
PHYSICAL REVIEW A 101, 052117 (2020)

Number-phase entanglement and Einstein-Podolsky-Rosen steering

Matteo Fadel ,1,2 Laura Ares ,3 Alfredo Luis ,3 and Qiongyi He1,4,5,*

1State Key Laboratory for Mesoscopic Physics, School of Physics and Collaborative Innovation Center of Quantum Matter,
Peking University, Beijing 100871, China

2Department of Physics, University of Basel, Klingelbergstrasse 82, 4056 Basel, Switzerland
3Departamento de Óptica, Facultad de Ciencias Físicas, Universidad Complutense, 28040 Madrid, Spain

4Beijing Academy of Quantum Information Sciences, Beijing 100193, China
5Collaborative Innovation Center of Extreme Optics, Shanxi University, Taiyuan, Shanxi 030006, China

(Received 22 February 2020; accepted 27 April 2020; published 22 May 2020)

We use the uncertainty relation between the operators associated with the total number of particles and with the
relative phase of two bosonic modes to construct entanglement and Einstein-Podolsky-Rosen steering criteria.
These can be tested experimentally in a variety of systems, such as optical fields, Bose-Einstein condensates, and
mechanical oscillators. While known entanglement criteria involving the phase observable typically require us
to perform interference measurements by recombining the two systems, our criteria can be tested through local
measurements at two spatially distinct positions to investigate the nonlocal nature of quantum correlations. We
present simple examples where our criteria are violated and show their robustness to noise. Apart from being
useful for state characterization, they might find application in quantum information protocols, for example,
based on number-phase teleportation.
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I. INTRODUCTION

The Einstein-Podolsky-Rosen (EPR) paradox [1] occurs
when measurements on one system allow us to predict mea-
surement results on another system, with an accuracy that
beats the limit posed by local uncertainty relations. The
observation of such a paradox seems to imply that spatially
separated measurements can influence each other irrespective
of their separation, a mechanism that Schrödinger called
“steering” [2].

From a conceptual point of view, the work by EPR reveals
an inconsistency between our idea of local realism and the
predictions of quantum mechanics. In the last few decades,
EPR steering has motivated numerous fundamental investiga-
tions as well as potential applications in quantum technologies
[3,4].

Crucially, it has been shown that EPR steering is a dis-
tinctive manifestation of quantum correlations that differs
from entanglement (state inseparability) [5]. In fact, EPR
steering is a form of quantum nonlocality in which the roles
of the involved parties are asymmetrical, and it enables the
verification of shared entanglement even when one party’s
measurements are untrusted [6–9]. This has a plethora of
applications for one-sided device-independent quantum com-
munication [10–13], as well as for realizing secure quantum
teleportation [14–16] and subchannel discrimination [17–19].

A good number of experiments confirming the EPR para-
dox have been realized for mesoscopic optical fields by XP
quadrature measurements [4,20–25]. In the case of massive
particles, entanglement between two spatially separated mul-
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tipartite systems has been demonstrated for atomic ensembles
at room temperature [26,27], for Bose-Einstein condensates
(BECs) [28–30], and for mechanical oscillators [31,32]. More
recently, EPR steering was also observed in BECs [28,29,34].

Criteria to detect entanglement and EPR steering strongly
depend on the system (e.g., continuous variable and spin),
on the state preparation process, and on the measurement
schemes that are available. Here, we will focus on the case
of bosonic modes (e.g., optical or atomic), where states can
be classified, depending on the preparation processes, as (i)
non-number conserving and (ii) number conserving.

Examples of case (i) are the two-mode squeezed states
originating from a pair-production process H/h̄ = κa†b† +
κ∗ab, where 〈ab〉 �= 0 but 〈a†b〉 = 0. These are typical states
prepared in optics via parametric down-conversion [3,4] or
nondegenerate four-wave mixing [33] and in BECs via spin-
exchanging collisions [34].

On the other hand, examples for case (ii) are states originat-
ing from a beam-splitter operation H/h̄ = κa†b + κ∗ab†, so
that 〈ab〉 = 0 but 〈a†b〉 �= 0. These are typical states prepared
in optics via linear beam splitters and in double-well BECs
through tunneling dynamics [35].

Entanglement and EPR steering can be detected in (i)
through criteria based on local measurements of the harmonic
oscillator XP quadratures. For mode a these are defined as
XA = (a† + a)/

√
2 and YA = (a† − a)/i

√
2, and a similar def-

inition holds for mode b. These quadratures are measured ex-
perimentally through homodyne detection, where each mode
is interfered with a local oscillator that serves as a phase
reference. Remarkably, apart from the optical case [20], this
has also been demonstrated in atomic [34] systems.

On the other hand, criteria for entanglement and EPR
steering based on XP quadrature measurements are not suited
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to states in case (ii) because 〈ab〉 = 0. Nevertheless, one
can use other criteria, such as the Hillery-Zubairy (HZ)
non-Hermitian operator product criterion [36] stating that a
violation of |〈a†b〉|2 � 〈a†ab†b〉 implies that modes a and
b are entangled. A generalization of such an inequality can
also be used to formulate HZ-type criteria for EPR steering
[37,38], confirming that mode a is steered by mode b if
|〈a†b〉|2 > 〈a†a(b†b + 1/2)〉 or mode b is steered by mode a
if |〈a†b〉|2 > 〈(a†a + 1/2)b†b〉.

However, note that the types of criteria just mentioned
require measurements that do not have a clear interpretation in
terms of local observables that could be addressed at spatially
separated positions [37,39,40]. In fact, terms like 〈a†b〉 consist
of interference measurements that require us to recombine
the two modes and are therefore nonlocal measurements.
While in many practical situations such measurements can be
legitimate for state characterization, in general, they cannot
be used to rigorously investigate the nonlocal nature of quan-
tum correlations or for state- or device-independent quantum
information tasks.

In this paper we present alternative criteria to detect en-
tanglement and EPR steering between two spatially separated
bosonic modes that are based on local measurement of the
conjugate number and phase observables. Since the definition
of a phase operator in quantum mechanics is notoriously
nontrivial [41,42], we pay particular attention to addressing
this complication rigorously. In fact, as there is actually no
such well-defined operator [41,43,44], we follow the most
general quantum description of an observable in terms of
a positive operator-valued measure (POVM). Moreover, we
quantify the phase uncertainty in terms of the so-called dis-
persion which, contrary to the variance, is tailored to an-
gular variables. Having these tools defined, we then derive
criteria to test entanglement and EPR steering based on the
number-phase uncertainty relation [45,46]. More specifically,
we consider the number sum and phase difference as the two
basic compatible observables whose uncertainty is bounded
from below for separable or nonsteerable states.

