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Apparatus contribution to observed nonclassicality
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Any nonclassical effect noticed in measured statistics is usually attributed just to the light state being
observed. According to Born’s rule, quantum probabilities are given by the overlap between the system state
and measurement states in a quite symmetrical way. We demonstrate that the nonclassicality of the measurement
is a necessary condition to obtain nonclassical statistics. To this end, we present a detector characterization
for two-observable joint detection processes based on detector tomography. This is particularized to the most
common signatures of nonclassical light.
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I. INTRODUCTION

Experimental results that cannot be explained by clas-
sical electrodynamics are at the heart of quantum theory.
These nonclassical effects, such as photon antibunching or
quadrature squeezing, are always revealed by peculiarities of
the observed statistics. Historically, these peculiarities have
been attributed to the quantum character of the state being
observed [1].

According to Born’s rule, the probability of each mea-
surement outcome is determined in a symmetrical way by
the system state |ψ〉 and the measurement states |m〉, that is
p(m|ψ ) = |〈m|ψ〉|2, where typically |m〉 are the eigenvectors
of the measured observable M. In more general terms, the
measurement is described by a positive operator-valued mea-
sure (POVM) �(m) and the state by a density matrix ρ, so
that p(m|ρ) = tr[ρ�(m)].

The symmetry of Born’s rule raises the question of whether
the paradoxical experimental results might be ascribed to the
measurement states as well. A quite remarkable example is
the photoelectric effect as an observation of the light intensity.
This is usually interpreted as proof of the quantum nature of
the light, although it can be satisfactorily explained exclu-
sively in terms of the quantum properties of the detector [2].

In this paper, we demonstrate that the nonclassicality of
the detector is a necessary condition to obtain nonclassical
statistics. This can be particularized to some simple and com-
mon signatures of nonclassical light such as sub-Poissonian
statistics, quadrature squeezing, and photon anticorrelations.
This question seems especially pertinent since typically the
measurement states are highly nonclassical, say, number states
and infinitely squeezed states, in photon-number and quadra-
ture measurements, respectively.

The nonclassicality of states has been addressed in terms
of quasiprobability distributions since the original works of
Glauber and Surdashan [3,4]. Still today, the definition of
nonclassical behavior rests on the Glauber-Surdashan P(α)
representation [5,6]. It is the lack of a bona fide Glauber-
Surdashan P(α) distribution which defines a nonclassical state
[1,7–9]. Moreover, this representation can be extended to
every quantum operator [10], which makes it possible to

define, in the same way, the measurement’s nonclassicality as
the lack of a bona fide Glauber-Surdashan P(α) distribution.

Based on this, we address whether quantum experiments
admit a classical description of the measurement. We solve
this in the negative, and nonclassicality of the detector is
actually a necessary condition to observe any nonclassical
property.

II. NONCLASSICAL EVIDENCE

Strictly speaking, a single-observable statistics cannot re-
veal by itself nonclassical behavior. This is because in clas-
sical physics we can always replicate any quantum prob-
ability distribution. The most clear quantum signature is
the lack of a joint probability distribution for incompatible
observables [11–14].

In the most general case, which is our starting point, the
statistics can be properly represented in the system space by a
positive operator-valued measure �̃(x, y),

p̃(x, y|ρ) = tr[ρ�̃(x, y)], (1)

where ρ is the density matrix of the system state, and x, y
are the outcomes in the measurement of two observables.
We assume that the corresponding x and y marginals, which
are �̃X (x) = ∫

dy�̃(x, y) and �̃Y (y) = ∫
dx�̃(x, y), provide

complete information about two given system observables,
say, X and Y , respectively. This implies that, if �A(a) are the
exact, true POVMs corresponding to the system observables
A = X,Y , there are functions μA(a, a′) such that

�A(a) =
∫

da′μA(a, a′)�̃A(a′), (2)

for a = x, y. The functions μA(a, a′) are state independent and
completely known as far as we know for the measurement
being performed.

The key idea is to extend this inversion (2) from the
marginals to the complete joint distribution, in order to obtain
an operator-valued measure �(x, y) [12,13,15–18],

�(x, y) =
∫

dx′dy′μX (x, x′)μY (y, y′)�̃(x′, y′), (3)
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and the corresponding inferred joint distribution

p(x, y|ρ) = tr[ρ�(x, y)]. (4)

In classical physics this program derives always in a bona
fide joint probability distribution [12,13]. This is not the case
in quantum physics, where p(x, y|ρ) may not exist or take
negative values as a clear signature of nonclassical behavior.

