be easily checked by expanding
the NLσM Lagrangian in the pion fields). For the sake of
simplicity, in the following will consider that mu ¼ md ≡m
(the isospin limit). Experimentally, one has Mπ ≃ 138 MeV
and fπ ≃ 130 MeV.
There is a much more useful way of writing the NLσM

Lagrangian, which may be readily generalized to the case in
which there are N pions (something which will be crucial
later on this work, when we have to consider the large N
limit). First, we need to introduce the real quadruplet
ΦT ¼ ðπa; σÞ, which belongs to the fundamental represen-
tation of SOð4Þ ≃ SUð2ÞL × SUð2ÞR. Second, we must
notice that the triplet πa belongs to the fundamental
representation of SOð3Þ ≃ SUð2ÞLþR. Thus, the NLσM
coset space may be expressed as S3 ¼ SOð4Þ=SOð3Þ.
The same reasoning allows one to obtain the more general
result SN ¼ SOðN þ 1Þ=SOðNÞ. Thus, from now on, we
will let the indices a; b, etc. run from 1 to N, withN being 3
or larger depending on the context.
With this new notation, the nonlinear constraint of the

model becomes

ΦTΦ ¼ πaπa þ σ2 ¼ f2π; ð8Þ

which can be solved for σ, yielding

σ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2π − πaπa

q
: ð9Þ

In addition, the NLσM Lagrangian turns into

LNLσM ¼ 1

2
∂μΦT∂μΦ − 2Bfπsσ; ð10Þ

which may be cast into the alternative form

LNLσM ¼ 1

2
γab∂μπ

a∂μπ
b − 2Bf2πs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

πaπa

f2π

s
; ð11Þ

where

γab ¼ δab þ
πaπb

f2π − πaπa
ð12Þ

is the coset metric. Notice that (11) is entirely written in
terms of the pion fields.
The low-energy representation of the QCD partition

function may be now reexpressed as

Z½s� ¼
Z

½dΦ�δ½ΦTΦ−f2π�

×exp

�
−
Z

d4x

�
1

2
∂μΦT∂μΦ−2Bfπsσ

��
; ð13Þ

where the nonlinear constraint is enforced in the path
integral through the Dirac delta functional. It is possible to
exponentiate the Dirac delta by introducing a nondynam-
ical Lagrange multiplier field λðxÞ

Z½s� ¼
Z

½dΦ�½dλ� exp
�
−
Z

d4x

�
1

2
∂μΦT∂μΦ

þ λ

2
ðΦTΦ − f2πÞ − 2Bfπsσ

��
: ð14Þ

The quark condensate computed in this low-energy repre-
sentation of the QCD partition function using (4) is

hq̄qi ¼ −2Bfπhσi: ð15Þ

Furthermore, we also find the lowest-order Gell-Mann,
Oakes and Renner relation, hq̄qi ¼ −f2πM2

π=m, which
allows us to express the quark condensate in terms of
the physical and phenomenological parameters.

III. THE CHIRAL PHASE TRANSITION
IN THE MANY-PIONS LIMIT

In the following, we will set s to m ¼ M2
π=2B, so that

Z ¼ Z½m� ¼ ZðMπÞ. Therefore,

Z ¼
Z

½dΦ�½dλ� exp
�
−
Z

d4x

�
1

2
∂μΦT∂μΦ

þ λ

2
ðΦTΦ − f2πÞ −M2

πfπσ

��
: ð16Þ

1As it is well known [14], the full effective field theory for low-
energy QCD is chiral perturbation theory (ChPT), which consists
of a double expansion in momenta and quark masses at different
orders. The leading order in the double expansion corresponds to
the NLσM described above.
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In order to consider the NLσM at some finite temperature
T ¼ 1=β, we must require the various fields to be periodic
in Euclidean time with period β.2 This implies, in turn, that
the integral over the Euclidean time must be performed
only over the interval ½0; β�.
The previous finite-temperature partition function may

be explicitly computed in the large N limit, in which the
NLσM is renormalizable. For this limit to be properly
defined, we need to consider f2π as a quantity of order N,
i.e., f2π ≡ NF2, with F being N-independent. In such case,
the partition function may be written as

Z ¼
Z

½dπa�½dσ�½dλ�e−Γ½πa;σ;λ�; ð17Þ

where we have defined the effective action

Γ½π; σ; λ� ¼
Z

d4x

�
−
1

2
πa□πa −

1

2
σ□σ

þ λ

2
ðπaπa þ σ2 − f2πÞ −M2

πfπσ

�
: ð18Þ

The integral over the N pion fields is Gaussian, and thus it
is straightforward to see that it yields