II. INTUITIVE APPROACH

Consider two systems, labeled by j = 1, 2, on which mea-
surements Aj and Bj , with [Aj, Bj′] = δ j, j′Cj , are performed.
For all separable states between the two systems the relation
[47,48]

�2(A1 + A2) + �2(B1 − B2) � (|〈C1〉| + |〈C2〉|) (1)

is known to hold. Here, �2(X ) = 〈X 2〉 − 〈X 〉2 is the variance
of the operator X . Similarly, for all nonsteerable states the
following relation holds [3,4]:

�2(A1 + A2) + �2(B1 − B2) � |〈C2〉|. (2)

A typical choice of measurements is position and momen-
tum operators, Aj = Xj , Bj = Pj , for which Cj = i. This has
allowed us to detect entanglement and steering in continuous-
variable systems [4,6,20,22–25]. Another possibility is to
choose spin observables whose commutator is now also an
operator [49,50]. This has allowed us to detect entanglement
and steering between atomic ensembles [26–30].

When considering bosonic modes, one can also be tempted
to choose for Aj and Bj the particle number operators Nj

and their conjugate phase operators φ j (we will discuss the
subtleties of the latter in the following paragraph). Naively,
these number and phase operators are expected to satisfy the
canonical commutation relation [41,51]

[Nj, φ j] = i (in general wrong [41]) (3)

and therefore to satisfy the uncertainty relation

�2Nj�
2φ j � 1

4 (in general wrong) (4)

or, alternatively, as x2 + y2 � 2
√

x2y2,

�2Nj + �2φ j � 1 (in general wrong). (5)

From these relations and Eqs. (1) and (2), we are expected to
certify entanglement if the inequality

�2(N1 + N2) + �2(φ1 − φ2) � 2 (6)

is violated and steering if the inequality

�2(N1 + N2) + �2(φ1 − φ2) � 1 (7)

is violated. Note that these criteria involve the total-number
operator N := N1 + N2 and the phase-difference operator
φ := φ1 − φ2. These would allow us to detect correlations in
observables that are not the usual XP quadratures, therefore
characterizing a different class of states.

Unfortunately, as mentioned before, the definition of a
phase operator in quantum mechanics is a subtle task, which
causes the expressions presented so far to be, in general,
wrong [41,42]. In fact, while approximate operators satisfying
Eqs. (3) and (4) can be found in the limit of small phase
fluctuations, this is not true in a more general case. In the
following we will treat this problem rigorously to derive
entanglement and steering criteria that are valid for arbitrarily
large phase fluctuations and that are experimentally practical.
As expected, in the limit of small phase fluctuations our
criteria allow us to recover Eqs. (6) and (7) from a rigorous
framework.

III. NUMBER-PHASE OBSERVABLES

In this section we introduce the operators associated with
the total number of particles and to the relative phase of two
bosonic modes. We discuss their properties, their eigenstates,
and how to express their fluctuations. To conclude, we present
the uncertainty relation that holds between these observables,
which will later be of central importance for deriving entan-
glement and steering criteria.

A. Number and phase operators

We are interested in investigating correlations between
number and phase observables. In classical physics these two
observables arise naturally in the context of, e.g., oscillating
fields. In quantum mechanics, however, the definition of a
phase operator is less straightforward [43,44].

For a single bosonic mode defined by the operator a j , the
total number of particles is simply Nj := a†

j a j . A physically
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meaningful choice is to describe a single-mode phase via the
POVM

� j (φ) = |φ〉 j〈φ| j, (8)

with the non-normalizable, nonorthogonal phase states

|φ〉 j = 1√
2π

∞∑
n=0

einφ|n〉 j . (9)

The latter are unit-modulus-eigenvalue eigenstates of the
Susskind-Glogower [52] exponential-of-phase operator Ej ,
namely, Ej |φ〉 j = eiφ |φ〉 j , such that

Ej =
∫

2π

dφ eiφ� j (φ). (10)

For later reference, note that this operator can also be seen as
a “normalized” ladder operator, namely, Ej = ∑∞

n=0 |n〉〈n +
1| = (Nj + 1)−1/2a j .

In the following we will be interested in a system con-
stituted by two bosonic modes, defined by the operators a1

and a2. Inspired by the single-mode case we first define a
total-number operator as N := N1 + N2. Then, we introduce
an operator associated with the relative phase between the two
modes, say, φ := φ1 − φ2. To this end, let us first construct the
joint POVM for the two single-mode phases φ1 and φ2 as

�(φ1, φ2) = �1(φ1) ⊗ �2(φ2). (11)

Since here we are interested in only the relative phase, we may
consider the change in variables

φ = φ1 − φ2, ϕ = φ2, (12)

so that

�(φ, ϕ) = �1(φ + ϕ) ⊗ �2(ϕ). (13)

From this expression, we finally obtain the POVM associated
with the phase difference �(φ) by integrating out the variable
ϕ as

�(φ) =
∫

2π

dϕ �(φ, ϕ) =
∫

2π

dϕ �1(φ + ϕ) ⊗ �2(ϕ).

(14)

Inserting in this expression Eqs. (8) and (9) for the single-
mode phase states and performing the integration over ϕ, we
arrive at

�(φ) = N + 1

2π

∞∑
N=0

|N, φ〉〈N, φ|, (15)

where |N, φ〉 are now the normalized, nonorthogonal number-
phase states

|N, φ〉 = 1√
N + 1

N∑
m=0

eimφ |m〉1|N − m〉2. (16)

The latter are unit-modulus-eigenvalue eigenstates of
the exponential-of-phase-difference operator E , namely,
E |N, φ〉 = eiφ |N, φ〉, such that

E =
∫

2π

dφ eiφ�(φ) = E1E†
2 . (17)

Moreover, the states |N, φ〉 are also eigenstates of the total-
number operator with eigenvalue N . This observation reflects
the expected compatibility between total number and phase
difference, which means [N,�(φ)] = 0. It is interesting to
mention that similar to Ej , E can be related to the ladder
operators a j as E = [(N1 + 1)N2]−1/2a1a†

2 [43]. This relation
illustrates how E depends on the coherence between the two
bosonic modes.

