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Abstract

The understanding of stellar structure represents the crossroads of our theories of the nuclear force and the gravita-
tional interaction under the most extreme conditions observably accessible. It provides a powerful probe of General
Relativity on its strong field regime, and opens fruitful avenues for the exploration of new gravitational physics.
The latter can be captured via the so-called modified theories of gravity, which modify the Einstein-Hilbert action
of General Relativity and/or some of its building blocks/principles. These theories typically change the Tolman-
Oppenheimer-Volkoff equations of stellar’s hydrostatic equilibrium, having a large impact on the astrophysical prop-
erties of the corresponding stars, and thus opening a new window to constrain these theories with present and future
observations of different types of stars. For relativistic stars, such as neutron stars, the uncertainty on the equation of
state of matter at supranuclear densities intertwines with the new parameters coming from the modified gravity side,
providing a whole new phenomenology for the typical predictions of stellar structure models, such as mass-radius
relations, maximum masses, or moment of inertia. For non-relativistic stars, such as white, brown and red dwarfs, the
weakening/strengthening of the gravitational force inside astrophysical bodies via the modified Newtonian (Poisson)
equation may induce changes on the star’s mass, radius, central density or luminosity, having an impact, for instance,
in the Chandrasekhar’s limit for white dwarfs, or in the minimum mass for stable hydrogen burning for high-mass
brown dwarfs. This work aims to provide a broad overview of the main such results achieved in the recent literature
for many such modified theories of gravity, by combining the results and constraints obtained from the analysis of
relativistic and non-relativistic stars in different scenarios. Moreover, we will build a bridge between the efforts of
the community working on different theories, formulations, types of stars, theoretical modellings, and observational
aspects, highlighting some of the most promising opportunities in the field.
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1. Preamble

1.1. Introduction

More than one hundred years after its formulation, Einstein’s General Theory of Relativity (GR) still stands as
an extremely successful theory of the gravitational interaction. It has passed tests ranging from submilimiter to solar
system scales [1], has been built in the concordance cosmological model [2], and has received further confirmation
from the recent detection of gravitational waves consistently interpreted as emitted out of binary mergers [3], and by
the imaging of the shadow of the central object of the M87 galaxy assumed to be a Kerr black hole [4]. Despite this, in
the last decades there has been an enormous effort invested by the gravitational community at large to find alternatives
to this framework following different directions. This effort is motivated by a plethora of reasons. On the theoretical
side one finds the need for an ultraviolet completion of GR seen as an effective theory [5], or the studies aimed at the
resolution of space-time singularities deep inside black holes and in the early universe (see [6] for a pedagogical and
historical discussion of this issue). On the phenomenological side, alternatives to the concordance model without dark
sources has become a rich reservoir of proposals for extending GR, many of which have been severely constrained
by the finding of the binary neutron star merger GW170817 [7] and its electromagnetic counterpart GRB170817 [8].
Indeed, the reported constraint |cT/c − 1| ≤ 1 × 10−15 on the speed of propagation of gravitational waves as compared
to the speed of light, has put into trouble many such proposals, see e.g. [9] for a insightful analysis of this question.

Among the many different scenarios proposed in the literature to study gravitational phenomenology beyond GR,
the one of stellar structure models represents both a powerful probe for testing gravity on its strong field regime [10]
and a promising avenue to find eventual deviations from GR predictions. The main target of this analysis are compact
stars such as neutron stars and white dwarfs, which represent the end-state of stellar evolution of main-sequence stars,
but also other types of stars such as brown and red dwarfs. Moreover, along the decades other stellar objects have
appeared in the literature, such as hyperon stars [11], quark/hybrid stars [12, 13], strange stars [14], and even more
exotic objects such as boson stars [15].