Z
½dπa� exp

�
1

2

Z
d4xπað−□þ λÞπa

�

¼ exp

�
N
2

Z
d4x ln

−□þ λ

−□

�
: ð19Þ

As a result, we are left with

Z ¼
Z

½dλ�½dσ�e−Γ½σ;λ�; ð20Þ

where the effective action in the exponent has reduced to

Γ½σ; λ� ¼
Z

d4x

�
−
1

2
σ□σ þ λ

2
ðσ2 − f2πÞ

þ N
2
ln
−□þ λ

−□
−M2

πfπσ

�
: ð21Þ

The functional integral above can be computed in the large
N limit through the saddle-point approximation, that is, by
expanding the fields around some point ðσ̄; λ̄Þ in the
functional space where the first functional derivatives of
Γ½σ; λ� with respect to σ and λ vanish. Then, by using the
steepest descent method one has

Z ¼ e−Γ½σ̄;λ̄� þOðN−1=2Þ; ð22Þ

where we have taken into account that Γ½σ; λ� is of order N.
Therefore, in the large N limit,

σ̄2ðxÞ ¼ hσi2T ¼ hσ2iT; ð23Þ

with σ̄ and λ̄ being the solutions of:

δΓ
δσðxÞ ¼ −□σ þ λσ −M2

πfπ ¼ 0; ð24Þ

δΓ
δλðxÞ ¼

1

2
ðσ2 − f2πÞ þ

N
2
Gðx; x; λÞ ¼ 0; ð25Þ

where the Euclidean Green function Gðx; x0; λÞ satisfies

ð−□þ λÞxGðx; x0; λÞ ¼ δ4ðx − x0Þ: ð26Þ

In order to solve these equations, it is vital to recall that σ
and λ cannot be position-dependent, because Minkowski
spacetime is homogeneous. In the chiral limit (Mπ → 0),
the first equation simplifies to λσ ¼ 0. Thus, we have two
possibilities: (a) σ ≠ 0, which means that we are on the
broken phase with hq̄qi ≠ 0; or (b) σ ¼ 0, and thus we must
be in the symmetric phase with hq̄qi ¼ 0.
With respect to the second equation, we have, for

constant λ and thermal boundary conditions,

Gðx; x; λÞ ¼ T
X∞
n¼−∞

Z
d3k
ð2πÞ3

1

k2 þ ω2
n þ λ

ð27Þ

where ωn ¼ 2πn=β are the Matsubara frequencies3 for
bosons. For vanishing λ, this Green function is finite; in
fact, it is simply given by

Gðx; x; 0Þ ¼ T2=12: ð28Þ
Thus, the solution of equation (25) in the chiral limit is

σ̄2 ¼ f2π

�
1 −

T2

12F2

�
; ð29Þ

where, as we mentioned before, F2 ¼ f2π=N. Introducing
the N-independent critical temperature

T2
c ≡ 12F2 ¼ 12f2π

N
; ð30Þ

2This is because all the fields appearing in (16) are bosonic;
fermionic fields at finite temperature should be anti-periodic in
Euclidean time.

3Euclidean time integrals at finite temperature are performed
over the finite interval ½0; β�, thus turning temporal Fourier
transforms into Fourier series. As a result, the zeroth component
of Euclidean momenta are discretized, giving rise to the Matsu-
bara frequencies ωn ¼ 2πn=β for bosons (which satisfy periodic
boundary conditions) or ωn ¼ 2πðnþ 1Þ=β for fermions (which
satisfy anti-periodic boundary conditions), with n ∈ Z.
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using Eq. (15), and requiring the condensate to be a real
number, we finally get

hq̄qiT
hq̄qi0

¼
( ffiffiffiffiffiffiffiffiffiffiffiffi

1 − T2

T2
c

q
if 0 ≤ T < Tc;

0 if T ≥ Tc:
ð31Þ

This result, which corresponds to a typical second-order
Ginzburg-Landau phase transition, may also be obtained by
performing a diagrammatic computation [15] or by taking
the large mass limit for the Higgs-like particle in the
corresponding linear sigma model. Furthermore, for N ¼ 3
and small temperatures compared to Tc, we have

hq̄qiT
hq̄qi0

¼ 1 −
T2

8f2π
þO

�
T2

T2
c

�
: ð32Þ

This result agrees with the one-loop thermal computation in
two-flavor chiral perturbation theory [16].