It is important to emphasize that the relation Eq. (14)
expresses the idea that the relative phase φ between the two
modes can be determined via independent local measurements
of φ1 and φ2 on the respective mode. This is because Eq. (14)
implies that the probability distribution p(φ) for measuring
φ is obtained from the joint probability distribution p(φ1, φ2)
by summing over all configurations for which φ1 − φ2 = φ,
namely, we have that

p(φ) =
∫

2π

dϕ p(φ1 = φ + ϕ, φ2 = ϕ). (18)

Similarly, Eq. (17) also reflects this fact by showing that
the relative phase operator E can be expressed from the
single-mode phase operators E1 and E2. Concretely, the local
POVMs associated with the single-mode phases � j (φ j ) can
be implemented experimentally as projective measurements
following the prescription given by the Naimark extension
[53–55].

In the following, for the sake of readability, we will often
call the total-number and phase-difference operators simply
number and phase operators.

B. Number variance and phase dispersion

The formulation of an uncertainty relation between number
and phase operators requires a quantification of their fluctua-
tions. For the number observable this is simply achieved by
considering the variance

�2N = 〈N2〉 − 〈N〉2. (19)

However, fluctuations in the phase are not properly charac-
terized by the “standard” definition of variance as in Eq. (19).
What is done instead is defining the so-called phase dispersion
D2 [45,46,56]. For a single mode this is computed as

D2
j = 1 − |〈Ej〉|2, (20)

while for two modes the dispersion of the phase difference is
(remember E = E1E†

2 )

D2 = 1 − |〈E〉|2. (21)

While the variance in Eq. (19) is only bounded to be non-
negative, for the dispersion 1 � Dj, D � 0 holds, where zero
corresponds to no phase fluctuations and unity corresponds to
uniform phase distribution. To emphasize the fact that Eq. (20)
is associated with the phase of a single mode, while Eq. (21)
is associated with the phase difference between two modes, in
the following we will call D2

j the phase dispersion and D2 the
relative-phase dispersion.

In the limit of small phase fluctuations, the probability
distribution for the phase P(φ) will peak around some mean
value that, without loss of generality, we can consider to be
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FIG. 1. Evaluation of the bound for �2Nj + D2
j , Eq. (24). The

gray region below the blue curve is forbidden by the uncertainty re-
lation. The horizontal gray line at 3/4 indicates the state-independent
bound which is tight for D2

j = 1/2 (vertical gray line).

zero. Under this limit, a series expansion of the exponential-
of-phase operators is valid. Starting from the relation D2 =
1 − |〈eiφ〉|2, it is immediately seen that (to second order)

D2 
 〈φ2〉 − 〈φ〉2 ≡ �2φ. (22)

Here, �2φ has the usual meaning of variance for the probabil-
ity distribution for the phase P(φ).

C. Number-phase uncertainty relations

Derivations of entanglement and EPR-steering criteria are
often based on the uncertainty relations between the con-
sidered observables. For number-phase observables in a sin-
gle mode we consider the uncertainty relation presented in
Ref. [45], which reads(

�2Nj + 1
4

)
D2

j � 1
4 . (23)

This relation can also be written as

�2Nj + D2
j �

1

4D2
j

− 1

4
+ D2

j �
3

4
, (24)

where the constant 3/4 has been found by minimizing the term
in the middle (see Fig. 1). Note here that this constant lower
bound is, in general, not tight, as it is attained only for a state
with �2Nj = 1/4 and D2

j = 1/2.
In the case of small phase fluctuations we might expect to

recover the uncertainty relations (4) and (5). To see that this is
the case, we start by rewriting Eq. (23) as

�2Nj

D2
j

1 − D2
j

� 1

4
. (25)

Because for small phase fluctuations D2
j ≈ 0, the series ex-

pansion

D2
j

1 − D2
j


 D2
j 
 �2φ j (26)

holds, such that the “naive” uncertainty relation Eq. (4) is
recovered. From this and the triangle inequality, we also
immediately recover Eq. (5).

To conclude let us remember that, in the case of two modes,
total number and phase difference are compatible observables,
resulting in a trivial uncertainty relation.

IV. ENTANGLEMENT CRITERION

Our goal here is to derive an entanglement criterion based
on total-number and phase-difference observables. As the as-
sociated operators commute, for all quantum states the trivial
inequality

�2N + D2 � 0 (27)

holds. However, if we restrict ourselves to separable states
of the two modes, we are able to provide a nonzero lower
bound for �2N + D2. The idea behind our proof follows the
approach used in Refs. [47,48,57].

In full generality, separable bipartite states can be written
as the convex combination

ρsep =
∑

k

pk ρ1,k ⊗ ρ2,k, (28)

where pk � 0,
∑

k pk = 1, and ρ j,k is a density matrix for
mode j. When evaluated on the separable state ρ1,k ⊗ ρ2,k ,
the number variance is

�2
kN = �2

kN1 + �2
kN2. (29)

For the phase dispersion the decomposition is more
subtle. Separability implies |〈E1E†

2 〉k|2 = |〈E1〉k|2|〈E†
2 〉k|2 =

|〈E1〉k|2|〈E2〉k|2, and we obtain

D2
k = D2

k,1 + D2
k,2 − D2

k,1D2
k,2. (30)

Using Eqs. (29) and (30), we find that for separable states(
�2

kN + 1
)
D2

k

=
(

�2
kN1 + 1

4

)
D2

k +
(

�2
kN2 + 1

4

)
D2

k + D2
k

2

� 1

2
+

(
�2

kN1 + 1

4

)
D2

k,2

(
1 − D2

k,1

)

+
(

�2
kN2 + 1

4

)
D2

k,1

(
1 − D2

k,2

) + D2
k

2

� 1

2
+ D2

k,2

(
1 − D2

k,1

)
4D2

k,1

+ D2
k,1

(
1 − D2

k,2

)
4D2

k,2

+ D2
k

2

= 1

2
+

(
D2

k,2

)2 + (
D2

k,1

)2

4D2
k,1D2

k,2

+ D2
k,1 + D2

k,2 − 2D2
k,1D2

k,2

4

� 1

2
+ 2

4
= 1, (31)

where, to derive the first two inequalities, we used the uncer-
tainty relation for each system, Eq. (23), and in going to the
last line we used the triangle inequality(