Neutron stars represent the most extreme packing of nuclear matter known in Nature, being the smallest and
densest stars known so far. By a neutron star we roughly refer to an astrophysical object whose innermost region may
reach from five to ten times the nuclear saturation density ρs ≈ 2.8 × 1014gr/cm3, its mass is of order M ∼ 1.4 −
2.0M⊙, and its radius lies in the range R ∼ 10 − 13km. Though their structural properties can be roughly understood
by assuming that they are composed of neutrons (hence their name) supported by their degeneracy pressure, other
baryonic components such as pions, kaons, meson condensates, and other hyperons may be present, forming a soup
of such components in beta equilibrium and with charge neutrality [16]. Moreover, neutron stars are expected to
exhibit different phases of superfluidity/superconductivity [17]. All these ingredients together make neutron stars
extremely hard objects to crack [18]. Indeed, as opposed to other kinds of stars where Newtonian gravity and well
known nuclear laboratory physics suffix to study their structure and dynamics, neutron stars are truly relativistic
objects. From a theoretical point of view one generally assumes the gravitational dynamics to be fully described by
GR. Under this starting point, one of the main challenges of conventional astrophysics is the determination of the
equation of state (EOS), that is, the relation between density and pressure within the different layers of a neutron
star. Given the impossibility of direct access to such interiors, the physical reliability of any stellar structure model
is determined via the comparison of suitable astrophysical predictions of such models with available observations.
In implementing this program, one immediately faces the problem of the degeneracy of the EOS due to the inherent
difficulties on the extrapolation of the behaviour of nuclear matter at the supranuclear densities reigning at the center
of these stars, which are far from any conditions that can be achieved at terrestrial experiments. Among the many
difficulties related to this extrapolation one finds that, at large enough densities, it is energetically favourable for some
of the nucleons to combine to form hyperons which, yielding softer EOS, would reduce the maximum neutron mass
thus producing a tension between nuclear physics and astronomical observations of neutrons in what is known as
the hyperon puzzle (see [19] for a recent discussion on this point). Further difficulties for the modelling include the
formation of ordered (crystalline) structures [20], strong hadron-quark phase transitions [21], or deconfinement of
quarks (quark stars). The combination and modelling of all these elements from the inner core outwards explain the
broad range of models available in the market, each of them with their own set of macroscopic predictions. On the
optimistic end, all these elements make neutron stars particularly suitable to test our theories about the interaction of
gravity and matter at the highest densities achievable. A better knowledge of their populations, mass-radius relations,
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maximum masses, oscillations, moment of inertia, tidal deformability, etc, could help constrain numerous models of
nuclear matter composition and also our theories of the gravitational interaction under the most extreme conditions.

Currently, the catalog of measured neutron masses upon observation of the timing of binary pulsar systems in
datasets from X-ray emissions at their surfaces covers dozens of members [22]. The main conclusion is that, as
measured for instance by Shapiro’s delay method, neutron stars can be (at least) as massive as two solar masses, as
in the pulsars PSR J0348+0432, with 2.01 ± 0.04M⊙ [23] and PSR J1614-2230, with 1.97 ± 0.04M⊙ [24]. Moreover,
there are recent hints of even larger masses, such as in PSR J2215+5135 with 2.27+0.17

−0.15M⊙ [25] and MSP J0740+6620
with 2.17+0.10

−0.09M⊙ [26]. The observational determination of neutron radii has proved to be a more daunting task since
it depends on many elements, such as the distance to the star, the uncertainties in the modelling of the crust [27], or
the absorption of the interstellar medium and so on [28], being the target of new generations of X-ray missions [29],
which have constrained it to the range R ≈ 9.9−11.2km for more than a dozen members. Unfortunately, simultaneous
measurements of mass and radius for the same neutron star, which would allow to place constraints upon the EOS, are
hard to achieve [30, 31]. There are further observational weapons available to this challenge, such as the measurement
of neutron stars’ moment of inertia [32], as well as the analysis of gravitational wave and gamma ray burst data
from binary neutron star mergers [33, 34, 35, 36], which allows to place constraints on tidal deformability [37] (and
to infer the moment of inertia [38]), on the EOS at supranuclear densities [39, 40, 41, 42, 43] (for a recent review
see [44]) and on further properties [45]. Conversely, the combined measurements of radii and tidal deformability
can also place constraints on the EOS [46]. On the other hand, neutron star compactness can be determined via the
measurement of gravitational redshift of the spectral lines emitted from the star’s surface [47] (though it is subject to
heavy observational limitations [10]), or via quantities that depend on the star’s tidal deformability, see e.g. [48, 49].
For some reviews of neutron stars structure and their associated astrophysical and observational properties see [50]
and the more recent book [51].

The measurement of the mass of several neutron stars around and above 2M⊙ has introduced some tension between
several realistic EOS and their corresponding predictions, ruling out many of the soft ones (mainly those including
hyperons). The consideration of theories of gravity extending GR might help to alleviate/solve this problem via
the additional gravitational corrections introduced in the corresponding hydrostatic equilibrium equations of these
theories. Therefore, an immediate test of such gravitational proposals is to provide new mass-radius relations and
maximum masses which are observationally accessible. Further suitable quantities in these models, which are harder
to access to, are the moment of inertia and higher multipole moments, tidal deformability and Love numbers, etc. The
consistency with observations of the predictions for each of these features can thus place constraints upon the space
parameters of these theories and how well they fare as compared to GR predictions [52]. Unfortunately, as these
gravitational theories typically introduce (from one to many) extra parameters and/or extra fields, the degeneracy
problem inherent to the EOS of stellar structure in GR may actually worsen [53], which in turn makes neutron stars
as an interesting as a dirty playground to test modifications of GR.