IV. RINDLER SPACETIME AND THE
THERMALIZATION THEOREM

From now on, let us denote the usual Cartesian-like
coordinates in flat spacetime as Xμ ¼ ðT; X; Y; ZÞ. The
Minkowski metric is then

ds2 ¼ dT2 − dX2 − dX2⊥; ð33Þ

where we have defined X⊥ ≡ ðY; ZÞ for further simplicity.
Consider an accelerated observer moving with constant

proper acceleration a along the X direction of Minkowski
spacetime (without loss of generality). Her trajectory is the
hyperbola T2 − X2 ¼ −1=a2, whose asymptotes—the null
lines T ¼ �X—divide Minkowski spacetime into four
quadrants: the regions �X > jTj, respectively known as
the right (R) and left (L) Rindler wedges; and the regions
�T > jXj, which are the future (F) and past (P) of the
origin, respectively. Notice that one the branches of the
hyperbola lies entirely in R, while the other one lies in L.
These two regions are causally disconnected, and thus an
accelerated observer in R cannot be affected by any event in
L, and vice versa. However, both R and L share a common
past (region P), and so correlations between them may
still exist.
Hyperbolic motion is conveniently described using

comoving coordinates xμ ¼ ðt; x; y; zÞ, which can take
any real value and are defined by

T¼ eax

a
sinhðatÞ; X¼�eax

a
coshðatÞ; X⊥¼ x⊥; ð34Þ

with the plus-sign choice covering only R and the minus-
sign choice covering only L. It is important to notice that
this implies that the Euclidean Minkowski time TE ≡ iT
and X are periodic functions of the Euclidean comoving

time tE ≡ it, with period 2π=a. In terms of comoving
coordinates, the Minkowski metric is

ds2 ¼ e2axðdt2 − dx2Þ − dx2⊥ ð35Þ

in both R and L. The worldline with x ¼ 0 corresponds to
the trajectory of constant proper acceleration a; in fact, each
of the worldlines with constant x is a trajectory with
constant proper acceleration aðxÞ ¼ ae−ax. Hence, it is
also useful to define the so-called Rindler coordinates
ρ≡ 1=aðxÞ ¼ eax=a ∈ ½0;∞Þ and η≡ at ∈ ð−∞;∞Þ, in
which the metric becomes

ds2 ¼ ρ2dη2 − dρ2 − dx2⊥: ð36Þ

Let us suppose now that there exists a certain quantum
field theory defined over Minkowski spacetime, which
describes fields of arbitrary spin and their possible inter-
actions. Consider, without loss of generality, a Rindler
observer in R (the results can be immediately generalized
to L). Because this observer is causally disconnected from
all the events in L, she will be insensitive to any vacuum
fluctuations in that region. As a result, the Minkowski
vacuum state of the theory, which is a pure state jΩMi for
any inertial observer, becomes a mixed state in the eyes of
the accelerated observer, who needs to perform a partial
trace over the degrees of freedom in L. Lee showed that the
corresponding density matrix is

ρR ¼ trLjΩMihΩMj ¼
e−2πHR=a

tr e−2πHR=a
; ð37Þ

where HR is the Rindler Hamiltonian (i.e., the generarator
of t-translations). This density matrix describes a thermal
ensemble at temperature T ¼ a=2π, which is precisely the
Unruh temperature originally found for free scalar field
theories. However, the applicability of this result is virtually
universal: it guarantees that the Minkowski vacuum state
will be perceived by a Rindler observer as a thermal state,
independently of the field theory considered. This is the
reason why it is also known as the thermalization theorem.

V. CHIRAL SYMMETRY RESTORATION
BY ACCELERATION

According to the thermalization theorem, it is clear that
the restriction of the Minkowski QCD vacuum jΩQCDi to
either Rindler wedge must be a thermal state at temperature
T ¼ a=2π. However, when compared to the Minkowski
vacuum states of other quantum field theories, jΩQCDi is a
rather peculiar, highly nontrivial state with a complex
structure. In particular, we have already seen that it features
the chiral condensate hq̄qiT , which is nonvanishing for
temperatures below the critical value, signalling the spon-
taneous breaking of chiral symmetry. It is then natural to
wonder whether an accelerated observer perceives a
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restoration of chiral symmetry if her acceleration a is
higher than a certain critical value ac. This issue may be
elucidated by functionally quantizing the low-energy
effective theory for QCD in the right Rindler wedge
(without loss of generality), and then computing the
expectation value hq̄qia on the Minkowski QCD vacuum.
We thus have to repeat the computation detailed in