D2
k,1

)2 + (
D2

k,2

)2 � 2D2
k,1D2

k,2 (32)
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FIG. 2. States in the parameter region below the blue (upper)
curve violate inequality Eq. (35), meaning that they are entangled.
States in the parameter region below the orange (lower) curve violate
(38), meaning that they are two-way steerable.

and

D2
k,1 + D2

k,2 � 2Dk,1Dk,2 � 2D2
k,1D2

k,2. (33)

Since for all states (28) we have for the variance �2N �∑
k pk�

2
kN and for the relative-phase dispersion D2 �∑

k pkD2
k , we can prove that for all separable states

(�2N + 1)D2 �
(∑

k

pk
(
�2

kN + 1
)) ∑

k

pkD2
k

�
[∑

k

pk

√(
�2

kN + 1
)
D2

k

]2

�
[∑

k

pk

√
1

]2

= 1. (34)

Here, in going to the third line we used the Cauchy-Schwarz
inequality, and in going to the fourth we used Eq. (31).

To summarize, as we proved that for all separable states

(�2N + 1)D2 � 1 (35)

holds, any violation of this inequality certifies entanglement
between the two modes. Therefore, Eq. (35) is a bipartite
entanglement criterion involving the total number of particles
N and the relative-phase dispersion D2 associated with the
phase difference between the two modes. For illustration
purposes, Fig. 2 shows in blue the parameter region for which
Eq. (35) is violated. States associated with this region are
therefore entangled.

In the limit of small fluctuations in the phase difference,
where an expression analogous to Eq. (26) holds for D2, we
obtain from Eq. (35) the entanglement criterion

�2N
D2

1 − D2
≈ �2N�2φ � 1. (36)

From this, the triangle inequality implies �2N + �2φ �
2
√

�2N�2φ � 2, which is the entanglement criterion we
were expecting for the sum of variances (6).

V. EINSTEIN-PODOLSKY-ROSEN STEERING CRITERION

The general idea behind a derivation of an EPR steering
criterion follows the same approach as the one for entangle-
ment, but we use the quantum uncertainty relation only for the
system that has been assumed to be a “local quantum state”
[5]. For the other system (i.e., for the system that steers), we
do not assume anything about the variances of the local states
except that they are positive.

Inspired by Eq. (31), we start from a similar expression,
and using again Eqs. (29) and (30), we find that for all
nonsteerable states(

�2
kN + 1

4

)
D2

k

= (
�2

kN1 + �2
kN2 + 1

4

)
D2

k

= �2
kN1D2

k + (
�2

kN2 + 1
4

)(
D2

k,1 + D2
k,2 − D2

k,1D2
k,2

)
� �2

kN1D2
k + (

�2
kN2 + 1

4

)
D2

k,1

(
1 − D2

k,2

) + 1
4

� 1
4 , (37)

where in going to the second to last line we used the uncer-
tainty relation for system 2 (steered party) and in going to
the last line we used the fact that for system 1 no uncertainty
relation applies, meaning that we can set simultaneously
�2

kN1 = D2
k,1 = 0. Note here that the same result could have

been obtained also for the opposite choice in the uncertainty
bounds, corresponding to the situation where system 1 is
steered.

Following the same steps as in Eq. (34), we find that for all
nonsteerable states the following relation holds:(

�2N + 1
4

)
D2 � 1

4 . (38)

Therefore, this inequality is a bipartite steering criterion in-
volving the total number of particles N and the relative-
phase dispersion D2, whose violation actually implies two-
way steering between the systems.

For illustration purposes, Fig. 2 shows in orange the param-
eter region for which Eq. (38) is violated. States associated
with this region are therefore (two-way) steerable. Moreover,
note that Fig. 2 highlights the hierarchy existing between
entanglement and steering: steering is a stronger form of
correlation, for which entanglement is necessary but not suf-
ficient. As a consequence, every state showing steering is
necessarily entangled.

In the limit of small fluctuations in the phase difference,
where an expression analogous to Eq. (26) holds for D2, we
obtain from Eq. (38) the steering criterion

�2N
D2

1 − D2
≈ �2N�2φ � 1

4
. (39)

From this, the triangle inequality implies �2N + �2φ �
2
√

�2N�2φ � 1, which is the steering criterion we were
expecting for the sum of variances (7).

VI. EXAMPLES

In this section we analyze a number of experimentally
relevant examples to illustrate the usefulness of the number-
phase entanglement and steering criteria we derived.
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A. Number-phase states

As a first example we consider the number-phase states
described in Eq. (16), for which we have

�2N = 0, D2 = 2N + 1

(N + 1)2
. (40)

Here, the second equality comes from the fact that 〈E〉 =
N/(N + 1). As the total number of particles is constant, both
entanglement and EPR criteria, Eqs. (35) and (38), reduce to
D2 � 1. However, since 0 � D2 � 1, the latter coincides with
the condition

D2 = 1, (41)

which is violated whenever N > 0.
From the previous observations, we conclude that when the

number of particles is fixed, �2N = 0, our entanglement and
EPR criteria always reduce to D2 = 1 (see Fig. 2). Therefore,
every state violating this condition shows directly both entan-
glement and steering.

B. Split Fock states

States showing mode entanglement can be prepared using
beam splitters. For example, let us consider the input state to
be the product state of a Fock state and vacuum, i.e., |N〉|0〉.
Then, the output of the beam splitter is SU(2) coherent states.
For a balanced beam splitter where the splitting ratio is 50 :
50, the output state in the number basis reads

|N, ϕ〉 = 1√
2N

N∑
m=0

√(
N
m

)
eimϕ |m〉|N − m〉, (42)

where ϕ is some relative phase introduced by the beam
splitter.

These states have �2N = 0, as the number of particles is
set by the input Fock state, while the relative-phase dispersion
is

D2 = 1 −
[

1

2N

N∑
m=1

√(
N
m

)(
N

m − 1

)]2

. (43)

Like in the previous example, as there are no N fluctuations,
entanglement and EPR criteria reduce to D2 = 1, which is
violated whenever N > 0.