Beyond neutron stars, there exists a family of objects with better known chemical structure and thermodynamic
properties which provide useful and complementary tests for modified theories of gravity. They are dwarf stars:
low-mass stellar objects. Among them we find white dwarfs, which are the end-state of main-sequence stars whose
masses are below the Chandrasekhar’s bound [54], halting their collapse through the electron degeneracy pressure.
On the other hand, brown dwarfs encompass a large variety of sub-stellar objects lying beyond the lower end of the
main sequence in the Hertzsprung-Russell diagram with masses in the range ∼ 0.001 − 0.01M⊙ and central densities
ρc ∼ 10 − 103 gr/cm3, mainly composed of molecular hydrogen and helium and which, not being massive enough
to ignite stable thermonuclear reactions to fully compensate photospheric losses, eventually cool down into oblivion
[55, 56]. Finally, red dwarfs are the most common star type in our galaxy, with a mass around ∼ 0.09 − 0.5M⊙
and a surface temperature < 4000K. They are generated in a self-gravitational contraction process which is halted
at the onset of thermonuclear fusion. These families of stars become valuable sources of information on modified
theories of gravity since, being non-relativistic objects described by modifications of the Poisson equation, can be
well modelled by polytropic EOS (i.e. simple polynomial relations between density and pressure), thus being more
weakly depending on non-gravitational physics. In this sense, the weakening/strengthening of the gravitational force
within matter sources predicted by many such theories yields significant deviations with respect to GR predictions on
many aspects: masses, radius, luminosity, Chandrasekhar’s limit (for white dwarfs) or the minimum hydrogen burning
mass (for high-mass brown dwarfs), thus allowing to provide independent constraints on the additional parameters of
modified gravity.
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The aim of this work is to review the current state-of-the-art within models of stellar structure of different modified
theories of gravity, and discuss their corresponding predictions for individual stars, highlighting the lessons learned
so far and the open challenges in the field. By modified gravity we mean any gravitational theory departing from
GR either at the level of the action (for instance, via higher-order corrections in curvature scalars), at the level of the
geometrical structure of the theory (for instance, adding non-metricity and/or torsion and/or other extra fields), or at the
level of the fundamental principles (for instance, dropping Lorentz invariance). We will try to build a bridge between
the efforts of the community working in different modified theories of gravity, mathematical formalisms, types of
stars, theoretical modelings, and observational aspects. We will not enter into the discussion of technical aspects
of the numerical codes, focusing instead on the most relevant physical outcomes. In doing so, an strategic decision
made in this work is to distinguish between the gravitational models formulated in a metric approach, where the affine
connection is assumed to be given by the Christoffel symbols of the metric, the latter governing the single system of
modified gravitational field equations; and those formulated in metric-affine (or Palatini) spaces, where metric and
connection are regarded as independent entities whose explicit forms are determined via a variational principle and
resolution of its corresponding field equations. Each formulation has its own section devoted to the summary of the
results achieved on it. Some of the gravitational models discussed here have been investigated in both formulations,
and we review their phenomenology independently. For others, only one of the formulations is theoretically viable,
which we understand as being free of ghost-like or any other essential instabilities. Since the pool of theories studied
in the literature is far larger in the metric approach than in the metric-affine one, in the former we shall introduce any
suitable topic of research first before describing the different theories considered for it, while in the latter we shall take
the opposite strategy by introducing first the few families of models considered in the literature and then go to describe
the different results for each of them. The so-called hybrid formulation will be included in the metric-affine one since
the corresponding results are quite scarce. Our work will discuss both relativistic (neutron stars) and non-relativistic
stars (white, brown and red dwarfs), and combine the results and constraints for the corresponding theory of gravity
they are derived from.