III. APPARATUS CONTRIBUTION

The main point of this paper reads that there must be
intrinsic quantumness in any concrete experimental apparatus,
say, in the behavior of the hardware itself, in order to be able
to reveal any nonclassicality at all. This is that quantumness of
the detector is a necessary condition to observe quantumness
in the optical field, to the point that their mutual contributions
can be hardly split.

Let us express this idea in two steps:
(i) Any nonclassical feature in the inferred p(x, y|ρ) must

have a clear correlate on a pathological feature of the inferred
�(x, y). This is because ρ is always a well-behaved density
matrix. So if p(x, y|ρ) does not exist, it is because �(x, y)
does not exist, and if p(x, y|ρ) takes negative values, it is
because �(x, y) is not positive definite. Thus nonclassical
phenomena require nonclassical detection.

(ii) The system state must be so that it reveals the patho-
logical features already present in the detection scheme, say,
the observed state must lie in the negative spectrum region of
the detection POVM.

We elaborate on this to get to a useful complete char-
acterization of nonclassical detectors, fully equivalent to
that of nonclassical states. To this end we express the in-
ferred operator measure (3) via the Glauber-Sudarshan P
representation as

�(x, y) = 1

π

∫
d2αP(x, y|α)|α〉〈α|, (5)

where |α〉 are the Glauber coherent states. The P(x, y|α)
function provides a practical characterization of a detection
process, in agreement with the idea of detector tomography
[19–22]. In our context, it may serve as well to distinguish
quantum from classical measurements. Clearly, if �(x, y) is
pathological, then P(x, y|α) cannot be a classical-like bona
fide probability distribution and the measurement is nonclas-
sical. Vice versa, if the measurement is classical, the inferred
joint statistics p(x, y|ρ) is always a bona fide probability
distribution that has no pathologies, as it can be clearly seen
since after Eq. (5) the inferred joint distribution (4) becomes

p(x, y|ρ) =
∫

d2α P(x, y|α)Q(α|ρ), (6)

with Q(α|ρ) the Husimi Q function of ρ,

Q(α|ρ) = 1

π
〈α|ρ|α〉. (7)

The key point here is that for every ρ, the function Q(α|ρ)
exists and is non-negative, Q(α|ρ) � 0. This demonstrates the
first point of this paper, which is that for classical detectors
we have always a classical interpretation. Equivalently, this
means that there are nonclassical effects only provided that

the measurement performed is itself nonclassical. Therefore
the nonclassical criteria based on the P function work for
measurements as well as for states and serve as a suitable
characterization of nonclassical detectors valid even beyond
joint measurements.

We may ask what sorts of physical properties of a mea-
surement apparatus correspond with the nonclassicality of the
POVM used to characterize its statistical response to optical
input states. We can say that these are exactly the same
properties that correspond with the nonclassicality of optical
input states. This is why we refer to the system-apparatus
symmetry in the Born’s rule.

This is after all a quite interesting feature of the quantum
theory. Expressions such as p(m|ψ ) = |〈m|ψ〉|2 or p(m|ρ) =
tr[ρ�(m)] reveal that detection schemes are to be formally
described in terms of light states, despite them all being made
of matter. So we can ascribe to them quantum properties in
exactly the same way we do to optical states.

IV. EXAMPLES

After having linked nonclassicality with a pathologi-
cal P representation of the measurement � in a general
enough framework, we can illustrate this scenario with some
paradigmatic single-observable measurements through their P
function.

A. Sub-Poissonian statistics

A classic test of nonclassicality is sub-Poissonian statistics,
�2n < 〈n̂〉. For projection on number states |n〉 we have

|n〉〈n| =
∫

d2αpN (n|α)|α〉〈α|, (8)

where pN (n|α) is the Glauber-Sudarshan P function of a
number state [4],

pN (n|α) = n!e|α|2

2π |α|(2n)!

∂2n

∂|α|2n
δ(|α|), (9)

which is extremely singular containing derivatives of the delta
function. Let us examine whether the sub-Poissonian behavior
still holds when we replace the above highly nonclassical
pN (n|α) by its closest classical version.