For this example it is straightforward to compare our crite-
ria with the HZ-type criteria mentioned in the Introduction
[36–38]. A simple calculation yields 〈a†a〉 = 〈b†b〉 = N/2,
|〈a†b〉|2 = N2/4, and 〈a†ab†b〉 = N (N − 1)/4. These rela-
tions show that the separability criterion |〈a†b〉|2 � 〈a†ab†b〉
is violated for all N , detecting entanglement. On the contrary,
the criteria for nonsteerable states, e.g., |〈a†b〉|2 � 〈a†a(b†b +
1/2)〉, are never violated. Therefore, this example emphasizes
the fact that the number-phase criteria we derived allow us
to detect steering in classes of states in which other HZ-type
criteria cannot.

C. Two-mode squeezed states

Nonclassical states that are known to show entanglement
and steering are two-mode squeezed states (TMSSs). These

are prepared in optical experiments using parametric down-
conversion. In the number basis, TMSSs read

|ψ (r)〉 = 1

cosh r

∞∑
m=0

(tanh r)m|m〉|m〉, (44)

where r � 0 is a real parameter associated with the squeezing
strength. For these states we obtain

�2N = sinh2(2r), D2 = 1, (45)

implying that both our entanglement and steering criteria,
Eqs. (35) and (38), are never violated.

Despite this result, let us remember that TMSSs show a
violation of entanglement and steering criteria based on XP
quadrature measurements [3,4] which, on the other hand, are
useless for number-phase states or split Fock states. Therefore,
this example emphasizes the fact that the number-phase crite-
ria we derived allow us to detect entanglement and steering in
classes of states in which standard XP criteria cannot.

D. States with noise in the total number

So far we have discussed pure states, which represent ideal-
ized situations. In fact, experiments always deal with different
types of noise. We analyze here the effect of an imperfect state
preparation resulting in shot-to-shot fluctuations in the total
number of particles.

The expectation value of an operator A is

〈A〉 =
∞∑

N=0

tr(ρN A), (46)

where ρN is the restriction of ρ to the subspace with total
number N .

To give a concrete example, consider a statistical mixture
of number-phase states (16). [The same results have been
obtained numerically for the split Fock states (42).] We have
ρN = p(N )|N, φ〉〈N, φ|, where p(N ) = tr(ρN ) is the probabil-
ity of the total number to be N . The variance of N is directly
obtained from p(N ), while the phase dispersion is obtained
from

〈E〉 =
∞∑

N=0

p(N )
N

N + 1
. (47)

Let us consider three possibilities for the probability distribu-
tion p(N ): Poissonian, Gaussian, and thermal.

Poissonian statistics. This is the case of typical number
fluctuations of coherent sources where the number variable
is distributed as

p(N ) = N̄N

N!
e−N̄ , (48)

where N̄ is the mean number of particles. For this statistics we
obtain

�2N = N̄, D2 = 1 −
(

N̄ − 1 + e−N̄

N̄

)2

, (49)

resulting in no violation of the criteria (35) and (38) for all N̄ .
Gaussian statistics. This is the case of large enough number

of photons that N can be treated as a continuous variable
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obeying Gaussian statistics

p(N ) = 1√
2π�N

exp

[
− (N − N̄ )2

2�2N

]
, (50)

where N̄ is the mean number of particles and we assume
�N  N̄ . In this limit, to obtain simple expressions, let us
consider a series expansion of N/(N + 1) in Eq. (47) around
N̄ to get

N

N + 1

 N̄

N̄ + 1
+ N − N̄

(N̄ + 1)2
− (N − N̄ )2

(N̄ + 1)3
, (51)

so that after replacing Eq. (47) by an integral we get

〈E〉 

∫ ∞

−∞
dN p(N )

N

N + 1

 N̄

N̄ + 1
− �2N

(N̄ + 1)3
. (52)

Furthermore, since this approximation is valid provided N̄ �
1, we may also consider a series expansion in powers of 1/N̄
to get to first order

D2 
 2

N̄
. (53)

In this case the violation of the criteria (35) and (38) depends
on the specific values of N̄ and �N . For

N̄ � 1

we observe that entanglement is revealed by Eq. (35) when
�2N < N̄/2, while steering is revealed by Eq. (38) when
�2N < N̄/8. Note here that having �2N < N̄ corresponds to
sub-Poissonian statistics.

Thermal statistics. This is the typical case of number
fluctuations resulting from thermal light sources, for which

p(N ) = 1

N̄ + 1

(
N̄

N̄ + 1

)N

, (54)

where N̄ is again the mean number while the variance in this
case is

�2N = N̄ (N̄ + 1). (55)

The relative-phase dispersion is directly evaluated from

〈E〉 =
∞∑

N=0

p(N )
N

N + 1
= 1 − ln (N̄ + 1)

N̄
. (56)

Also in this case we have that there is no violation of the
criteria (35) and (38) for any N̄ .

VII. CONCLUSIONS

In this work we presented criteria to detect entanglement
and EPR steering between two bosonic modes that are based
on number and phase measurements. To achieve this, we first
presented the operators associated with the latter measure-
ments, together with their uncertainty relation. In particular,
to describe fluctuations in the phase we used the concept
of dispersion, which is an analog of the variance for cyclic
variables. Then, inspired by the typical EPR sum and dif-
ference quadratures, we derived entanglement and steering
criteria in terms of the total number of particles and relative
phase measurements. These are inequivalent to the typical
criteria based on XP quadrature measurements, and therefore,
they allow us to detect quantum correlations in classes of
states that are, in general, different. Moreover, in contrast to
criteria requiring us to access interference terms such as 〈a†b〉,
the criteria we presented can be tested by performing local
measurements, allowing us to explore the nonlocal character
of quantum correlations. We gave a few examples where our
criteria are violated, showing that they are useful in con-
crete experimental scenarios, for example involving optical
modes, double-well BECs or mechanical oscillators. Apart
from being of fundamental interest, our results could also
find application in quantum information protocols, such as
number-phase teleportation [58–62].
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Aspelmeyer, S. Hong, and S. Gröblacher, Remote quantum
entanglement between two micromechanical oscillators, Nature
(London) 556, 473 (2018).

[32] C. F. Ockeloen-Korppi, E. Damskägg, J.-M. Pirkkalainen, M.
Asjad, A. A. Clerk, F. Massel, M. J. Woolley, and M. A.
Sillanpää, Stabilized entanglement of massive mechanical os-
cillators, Nature (London) 556, 478 (2018).