A warning should be issued here: this is not a review on modified gravity per se, meaning that we will not
attempt to describe each gravitational theory in detail, but rather introduce their fundamental building blocks and
assumptions, before heading right away to their predictions for the modifications to stellar structure description and
their macroscopic signatures. For a broader and more detailed description of modified theories of gravity and their
applications in different contexts the interested reader may profit from reading the following reviews: de Felice and
Tsujikawa on f (R) theories [59], Capozziello and de Laurentis on many aspects of the theoretical foundations and
applications of such theories [60], Clifton et al. [61], and Nojiri et al. [62] on cosmological aspects, Berti et al. on
strong field modifications of GR and the dynamics of compact objects in these theories [52], Beltran Jimenez et al. for
Born-Infeld inspired modifications of gravity [63], and Heisenberg for theories based on additional scalar, vector, and
tensor fields and their cosmological implications [64]. Nowadays, many such modified theories of gravity are heavily
constrained from multimessenger astronomy [65].

As with any other work of this kind, though the selection of topics, the different gravitational models included
herewith, and the depth of analysis carried out for each of them, has been done as fair as possible, it cannot but to
reflect the bias of the authors regarding their favourite theories, models, and topics. Any failure to properly include
relevant literature or to give due author’s credit can be only blamed on us, and we deeply apologize to anyone that feels
his/her contribution to this subject has been unfairly overlooked and/or misrepresented. In this sense, we welcome
any comment from readers to improve/enlarge/supplement the material presented here.

Notation

Unless explicitly stated we shall work in units G = c = 1. In these units, κ2 = 8π. Radial derivatives upon density
or pressure will be denoted by primes or by a subindex r, depending on the context. Quantities evaluated at the star
center are denoted by a subindex c, while the star surface carries the subindex S (for instance, rS denotes its radius).
M⋆ denotes the absolute maximum value of the mass for a given EOS, usually expressed in units of solar’s mass,
M⊙ ≈ 1.9885× 1030kg, while R⊙ ≈ 6.957× 105km is the solar radius. Curvature will be denoted by R when in metric
formalism, and by R in metric-affine formalism. We work in the mostly + signature: (−,+,+,+). Other suitable
notations will be introduced when needed.
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1.2. Stellar structure models in General Relativity

General Relativity is based on a pseudo-Riemannian manifold equipped with a metric gµν, which is a symmetric
4 × 4 tensor, and an affine connection Γλµν, which does not transform as a tensor (though its antisymmetric part, called
torsion, does). While the metric is related to local measurements in space (rods and clocks) thus defining notions of
distances, angles, volumes, etc, the connection is linked to parallel transport and thus it is built on covariant derivatives.
Despite being two mathematically and logically independent entities, in GR one traditionally assumes (in absence of
torsion) that the affine connection is metric-compatible, namely1,

∇Γµ(
√−ggαβ) = 0 (1)

which means that the affine connection Γ = Γλµν can be expressed as the Christoffel symbols of gµν, that is, Γα
βγ
≡

gαρ

2

[

∂βgργ + ∂γgρβ − ∂ρgβγ
]

. In this way, the dynamics of the theory is fully encapsulated by the metric. A variational
principle can then be established from the Einstein-Hilbert action (minimally) coupled to some matter fields

SGR = SEH + Sm =
1

2κ2

∫

d4x
√−gR(g) + Sm[gµν, ψm] (2)

where g is the determinant of the metric, R ≡ gµνRµν is the Ricci scalar, Rµν is the (symmetric) Ricci tensor, and Sm

denotes the matter action with ψm labelling collectively the matter fields. Variation of the action (2) with respect to
the metric yields the Einstein equations

Gµν(gµν) = κ2Tµν(ψm, gµν) (3)

where Tµν =
2√−g

δSM

δgµν
is the matter energy-momentum tensor. This represents a system of second-order field equations

for the space-time metric gµν whose explicit form is obtained after some matter action Sm is specified, and which can
be solved once some assumption(s) on the symmetries of the particular scenario under consideration are introduced,
together with suitable boundary conditions.

For the discussion of the structural properties of spherically symmetric, static, stellar models, as the matter source
one usually takes a perfect fluid described by the energy-momentum tensor

T µν = (ρ + P)uµuν + Pgµν (4)

where uµ is the timelike unit vector, uµuµ = −1, while ρ and P are the energy density and pressure of the fluid,
respectively. The most general (static) line element compatible with spherical symmetry can be written under the
form

ds2 = −A(r)dt2 +
1

B(r)
dr2 + r2dΩ2 (5)

where dΩ2 = dθ2+sin2 θdϕ2 is the volume element of the two-spheres. Together with the standard matter conservation
equation, ∇µT µν = 0 (which is a consequence of Bianchi’s identity, ∇µGµν = 0), the derivation of the stellar structure
equations from the Einstein field equations (3) proceeds straightforwardly (see e.g. [67] for details of this derivation)
to yield a single equation2:

P′ = −(ρ + P)
m(r) + 4πPr3

r (r − 2m(r))
(6)

where the mass function is defined as

m(r) = 4π
∫ r

0
dr̃r̃2ρ(r̃) (7)

1GR can be equivalently formulated in metric-affine spaces by regarding the affine connection to be independent of the metric (metric-affine or
Palatini approach), and determined via a variational principle. In this case, for minimally coupled matter fields the corresponding equation fixes
it to be given by the Levi-Civita connection plus a projective mode, Γλµν = {λµν} + ξµδλν , the latter having no impact on field equations, solutions,
or trajectories of test particles, and the predictions of the resulting theory is completely equivalent to metric GR. See however [66] for a critical
discussion of the interpretation of some properties of specific solutions on both formalisms.

2For a similar derivation when a cosmological constant, Λ, is included, and derived properties of stellar structure, see e.g. [68].
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and interpreted as the mass enclosed within a sphere of radius r, from which the total mass of the star follows simply
as M = m(rS ), where rS is the star’s radius. Note also that the metric functions in (5) follow immediately as

A′(r)
A(r)

= − 2P′

ρ + P
; B(r) = 1 − 2m(r)

r
(8)

Eq.(6) is nothing but the well known Tolman-Oppenheimer-Volkoff (TOV) equation [69, 70] describing the interior
of a relativistic, static, spherically symmetric star in hydrostatic equilibrium, where the gravitational pull is exactly
counter-balanced by the interior pressure. This equation contains the Newtonian contribution, m(r)/r2, acting on the
shell of matter, and three additional relativistic corrections, and allows to determine the global properties of the star. It
can be solved after assuming that pressure and density are uniquely related by a barotropic EOS, i.e., P = P(ρ), which
closes the system3. Its (typically numerical) integration takes place via boundary conditions at the star’s center r = 0,
namely, ρ(0) = ρc (which gives P(0) = Pc via the specific EOS chosen) and m(0) = 0, and continues outwards until
the star’s surface is reached, namely, at the point rS at which P(rS ) = 0, where the integrated solution is matched to an
external (vacuum) Schwarzschild solution, and this provides the mass-radius relation M − rS for that EOS. Therefore,
by varying the central density ρc one obtains a sequence of mass-radius relations parameterized by ρc describing the
profile of static, spherically symmetric star’s structure for each EOS.

It should be pointed out that the TOV equation (6) relies on the assumption of isotropy, while certain phenomena,
such as high-density relativistic interactions or superfluidity, are able to introduce a certain degree of anisotropy
[72, 73, 74]. Anisotropic fluids are described by the energy-momentum tensor

T µ
ν = (ρ + P⊥)uµuν + P⊥δ

µ
ν + (Pr − P⊥)χµχν , (9)

where uµ and χµ represent normalized timelike and spacelike vectors, respectively, and Pr and P⊥ denote the radial
(in the direction of χµ) and tangential pressures (in the directions orthogonal to χµ). In that case, the TOV equation (6)
picks up a new term ∆ ≡ 2(Pr − P⊥)/r, and one needs a second EOS relating the tangential pressure with the density.
While such stress anisotropies are generally negligible as compared to the pressure, it has been recently shown [75]
with a simple EOS for P⊥ that even very small anisotropies may induce significant changes on the star’s mass and
compactness.

The bottom line of the discussion above is that the predictions for the global properties of a neutron star are
largely dependent on the assumptions for the EOS at the supranuclear densities expected at the star’s center (which
can be up to one order of magnitude higher), while low-energy nuclear physics is suitable only to model the crust.
Unsurprisingly, a large number of such EOS for dense matter has been proposed in the literature along the decades,
and the properties of the corresponding neutron stars have been thoroughly analyzed. Historically, the first analysis
of neutron star structure was carried out by Tolman [69] and Oppenheimer and Volkoff [70], finding that for the
EOS of a free relativistic neutron gas the theoretical limit for a neutron star mass is M⋆ ≈ 0.72M⊙. This result is
in open contradiction with the threshold found first by Chandrasekhar [54], assuming that the gravitational collapse
is counterbalanced by the degeneracy pressure of a free electron gas, which yields a robust theoretical limit on the
maximum mass that white dwarfs can have in order not to become a neutron star of M⋆ ≈ 1.40M⊙. Over the years
the maximum mass limit for a neutron star has significantly increased as high-density nuclear physics became better
understood. It is now known that this limit critically depends on the assumptions made on the species of particles
present in the plasma, in the way nuclear interactions are mediated, etc, but a trend has been observed in that, in
general, for “realistic” EOS, the mass that can be sustained against gravitational collapse is positively linked to its
stiffness [76]. However, many additional ingredients that come into play at supranuclear densities are known to
“soften” the EOS and, therefore, to lower the maximum mass4. Thus, typically these theoretical schemes struggle to
reconcile their predictions with the observations of the heaviest neutron stars so far, with reported masses at or even
above the two solar masses threshold [23, 24, 25, 26]. How massive can a neutron star made out of baryonic matter