Sec. III, but with two obvious differences. First, we have to
define the different fields on the Euclidean version of R,
instead of the complete Euclidean flat spacetime. Also,
we shall use Euclidean Rindler comoving coordinates,
xμ ¼ ðtE; x; x⊥Þ, obtained from (34). Bearing these facts
in mind, the relevant partition function in the chiral limit
Mπ → 0 is

Z ¼
Z

½dπ�½dσ�½dλ�e−Γ½π;σ;λ�; ð38Þ

where the effective action in the exponent is

Γ½π; σ; λ� ¼
Z

d4x
ffiffiffi
g

p �
−
1

2
πa□πa −

1

2
σ□σ

þ λ

2
ðπa πa þ σ2 − f2πÞ

�
; ð39Þ

with g the determinant of the Euclidean Rindler metric
and the various fields satisfying the thermal-like Rindler
boundary conditions πaðtE ¼ 0;xÞ ¼ πaðtE ¼ 2π=a;xÞ,
σðtE ¼ 0;xÞ ¼ σðtE ¼ 2π=a;xÞ, σðtE; jxj ¼ ∞Þ ¼ fπ
and λðtE ¼ 0;xÞ ¼ λðtE ¼ 2π=a;xÞ. Notice as well that
the spatiotemporal integral must be performed on the
region tE ∈ ½0; 2π=a�, x; y; z ∈ ð−∞;∞Þ.
We can now proceed formally in the same way as we did

in the thermal case in Minkowski spacetime, first integrat-
ing out the pions, and then implementing the large N limit
through a steepest descent functional integration. By doing
this, we find again

Z ¼ e−Γ½σ̄;λ̄� þOðN−1=2Þ; ð40Þ

and also

σ̄2ðxÞ ¼ hσðxÞi2a ¼ hσ2ðxÞia: ð41Þ

Unlike the situation in Minkowski, we must note though
that σ̄ and λ̄ shall now depend on x, because, as we
mentioned before, Rindler space is neither homogeneous
nor isotropic. In spite of this added difficulty, both can be
chosen again to be the solutions of

δΓ
δσðxÞ ¼ −□σ þ λσ ¼ 0; ð42Þ

δΓ
δλðxÞ ¼

1

2
ðσ2 − f2πÞ þ

N
2
Gðx; x; λÞ ¼ 0; ð43Þ

with boundary conditions σ̄ ¼ fπ and λ̄ ¼ 0 at x → ∞, and
where the Euclidean Green function now satisfies

ð−□þ λÞxGðx; x0; λÞ ¼
1ffiffiffi
g

p δ4ðx − x0Þ: ð44Þ

It is obvious that these equations do not admit constant σ
and λ as solutions, as in the thermal case. Moreover, it is
actually very difficult to obtain an exact solution to them.
However, they may be solved approximately for ax ≪ 1
(i.e., close to the origin of the accelerating frame, x ¼ 0 or
ρ ¼ 1=a) by exploiting the peculiar properties of Rindler
spacetime. With that purpose, we shall follow the steps of
[13], where a similar problem was considered in the context
of electroweak symmetry restoration. In the region close to
the origin, it is possible to take λ ≃ 0. Thus, the relevant
Euclidean Green function is Gðx; x; 0Þ, which, as shown in
the Appendix, is equal to

Gðx; x; 0Þ ¼
Z

∞

0

dΩ
Ωπ

2ρ2 tanhðΩπÞ : ð45Þ

Thus, Eq. (43) transforms into

σ2 − f2π þ
N
2π3

Z
∞

0

dΩ
Ωπ

2ρ2 tanhðΩπÞ ¼ 0: ð46Þ

Introducing ω≡ aΩ and using aρ ¼ eax we find

σ2 ¼ f2π −
N
4π2

e−2ax
Z

∞

0

dωω

�
1þ 2

e2πω=a − 1

�
: ð47Þ

The first integral on this expression, which is clearly
divergent, requires regularization. This can be achieved,
for example, by using an ultraviolet cutoff Λ, leading to an
x-dependent renormalization of fπ ,

f2π ↦ f2π −
NΛ2

8π2
e−2ax; ð48Þ

which naturally matches the a ¼ 0 limit and is also
consistent with the red/blue shift detected by the accel-
erating observer when receiving a signal emitted at the
point x. We are thus left with