[33] R. E. Slusher, L. W. Hollberg, B. Yurke, J. C. Mertz, and J. F.
Valley, Observation of Squeezed States Generated by Four-
Wave Mixing in an Optical Cavity, Phys. Rev. Lett. 55, 2409
(1985); M. D. Reid and D. F. Walls, Squeezing in nondegenerate
four-wave mixing, Phys. Rev. A 33, 4465 (1986).

[34] J. Peise, I. Kruse, K. Lange, B. Lücke, L. Pezzé, J. Arlt, W.
Ertmer, K. Hammerer, L. Santos, A. Smerzi, and C. Klempt,
Satisfying the Einstein-Podolsky-Rosen criterion with massive
particles, Nat. Commun. 6, 8984 (2015).

[35] J. Estève, C. Gross, A. Weller, S. Giovanazzi, and M. K.
Oberthaler, Squeezing and entanglement in a Bose–Einstein
condensate, Nature (London) 455, 1216 (2008).

[36] M. Hillery and M. S. Zubairy, Entanglement Conditions for
Two-Mode States, Phys. Rev. Lett. 96, 050503 (2006).

[37] Q. Y. He, P. D. Drummond, M. K. Olsen, and M. D. Reid,
Einstein-Podolsky-Rosen entanglement and steering in two-
well Bose-Einstein-condensate ground states, Phys. Rev. A 86,
023626 (2012).

[38] E. G. Cavalcanti, Q. Y. He, M. D. Reid, and H. M. Wiseman,
Unified criteria for multipartite quantum nonlocality, Phys. Rev.
A 84, 032115 (2011).

[39] G. Toth, C. Simon, and J. I. Cirac, Entanglement detection
based on interference and particle counting, Phys. Rev. A 68,
062310 (2003).

[40] I. Urizar-Lanz and G. Toth, Number-operator-annihilation-
operator uncertainty as an alternative for the number-

052117-8

https://doi.org/10.1038/nphoton.2012.202
https://doi.org/10.1038/nphoton.2012.202
https://doi.org/10.1038/nphoton.2012.202
https://doi.org/10.1038/nphoton.2012.202
https://doi.org/10.1103/PhysRevA.87.032306
https://doi.org/10.1103/PhysRevA.87.032306
https://doi.org/10.1103/PhysRevA.87.032306
https://doi.org/10.1103/PhysRevA.87.032306
https://doi.org/10.1088/1361-6633/80/2/024001
https://doi.org/10.1088/1361-6633/80/2/024001
https://doi.org/10.1088/1361-6633/80/2/024001
https://doi.org/10.1088/1361-6633/80/2/024001
https://doi.org/10.1103/RevModPhys.92.015001
https://doi.org/10.1103/RevModPhys.92.015001
https://doi.org/10.1103/RevModPhys.92.015001
https://doi.org/10.1103/RevModPhys.92.015001
https://doi.org/10.1103/PhysRevLett.106.110506
https://doi.org/10.1103/PhysRevLett.106.110506
https://doi.org/10.1103/PhysRevLett.106.110506
https://doi.org/10.1103/PhysRevLett.106.110506
https://doi.org/10.1103/PhysRevA.85.010301
https://doi.org/10.1103/PhysRevA.85.010301
https://doi.org/10.1103/PhysRevA.85.010301
https://doi.org/10.1103/PhysRevA.85.010301
https://doi.org/10.1038/ncomms9795
https://doi.org/10.1038/ncomms9795
https://doi.org/10.1038/ncomms9795
https://doi.org/10.1038/ncomms9795
https://doi.org/10.1364/OPTICA.3.000634
https://doi.org/10.1364/OPTICA.3.000634
https://doi.org/10.1364/OPTICA.3.000634
https://doi.org/10.1364/OPTICA.3.000634
https://doi.org/10.1103/PhysRevA.88.062338
https://doi.org/10.1103/PhysRevA.88.062338
https://doi.org/10.1103/PhysRevA.88.062338
https://doi.org/10.1103/PhysRevA.88.062338
https://doi.org/10.1103/PhysRevLett.115.180502
https://doi.org/10.1103/PhysRevLett.115.180502
https://doi.org/10.1103/PhysRevLett.115.180502
https://doi.org/10.1103/PhysRevLett.115.180502
https://doi.org/10.1038/npjqi.2016.20
https://doi.org/10.1038/npjqi.2016.20
https://doi.org/10.1038/npjqi.2016.20
https://doi.org/10.1038/npjqi.2016.20
https://doi.org/10.1103/PhysRevLett.114.060404
https://doi.org/10.1103/PhysRevLett.114.060404
https://doi.org/10.1103/PhysRevLett.114.060404
https://doi.org/10.1103/PhysRevLett.114.060404
https://doi.org/10.1103/PhysRevLett.116.240401
https://doi.org/10.1103/PhysRevLett.116.240401
https://doi.org/10.1103/PhysRevLett.116.240401
https://doi.org/10.1103/PhysRevLett.116.240401
https://doi.org/10.1038/s41534-018-0067-1
https://doi.org/10.1038/s41534-018-0067-1
https://doi.org/10.1038/s41534-018-0067-1
https://doi.org/10.1038/s41534-018-0067-1
https://doi.org/10.1103/PhysRevLett.68.3663
https://doi.org/10.1103/PhysRevLett.68.3663
https://doi.org/10.1103/PhysRevLett.68.3663
https://doi.org/10.1103/PhysRevLett.68.3663
https://doi.org/10.1103/PhysRevLett.117.250501
https://doi.org/10.1103/PhysRevLett.117.250501
https://doi.org/10.1103/PhysRevLett.117.250501
https://doi.org/10.1103/PhysRevLett.117.250501
https://doi.org/10.1103/PhysRevLett.123.120402
https://doi.org/10.1103/PhysRevLett.123.120402
https://doi.org/10.1103/PhysRevLett.123.120402
https://doi.org/10.1103/PhysRevLett.123.120402
https://doi.org/10.1038/nphys3202
https://doi.org/10.1038/nphys3202
https://doi.org/10.1038/nphys3202
https://doi.org/10.1038/nphys3202
https://doi.org/10.1103/PhysRevLett.118.230501
https://doi.org/10.1103/PhysRevLett.118.230501
https://doi.org/10.1103/PhysRevLett.118.230501
https://doi.org/10.1103/PhysRevLett.118.230501
http://arxiv.org/abs/arXiv:1910.13698
https://doi.org/10.1103/PhysRevLett.107.080503
https://doi.org/10.1103/PhysRevLett.107.080503
https://doi.org/10.1103/PhysRevLett.107.080503
https://doi.org/10.1103/PhysRevLett.107.080503
https://doi.org/10.1038/35096524
https://doi.org/10.1038/35096524
https://doi.org/10.1038/35096524
https://doi.org/10.1038/35096524
https://doi.org/10.1126/science.aao1850
https://doi.org/10.1126/science.aao1850
https://doi.org/10.1126/science.aao1850
https://doi.org/10.1126/science.aao1850
https://doi.org/10.1126/science.aao2254
https://doi.org/10.1126/science.aao2254
https://doi.org/10.1126/science.aao2254
https://doi.org/10.1126/science.aao2254
https://doi.org/10.1126/science.aao2035
https://doi.org/10.1126/science.aao2035
https://doi.org/10.1126/science.aao2035
https://doi.org/10.1126/science.aao2035
https://doi.org/10.1038/s41586-018-0036-z
https://doi.org/10.1038/s41586-018-0036-z
https://doi.org/10.1038/s41586-018-0036-z
https://doi.org/10.1038/s41586-018-0036-z
https://doi.org/10.1038/s41586-018-0038-x
https://doi.org/10.1038/s41586-018-0038-x
https://doi.org/10.1038/s41586-018-0038-x
https://doi.org/10.1038/s41586-018-0038-x
https://doi.org/10.1103/PhysRevLett.55.2409
https://doi.org/10.1103/PhysRevLett.55.2409
https://doi.org/10.1103/PhysRevLett.55.2409
https://doi.org/10.1103/PhysRevLett.55.2409
https://doi.org/10.1103/PhysRevA.33.4465
https://doi.org/10.1103/PhysRevA.33.4465
https://doi.org/10.1103/PhysRevA.33.4465
https://doi.org/10.1103/PhysRevA.33.4465
https://doi.org/10.1038/ncomms9984
https://doi.org/10.1038/ncomms9984
https://doi.org/10.1038/ncomms9984
https://doi.org/10.1038/ncomms9984
https://doi.org/10.1038/nature07332
https://doi.org/10.1038/nature07332
https://doi.org/10.1038/nature07332
https://doi.org/10.1038/nature07332
https://doi.org/10.1103/PhysRevLett.96.050503
https://doi.org/10.1103/PhysRevLett.96.050503
https://doi.org/10.1103/PhysRevLett.96.050503
https://doi.org/10.1103/PhysRevLett.96.050503
https://doi.org/10.1103/PhysRevA.86.023626
https://doi.org/10.1103/PhysRevA.86.023626
https://doi.org/10.1103/PhysRevA.86.023626
https://doi.org/10.1103/PhysRevA.86.023626
https://doi.org/10.1103/PhysRevA.84.032115
https://doi.org/10.1103/PhysRevA.84.032115
https://doi.org/10.1103/PhysRevA.84.032115
https://doi.org/10.1103/PhysRevA.84.032115
https://doi.org/10.1103/PhysRevA.68.062310
https://doi.org/10.1103/PhysRevA.68.062310
https://doi.org/10.1103/PhysRevA.68.062310
https://doi.org/10.1103/PhysRevA.68.062310