3This assumption implies that the contribution of temperature upon the EOS (as well as that of superfluid phases or magnetic fields) can be
neglected, which is a valid approximation for the strongly degenerate matter inside neutron stars. However, in neutron stars short after birth
temperature may play a major role, see e.g. [71].

4This is where the so-called hyperonic puzzle appears, namely, the fact that for densities well above the nuclear saturation density hyperons
play a non-negligible role, which effectively causes the EOS to be softer, see e.g. [77] and references therein.
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be?. Imposing causality (i.e., subluminical speed of sound), one finds the Rhoades-Ruffini limit [79], which amounts
to M⋆ ≈ 3.2M⊙ and R ≈ 13.4km regardless of the details of the EOS at high densities (though with some weak
dependence on the central density), though further arguments based on uniformly density stars may slightly raise this
limit. A recent review on our accumulated knowledge of neutron masses and radii can be found in [29].

Another relevant parameter for neutron stars is their compactness, which is defined as C ≡ M/rS . In vacuum,
a spherically symmetric black hole has its Schwarzschild radius at rS = 2M, thus obviously for a black hole, C =
1/2, which sets an absolute limit for any horizonless compact object. There is yet another upper theoretical limit
on compactness for any (independent of the EOS) spherical fluid model of a neutron star, called Buchdahl’s limit
[80, 81], which is given by the maximum amount of mass that can be enclosed within a sphere without experiencing
gravitational collapse, and which reads C < 4/9. This limit comes from imposing that the density must be decreasing
from the star’s center outward, namely, ρ′(r) < 0, and such that the internal solution is matched to an external vacuum
Schwarzschild solution. Therefore, compact objects violating the Buchdahl limit if 4/9 < C < 1/2 presumably should
collapse into a black hole567. Typically, neutron stars lie on the range C ∼ 0.1− 0.2, while any other star has C ≪ 0.1.
It should be stressed that the Buchdahl limit depends on the theory of gravity chosen, see e.g. [85] for the case of
scalar-tensor theories and [86] for Lovelock gravities, which may potentially become another test for the observational
consistency of modified gravity.

Let us close this section by briefly addressing the stability problem, which is closely related to that of the maximum
mass of neutron stars. The solutions of the TOV equations (6) describe stars in hydrostatic equilibrium; however one
needs to further determine if a given equilibrium configuration is stable or not. It can be shown (see for example
[67]) that a turning point from stability to instability with respect to any radial oscillation is marked by the stationary
equilibrium mass, namely,

∂M(ρc)
∂ρc

= 0, (10)

that is, the mass must be an extremum at a given value of the central density. Now, stable equilibrium configurations
are given by the condition

∂M(ρc)
∂ρc

> 0. (11)

In order to fully examine the stability problem, one has to solve the eigenequation [87] for amplitudes un(r) of normal
modes of vibration. The perturbations (in r) of adiabatic motion of the spherically symmetric star are given by
δr(r, t) = eνun(r)eiωnt/r2, where ωn is the star’s oscillatory eigenfrequencies and n is a mode index with n = 0 being
the fundamental mode. Thus, the eigenequation for un(r) governing the nth mode is written in the Sturm-Liouville
form as [67]

d

dr

(

Pdun

dr

)

+ (Q + ω2
nW)un = 0, (12)

where the functions denoted here by P, Q,W are expressed in terms of the equilibrium configuration of the star (6).
The boundary conditions are un(0) ∼ r3 at the star’s center while at the star’s surface we have dun

dr

∣

∣

∣

rS
= 0. The solutions

of the Sturm-Liouville equation are squared eigenfrequencies ω2
n, (n = 0, 1, 2, . . .) which form an infinite sequence

ω2
0 < ω2

1 < ω2
2 < . . .. If any of them is negative, then the frequency is purely imaginary, with the result that any

perturbation of the star will grow exponentially ∼ e|ω|t, leading to instability. Therefore, we can conclude that the star
will be stable for ω2 ≥ 0 (all modes have to have real eigenfrequencies) and unstable for ω2 < 0. Because of the
frequency sequence, the stability of the star will depend only on the sign of ω2

0 [88].