To this end we look for a POVM element 	n as close
as possible to |n〉〈n| but with a well-defined positive and
normalized pN (n|α), i.e.,

	n =
∫

d2αpN (n|α)|α〉〈α|. (10)

As a criterion of closeness we may consider the maximum
overlap between 	n and |n〉〈n|, which is maximum 〈n|	n|n〉,

〈n|	n|n〉 =
∫

d2αpN (n|α)|〈n|α〉|2. (11)

It can be easily seen that |〈n|α〉|2 as a function of α has
a maximum for |α|2 = n. Therefore the maximum overlap
occurs when pN (n|α) is concentrated at such a point, i.e.,

pN (n|α) = δ(n − |α|2), (12)
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FIG. 1. Anticorrelation of photocounts for a single-photon input
sate.

where n is now a continuous variable, as already presented in
Ref. [23]. In such a case the corresponding statistics reads

pN (n|ρ) = 1

2

∫
2π

dφQ (α = √
neiφ |ρ), (13)

where we have used that d2α = (1/2)d|α|2dφ and φ is the
phase of α. This statistics can be related to the actual exact
photon-number distribution in the form

pN (n|ρ) =
∞∑

m=0

nme−n

m!
〈m|ρ|m〉, (14)

where |m〉 are number states.
Let us compare the variance obtained from the classical

versus the quantum detectors, with the following explicit
form of classical 〈nk〉 and quantum 〈n̂k〉 moments, for any
integer k,

〈nk〉 =
∫

d2αnk pN (n|ρ), 〈n̂k〉 = tr[ρ(a†a)k]. (15)

Taking into account that∫ ∞

0
dn nke−n = k!, (16)

we readily get from Eqs. (13) and (14),

〈n〉 = 〈n̂〉 + 1, 〈n2〉 = 〈n̂2〉 + 3〈n̂〉 + 2, (17)

so that

�2n = 〈n2〉 − 〈n〉2 = �2n̂ + 〈n〉 � 〈n〉. (18)

So, if we replace quantum by classical-like measurement,
all states are Poissonian or super-Poissonian. Therefore, we
may safely say that sub-Poissonian statistics holds only if the
measurement is sub-Poissonian itself, and so it is nonclassical.

B. Anticoincidences

Next, we move from sub-Poissonian statistics to the anti-
correlation of photocounts in the typical scenario displayed
in Fig. 1, as the flagship of quantum optics. A single photon
impinges on a lossless beam splitter and two joint intensity
measurements are performed at the outputs of the beam
splitter. Since the photon is indivisible, the detectors can never
trigger both simultaneously, so that 〈n̂1n̂2〉 = 0. This is maybe

|1>
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FIG. 2. Anticorrelation of photocounts for a twin-photon input
sate.

the most clear and simple evidence of the quantum nature of
light [24].

Thus we consider a two-mode version of the classical
measurement described by the PN (n|α) function in Eq. (12) to
obtain the statistics when the field is in the one-photon state,

p(n1, n2|ρ) = (Rn1 + T n2)e−n1−n2 , (19)

where R, T are the transmission and reflection coefficients
with T + R = 1. We simply get 〈n1n2〉 = 2, so that the alleged
quantum effect would never be observed if the detectors were
classical-like devices.

Along the same lines we may examine the Hong-Ou-
Mandel effect illustrated in Fig. 2 [25], where two photons
impinge simultaneously on the input ports of a lossless 50%
beam splitter. The quantum theory predicts the result 〈n̂1n̂2〉 =
0 again, as evidence of the quantum nature of light. However,
this result is not preserved if we replace the detectors by
classical-like measurements as before, since the joint statistics
would be

p(n1, n2|ρ) = 1
4

(
n2

1 + n2
2

)
e−n1−n2 , (20)

leading to 〈n1n2〉 = 3.

C. Quadrature squeezing

As the last example we present quadrature squeezing
�2x < 1/4, where x represents a field quadrature x = Re{α},
which is incompatible with a bona fide P(α|ρ). Here again,
the statistics of a quadrature measurement results by projec-
tion on the quadrature eigenstates that are highly nonclassical
being infinitely squeezed. We carry out the closest classical
measurement by replacing the strongly quantum pX (x|α) by

pX (x|α) = δ(x − Re{α}). (21)

so that the corresponding statistics reads

pX (x|ρ) =
∫ ∞

−∞
dyQ(α = x + iy), (22)

that is,

pX (x|ρ) =
√

2

π

∫ ∞

−∞
dx′e−2(x−x′ )2〈x|ρ|x〉, (23)
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where |x〉 are quadrature eigenstates. Here again, computing
the first two moments we get

〈x〉 = 〈X̂ 〉, 〈x2〉 = 〈X̂ 2〉 + 1
4 , (24)

so that �2x = �2X̂ + 1
4 � 1

4 . Therefore, with classical
quadrature measurements there would be no nonclassical
behavior regarding this physical variable.