NUMBER-PHASE ENTANGLEMENT AND … PHYSICAL REVIEW A 101, 052117 (2020)

phase uncertainty relation, Phys. Rev. A 81, 052108
(2010).

[41] P. Carruthers and M. M. Nieto, Phase and angle variables in
quantum mechanics, Rev. Mod. Phys. 40, 411 (1968); M. M.
Nieto, Quantum phase and quantum phase operators: Some
physics and some history, Phys. Scr. T48, 5 (1993), and ref-
erences therein.

[42] R. Lynch, The quantum phase problem: A critical review, Phys.
Rep. 256, 367 (1995).

[43] A. Luis and L. L. Sánchez-Soto, Phase-difference operator,
Phys. Rev. A 48, 4702 (1993).

[44] A. Luis and L. L. Sánchez-Soto, Quantum phase difference,
phase measurements and Stokes operators, Prog. Opt. 41, 421
(2000).

[45] T. Opatrný, Number-phase uncertainty relations, J. Phys. A 28,
6961 (1995).

[46] T. Opatrný, Mean value and uncertainty in optical phase, a
simple mechanical analogy, J. Phys. A 27, 7201 (1994).

[47] L.-M. Duan, G. Giedke, J. I. Cirac, and P. Zoller, Inseparability
Criterion for Continuous Variable Systems, Phys. Rev. Lett. 84,
2722 (2000).

[48] R. Simon, Peres-Horodecki Separability Criterion for Continu-
ous Variable Systems, Phys. Rev. Lett. 84, 2726 (2000).

[49] W. P. Bowen, N. Treps, R. Schnabel, and P. K. Lam, Ex-
perimental Demonstration of Continuous Variable Polarization
Entanglement, Phys. Rev. Lett. 89, 253601 (2002).

[50] V. Giovannetti, S. Mancini, D. Vitali, and P. Tombesi, Charac-
terizing the entanglement of bipartite quantum systems, Phys.
Rev. A 67, 022320 (2003).

[51] P. A. Dirac, The fundamental equations of quantum mechanics,
Proc. R. Soc. London 109, 642 (1925).

[52] L. Susskind and L. Glogower, Quantum mechanical phase and
time operator, Phys. Phys. Fiz. 1, 49 (1964).

[53] M. A. Naimark, On spectral functions of a symmetric operator,
Izv. Akad. Nauk SSSR, Ser. Mat. 7, 285 (1943).

[54] K. L. Pregnell and D. T. Pegg, Single-Shot Measurement of
Quantum Optical Phase, Phys. Rev. Lett. 89, 173601 (2002).

[55] N. Dalla Pozza and M. G. A. Paris, Naimark extension for the
single-photon canonical phase measurement, Phys. Rev. A 100,
032126 (2019).

[56] E. Breitenberger, Uncertainty measures and uncertainty rela-
tions for angle observables, Found. Phys. 15, 353 (1985).

[57] H. F. Hofmann and S. Takeuchi, Violation of local uncertainty
relations as a signature of entanglement, Phys. Rev. A 68,
032103 (2003).