5The case with cosmological constant was worked out in [82] and the charged case in [83].
6The presence of anisotropies are known to make neutron stars more compact to the point of violating Buchdahl’s limit, thus potentially yielding

ultra-compact objects disguised as black holes, see [75] for a discussion.
7It is interesting to note that there is yet another bound on compactness which reads 1/3 < C < 4/9, corresponding to stars satisfying the

Buchdahl limit and having a photon sphere, namely, an unstable circular null orbit. The existence of hypothetical ultracompact stars within GR
and in extensions of it, might induce the period release of secondary gravitational waves (echoes) in the ringdown phase of black hole mimickers,
which are potentially detectable by the LIGO/VIRGO collaboration, see however [84] for a critical discussion on this point.
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2. Stellar structure models in metric formalism

By metric formalism/approach we refer to theories of gravity where the metric-compatibility condition (1) of GR
is kept, but the action (2) and/or other principles are modified. On the contrary, we shall refer to metric-affine (or
Palatini) formulation when non-metricity, Q

αβ
µ ≡ ∇µgαβ , 0, is present (see Sec.3 for the review of such theories).

In this section we will start our considerations for modified theories of gravity in metric formalism with the case of
f (R) models, for which an extensive literature has been developed. Therefore we shall elaborate the corresponding
formalism to some detail. More general gravitational theories and their consequences for stellar structure models will
be subsequently described.

2.1. Field equations and scalar field representation of f (R) gravity

The study of stellar objects in f (R) theories of gravity requires a careful consideration of the modified dynamics
that nonlinear Lagrangians involve. The purpose of this section is to present and discuss some basic properties that
will be necessary to understand the various results found in the literature. The analysis presented here follows closely
the discussion originally developed in [89]. Let us start with the action

S = SG + Sm =
1

2κ2

∫

d4x
√−g f (R) + Sm[gµν, ψm] . (13)

The field equations are obtained by variation of (13) with respect to gµν, and yield

fRRµν −
1
2

f gµν − ∇µ∇ν fR + gµν✷ fR = κ
2Tµν (14)

with the same definitions and conventions as in the previous section, and where fR ≡ d f /dR. These equations contain
two derivative operators acting on the scalar curvature R, which itself contains up to second-order derivatives of the
metric. As a result, these theories are sometimes interpreted as fourth-order gravity theories. This interpretation,
however, can be simplified by noticing that the higher-order derivatives always act on the object fR. Moreover, the
trace of (14) takes the form

3✷ fR + R fR − 2 f = κ2T , (15)

(where T ≡ gµνTµν is the trace of the energy-momentum tensor) which represents a second-order equation for a scalar
degree of freedom. This equation manifests the fact that for non-linear f (R) Lagrangians the scalar curvature becomes
a dynamical entity, forced to be continuous and differentiable, and with the terms R fR − 2 f playing the role of self-
interactions. It is, however, more convenient to interpret this equation in terms of the canonical variable φ ≡ fR, such
that R becomes algebraically related to φ and the terms R fR − 2 f turn into φVφ − 2V , with V(φ) = R fR − f . With this
notation, the above equations take a standard scalar-tensor form8

Rµν(g) − 1
2

gµνR(g) =
κ2

φ
Tµν −

1
2φ

gµνV(φ) +
1
φ

[

∇µ∇νφ − gµν✷φ
]

(16)

3✷φ + 2V(φ) − φdV

dφ
= κ2T , (17)

corresponding to a Brans-Dicke theory

SJ
G =

1
2κ2

∫

d4x
√−g

(

φR − ω(φ)
φ

gµν∇µφ∇νφ − 2V(φ)
)

+ S m[gµν, ψm] , (18)

with parameter ω = 0 and a non-trivial potential. In this representation, it becomes apparent that in (16) the matter
and the scalar degree of freedom (either φ or R) act as sources for the metric. In Eq.(17) the matter sources the scalar
field, which also feels self-interactions. Whenever a linearized approximation is possible, these self-interactions will

8For an overall description of these theories, see e.g. [90].
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be responsible for an effective mass for the scalar field, leading to Yukawa-type exponential corrections in the weak-
field metric. If non-linearities become relevant in certain scenarios, a more detailed analysis is necessary to determine
if screening (chameleon) effects may arise9. One of these screening mechanisms is represented by the Vainshtein
mechanism [94], which is known to be valid within models with non-linear derivative interactions for the scalar field,
and allows to suppress potential fifth-force effects within the solar system.