σ2 ¼ f2π −
N
2π2

e−2ax
Z

∞

0

dω
ω

e2πω=a − 1
: ð49Þ

Evaluating the remaining integral, and expanding the
exponential in ax ≪ 1, we obtain

σ̄2ðxÞ ¼ f2π

�
1 −

a2N
12ð2πÞ2f2π

ð1 − 2axÞ
�
þOða2x2Þ: ð50Þ

Defining the N-independent critical acceleration to be
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a2c ≡ 48π2f2π
N

; ð51Þ

the previous result may be rewritten as

σ̄2ðxÞ ¼ f2π

�
1 −

a2

a2c
þ 2x

a3

a2c
þ � � �

�
; ð52Þ

which is also a solution of Eq. (42) at this order. Thus, at the
origin of the accelerating frame,

σ̄2ð0Þ ¼ f2π

�
1 −

a2

a2c

�
: ð53Þ

This implies that the quark condensate (which must be
again a real number) depends on a according to

hq̄ð0Þqð0Þia
hq̄ð0Þqð0Þi0

¼
( ffiffiffiffiffiffiffiffiffiffiffiffi

1 − a2

a2c

q
if 0 ≤ a < ac;

0 if a ≥ ac;
ð54Þ

as shown in Fig. 1. This is exactly the same behavior we
found in the flat-spacetime, thermal case, with the only
difference being that, now, a=ac plays the role of T=Tc.
Thus, we have again a second order phase transition, which
now occurs at the critical acceleration ac. Notice that the
Unruh temperature ac=2π corresponding to this critical
acceleration is precisely the critical temperature Tc we
found in (30).
The previous result, although very satisfactory, is only

valid at x ¼ 0. In order to study the restoration of chiral
symmetry for accelerated observers at points different from
the origin, we can make use of the x ¼ 0 result we have just
obtained and some basic properties of Rindler spacetime.
Let us consider two accelerated observers with Rindler
coordinates ρ ¼ 1=a and ρ0 ¼ 1=a0. The results obtained
by both observers are exactly the same, but exchanging a
and a0. From the point of view of the first observer, the
second one is located at some point with x coordinate
given by

ρ0 ¼ 1

a0
¼ eax

a
; ð55Þ

i.e., the acceleration of the second observer is a0 ¼ ae−ax.
Then, it is immediate to find that the position-dependent
value of the condensate is given by

hq̄ðxÞqðxÞia
hq̄ð0Þqð0Þi0

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

a2

a2c
e−2ax

s
: ð56Þ

Notice that we could have also obtained this result by
retaining the full exponential in Eq. (52) and defining the
x-dependent acceleration aðxÞ≡ ae−ax just as we did in
Sec. IV. Therefore, for a Rindler observer with proper
acceleration a ∈ ð0; acÞ, the condensate is a function of x
ranging from hq̄ð0Þqð0Þi at infinity to zero at the critical
value

xc ¼
1

a
ln

�
a
ac

�
< 0; ð57Þ

as shown in Fig. 2.
This means that the chiral phase transition takes place on

the ðx ¼ xc; x⊥Þ surface. The symmetry is also restored on
the region close to the horizon x<xc, where hq̄ðxÞqðxÞi¼0
(see Fig. 3). Thus, the boundary between the broken and
restored phases is completely determined by ac, which
depends only on QCD parameters.
Another important point is that, introducing the Unruh-

like critical temperature Tc ¼ ac=2π, and also

TðxÞ≡ a
2π

e−ax; ð58Þ

the condensate in the comoving frame is given by

FIG. 1. Variation of the quark condensate with a, at x ¼ 0.
FIG. 2. Variation of the quark condensate with x, for a given
value of a with 0 < a < ac.
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hq̄ðxÞqðxÞia
hq̄ð0Þqð0Þi0

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

T2ðxÞ
T2
c

s
: ð59Þ

In other words, this implies that, for points different to the
origin, what the condensate feels is equivalent [17] to a
thermal bath with an x-dependent temperature given by
(58), which diverges at the horizon and goes to zero at
infinity. This temperature is compatible with the Tolman
and Ehrenfest rule [18] for thermal equilibrium in static
space-times, since

TðxÞ ffiffiffiffiffiffi
g00

p ¼ Tð0Þe−axeax ¼ Tð0Þ ¼ a
2π

ð60Þ

is an x-independent constant, as required by the rule.
Therefore the chiral condensate is position-dependent for

Rindler observers. It would be interesting to see which is
the case for more complicated spaces such as, for example,
the time-dependent, spherically symmetric generalization
of ordinary Rindler space considered in [19]. However,
that study is very involved and beyond the scope of the
present work.