[58] G. J. Milburn and S. L. Braunstein, Quantum teleportation with
squeezed vacuum states, Phys. Rev. A 60, 937 (1999).

[59] S. Yu and C.-P. Sun, Canonical quantum teleportation, Phys.
Rev. A 61, 022310 (2000).

[60] P. T. Cochrane, G. J. Milburn, and W. J. Munro, Teleporta-
tion using coupled oscillator states, Phys. Rev. A 62, 062307
(2000).

[61] P. T. Cochrane and G. J. Milburn, Teleportation with the en-
tangled states of a beam splitter, Phys. Rev. A 64, 062312
(2001).

[62] N.-K. Tran and O. Pfister, Quantum teleportation with close-to-
maximal entanglement from a beam splitter, Phys. Rev. A 65,
052313 (2002).

052117-9

https://doi.org/10.1103/PhysRevA.81.052108
https://doi.org/10.1103/PhysRevA.81.052108
https://doi.org/10.1103/PhysRevA.81.052108
https://doi.org/10.1103/PhysRevA.81.052108
https://doi.org/10.1103/RevModPhys.40.411
https://doi.org/10.1103/RevModPhys.40.411
https://doi.org/10.1103/RevModPhys.40.411
https://doi.org/10.1103/RevModPhys.40.411
https://doi.org/10.1088/0031-8949/1993/T48/001
https://doi.org/10.1088/0031-8949/1993/T48/001
https://doi.org/10.1088/0031-8949/1993/T48/001
https://doi.org/10.1088/0031-8949/1993/T48/001
https://doi.org/10.1016/0370-1573(94)00095-K
https://doi.org/10.1016/0370-1573(94)00095-K
https://doi.org/10.1016/0370-1573(94)00095-K
https://doi.org/10.1016/0370-1573(94)00095-K
https://doi.org/10.1103/PhysRevA.48.4702
https://doi.org/10.1103/PhysRevA.48.4702
https://doi.org/10.1103/PhysRevA.48.4702
https://doi.org/10.1103/PhysRevA.48.4702
https://doi.org/10.1016/S0079-6638(00)80021-9
https://doi.org/10.1016/S0079-6638(00)80021-9
https://doi.org/10.1016/S0079-6638(00)80021-9
https://doi.org/10.1016/S0079-6638(00)80021-9
https://doi.org/10.1088/0305-4470/28/23/034
https://doi.org/10.1088/0305-4470/28/23/034
https://doi.org/10.1088/0305-4470/28/23/034
https://doi.org/10.1088/0305-4470/28/23/034
https://doi.org/10.1088/0305-4470/27/21/034
https://doi.org/10.1088/0305-4470/27/21/034
https://doi.org/10.1088/0305-4470/27/21/034
https://doi.org/10.1088/0305-4470/27/21/034
https://doi.org/10.1103/PhysRevLett.84.2722
https://doi.org/10.1103/PhysRevLett.84.2722
https://doi.org/10.1103/PhysRevLett.84.2722
https://doi.org/10.1103/PhysRevLett.84.2722
https://doi.org/10.1103/PhysRevLett.84.2726
https://doi.org/10.1103/PhysRevLett.84.2726
https://doi.org/10.1103/PhysRevLett.84.2726
https://doi.org/10.1103/PhysRevLett.84.2726
https://doi.org/10.1103/PhysRevLett.89.253601
https://doi.org/10.1103/PhysRevLett.89.253601
https://doi.org/10.1103/PhysRevLett.89.253601
https://doi.org/10.1103/PhysRevLett.89.253601
https://doi.org/10.1103/PhysRevA.67.022320
https://doi.org/10.1103/PhysRevA.67.022320
https://doi.org/10.1103/PhysRevA.67.022320
https://doi.org/10.1103/PhysRevA.67.022320
https://doi.org/10.1098/rspa.1925.0150
https://doi.org/10.1098/rspa.1925.0150
https://doi.org/10.1098/rspa.1925.0150
https://doi.org/10.1098/rspa.1925.0150
https://doi.org/10.1103/PhysicsPhysiqueFizika.1.49
https://doi.org/10.1103/PhysicsPhysiqueFizika.1.49
https://doi.org/10.1103/PhysicsPhysiqueFizika.1.49
https://doi.org/10.1103/PhysicsPhysiqueFizika.1.49
https://doi.org/10.1103/PhysRevLett.89.173601
https://doi.org/10.1103/PhysRevLett.89.173601
https://doi.org/10.1103/PhysRevLett.89.173601
https://doi.org/10.1103/PhysRevLett.89.173601
https://doi.org/10.1103/PhysRevA.100.032126
https://doi.org/10.1103/PhysRevA.100.032126
https://doi.org/10.1103/PhysRevA.100.032126
https://doi.org/10.1103/PhysRevA.100.032126
https://doi.org/10.1007/BF00737323
https://doi.org/10.1007/BF00737323
https://doi.org/10.1007/BF00737323
https://doi.org/10.1007/BF00737323
https://doi.org/10.1103/PhysRevA.68.032103
https://doi.org/10.1103/PhysRevA.68.032103
https://doi.org/10.1103/PhysRevA.68.032103
https://doi.org/10.1103/PhysRevA.68.032103
https://doi.org/10.1103/PhysRevA.60.937
https://doi.org/10.1103/PhysRevA.60.937
https://doi.org/10.1103/PhysRevA.60.937
https://doi.org/10.1103/PhysRevA.60.937
https://doi.org/10.1103/PhysRevA.61.022310
https://doi.org/10.1103/PhysRevA.61.022310
https://doi.org/10.1103/PhysRevA.61.022310
https://doi.org/10.1103/PhysRevA.61.022310
https://doi.org/10.1103/PhysRevA.62.062307
https://doi.org/10.1103/PhysRevA.62.062307
https://doi.org/10.1103/PhysRevA.62.062307
https://doi.org/10.1103/PhysRevA.62.062307
https://doi.org/10.1103/PhysRevA.64.062312
https://doi.org/10.1103/PhysRevA.64.062312
https://doi.org/10.1103/PhysRevA.64.062312
https://doi.org/10.1103/PhysRevA.64.062312
https://doi.org/10.1103/PhysRevA.65.052313
https://doi.org/10.1103/PhysRevA.65.052313
https://doi.org/10.1103/PhysRevA.65.052313
https://doi.org/10.1103/PhysRevA.65.052313