We utilize the latter example to illustrate that there are
actually classical detectors in a quantum world. In order to do
this, we show that a real detector with a classical description
emerges from a quantum one after thermalization, in the sense
of adding thermal noise to the quantum device. This is actually
the same idea of combining a nonclassical state with thermal
light to remove all its nonclassical properties [23,26]. To this
end, we substitute each highly nonclassical element of the
quadrature measurement, 	X = |x〉〈x|, for a combination of
them with thermal distribution,

	τ
X =

∫
d2α

e−|α|2/2τ

2πτ
D†(α)|x〉〈x|D(α), (25)

where D(α) is the displacement operator and τ is a measure
of the amount of thermal fluctuations, leading to

	τ
X =

∫
d2α

e−|α|2/2τ

2πτ

∣∣∣∣x + Re(α)

2

〉〈
x + Re(α)

2

∣∣∣∣. (26)

The resulting statistics tr[ρ	τ
X ] is identical to (23) for τ = 1.

Alternatively, the same result is obtained if we model a real
detector as an ideal one, preceded by a beam splitter of finite
transmittance, where τ would be proportional to the inverse of
the quantum efficiency [27].

D. Bell tests

As the last example of nonclassical behavior we study
the violation of Bell inequalities. In a recent work [28]
we have proposed a simultaneous joint measurement of all
observables involved in the Bell tests in order to solve the
difficulties caused by measuring noncompatible observables.
Applying then an inversion procedure of the kind in Eq. (3)
to the recorded statistics, we concluded that the violation of
Bell inequalities is equivalent to a retrieved joint distribution
p(x, y, u, v) taking negative values, in agreement with Fine’s
theorem [11]. Here, we show how any violation of Bell
inequalities requires nonclassical detection.

We analyze a typical Bell test, with a pair of two-
dimensional subsystems or qubits, A and B, measuring two
dichotomic observables in each of them, say, X,Y and U,V ,
respectively. The inferred joint distribution is [28]

p(x, y, u, v|ρ) = tr[ρ�(x, y, u, v)], (27)

where

�(x, y, u, v) = �(x, y) ⊗ �(u, v), (28)

with

�A(x, y) = 1
4 [1 + SA(x, y) · σ],

(29)
�B(u, v) = 1

4 [1 + SB(u, v) · σ],
where, for example, in the the simplest situation,

SA(x, y) = xSX + ySY ,

SB(u, v) = uSU + vSV . (30)

with σ the three Pauli matrices, x, y, u, v = ±1, and SW , W =
X,Y,U,V are three-dimensional, real, unit vectors that spec-
ify the particular observables being measured as �W (w) =
(1 + wSW · σ)/2, w = x, y, u, v.

Then, �(x, y, u, v) will be positive and well behaved
provided that both �A(x, y) and �B(u, v) are positive and
well behaved, which holds provided that |SA(x, y)| � 1 and
|SB(u, v)| � 1 for all x, y, u, v. In such a case, the measure-
ment performed in both subsystems will admit a classical-
like description. This situation can be well illustrated by
considering the case of the singlet maximally entangled state
which leads to [28]

p(x, y, u, v) = 1
16 [1 − SA(x, y) · SB(u, v)], (31)

which is pathological provided that either |SA(x, y)| > 1, or
|SB(u, v)| > 1, or both, that is, when either �A(x, y), or
�B(u, v), or both, are nonclassical.

V. CONCLUSIONS

To conclude, we have used the phase-space representatives
of measurements to characterize their classical or nonclassical
behavior. In particular, we have presented a detector model
for two-observable joint detection processes. This allowed us
to link the classical or quantum nature of detectors with the
nonclassical properties of the recorded and inferred statistics.
With this we can demonstrate that the nonclassicality of
the detector is a necessary condition to obtain nonclassical
statistics. We have shown explicitly that this is the case in the
most typical signatures of nonclassical behavior, such as sub-
Poissonian statistics, quadrature squeezing, photon anticorre-
lations, and Bell violations, showing that they unavoidably
require detectors that are themselves nonclassical. Then, we
conclude that there is no quantum light without quantum
detectors.
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