VI. CONCLUSIONS

The powerful thermalization theorem formalism devel-
oped by Lee has allowed us to demonstrate the ability of the
Unruh effect to produce nontrivial dynamical effects. In
particular, we have been able to study the restoration of
chiral symmetry by acceleration. We have shown that

analogous results are found in both the thermal and
Rindler cases, with a typical second-order phase transition
occurring for those accelerated observers whose acceler-
ations are higher than the critical value ac ¼ 4πfπ ≃
1.6 GeV for N ¼ 3 pions. We have also shown that chiral
symmetry is restored close to the horizon of any accelerated
observer. The behavior obtained for the spacetime-depen-
dent temperature felt by the condensate is compatible with
the standard requirements for thermodynamic equilibrium
in static spacetimes, of which Rindler space is a particular
example.
It is hoped that delving deeper into our results will lead to

some interesting applications. For instance, the Unruh
effect has been proposed as a possible thermalization
mechanism in ultrarelativistic heavy-ion collisions [20],
and, consequently, future analyses based on this work may
help to shed light on the issue. Even more, in [21] the
Hawking-Unruh radiation, as applied to the specific QCD
case, could provide a viable account for the thermal
behavior observed in multihadron production even in
eþe− production.
In addition it is also possible that, at least in principle,

our results might be relevant for black holes and as well as
in some cosmological scenarios, since local Rindler coor-
dinates can always be defined close to their horizons [22].
Finally, it is interesting to realize that phase transitions,

as the one considered in this work, can also be triggered by
spacetime curvature, as it is for example the case of the
scalar field in a static Einstein Universe considered in [23].
In principle, the effect of symmetry restoration by accel-
eration considered here has a different nature, but it is clear
that they must be connected in some way due to the
Equivalence Principle. However the Einstein Universe is
horizon free whilst accelerating observer horizons seem to
play a decisive role in the Unruh effect. Obviously this is a
very interesting problem which deserves further study for
clarification.
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APPENDIX: THE EUCLIDEAN GREEN
FUNCTION Gðx;x; λÞ

The Euclidean Green function Gðx; x0; λÞ is defined by

ð−□þ λÞxGðx; x0; λÞ ¼
1ffiffiffi
g

p δ4ðx − x0Þ; ðA1Þ

for constant λ and the appropriate periodic boundary
conditions. Our goal is to solve this equation to find

FIG. 3. Quark condensate for accelerating observers. The blue
hyperbola marks the ðx ¼ xc; x⊥Þ surface at which the phase
transition occurs, separating the broken phase (in blue) and the
symmetric phase (not colored). The horizon is represented by the
two dashed lines.
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Gðx; x; λÞ. The first step is to notice that the Euclidean
d’Alembertian in Rindler coordinates is given by

□ ¼ 1

ρ2
∂2
η þ ∂2

ρ þ
1

ρ
∂ρ þ∇2⊥: ðA2Þ

We can now introduce the partial Fourier transform

Gðρ; ρ0; x⊥ − x0⊥; η − η0; λÞ

¼
X∞
n¼−∞

einðη−η0Þ
Z

d2k⊥
ð2πÞ2 e

ik⊥ðx⊥−x0⊥ÞG̃ðρ; ρ0; k⊥; n; λÞ

ðA3Þ

which satisfies

ðρ2∂2
ρ þ ρ∂ρ − α2ρ2 − n2ÞG̃ ¼ −ρδðρ − ρ0Þ; ðA4Þ

where α2 ≡ k2⊥ þ λ. The solution may be written as

G̃ðρ; ρ0; k⊥; n; λÞ ¼
Z

∞

0

dΩ
ΨΩðρÞΨΩðρ0Þ

Ω2 þ n2
; ðA5Þ

where ΨΩðρÞ can be obtained from the modified Bessel
functions of the second kind with imaginary parameter:

ΨΩðρÞ ¼
1

π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Ω sinhðΩπÞ

p
KiΩðαρÞ: ðA6Þ

By using well-known properties of these functions and

X∞
n¼−∞

1

Ω2 þ n2
¼ π

Ω
1

tanhðΩπÞ ðA7Þ

it is possible to find

Gðx; x; λÞ ¼ 1

2π3

Z
∞

0

dΩ coshðΩπÞ
Z

∞

0

djk⊥jjk⊥jK2
iΩðαρÞ:

ðA8Þ

This last integral may be readily solved for λ ¼ 0, yield-
ing (45).
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