It should be stressed that f (R) models are just a particular case of a more general family of theories where the
additional gravitational interactions are mediated by a single scalar field, and dubbed as scalar-tensor theories. In the
Jordan frame, these theories can be cast as

SJ
G =

1
2κ2

∫

d4x
√−g

(

A−2(φ)R − gµν∇µφ∇νφ − 2V(φ)
)

+ S m[gµν, ψm] , (19)

which, via a conformal transformation g̃µν = A−2(φ)gµν, can be written in the (sometimes) more convenient Einstein
frame form (for a broader discussion of the two frames of scalar-tensor theories see e.g. [95])

SE
G =

1
2κ2

∫

d4x
√

−g̃
(

R(g̃) − g̃µν∇̃µψ∇̃νψ − 2Ṽ(ψ)
)

+ S m[A2g̃µν, ψm] , (20)

where the potential Ṽ = A4V . As the matter fields are minimally coupled to the Jordan frame metric gµν, this implies
that clocks and rods measure time and distances in that metric. Different choices of φ and V(φ) in the Jordan frame
lead to different implementations of the model; for instance, a well known choice is the Damour-Espósito-Farese
(DEF) model [96], which shall be used in the many of the applications below.

2.1.1. Spherically symmetric stellar models

The finding of the stellar equilibrium equations in spherically symmetric f (R) models parallels the GR analysis of
Sec.1.2 with the subtleties mentioned above. Therefore, for a perfect fluid source (4), starting from the line element
(5), the field equations that follow from (16) are then

[

2
r
+

fR,r

fR

]

Br

2
− 1 − B

r2
= −

[

κ2

fR
ρ +

R fR − f

2 fR
+

B

fR

(

fR,rr +
2
r

fR,r

)]

(21)

B

2

[

2
r
+

fR,r

fR

]

Ar

A
− 1 − B

r2
=

κ2

fR
P − R fR − f

2 fR
− B

r

fR,r

fR
(22)

where Ar ≡ dA/dr and so on. The corresponding expression for the trace equation (15) reads now

3B fR,rr +
∂r

(

r2
√

AB
)

r2
√

A/B
fR,r + R fR − 2 f = −κ2(ρ − 3P) . (23)

These equations must be supplemented with the conservation equation for the matter fields, ∇µT µν = 0, which yields
the TOV equation

P′ = −(ρ + P)
A′

2A
(24)

likewise in the GR case. If one is interested in considering anisotropies in the matter fields (9) this last equation
becomes

P′r = −(ρ + Pr)
A′

2A
+

2
r

(P⊥ − Pr) (25)

which again is the same result as in the GR case. This is so because both in the isotropic and anisotropic cases,
this equation follows directly from the matter conservation equation and the choice of the line element, thus being
independent of the particular gravity theory considered.

9See [91, 92, 93] for an overall description on how to handle stellar structure models in screened modified gravities.
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The set of equations (21), (22), (23) and (24) describe the internal structure of self-gravitating fluids in static
equilibrium within the context of metric f (R) gravity. Out of these equations only three of them are independent,
while we have four functions to be determined, A(r), B(r),R(r), P(r); therefore, like in the GR case, the system is
typically closed by choosing an EOS. In order to obtain solutions, in general one must apply numerical methods
imposing consistent boundary conditions at the center and at some exterior radius. As already discussed, in GR
the exterior radius is typically chosen as the surface of the star, r = rS , a region where the pressure decays below
a certain small reference value. In f (R) theories one must first determine the right location to set this boundary
value. This is so because the scalar degree of freedom encoded in the curvature has associated an energy density
which could contribute both inside the region where the matter density is nonzero but also outside of the star. This
energy may affect the asymptotic form of the metric, which is relevant for determining orbital motions. Therefore, the
observable mass of the resulting star may be sensitive to the presence of the scalar degree of freedom and any attempt
to define the observable mass in terms of an integral over the fluid density should be confronted with the numerical
results in regions beyond the threshold where the fluid density can be regarded as negligible [97]. Therefore, the
matching to an asymptotically Schwarzschild solution, for further integration of the field equations for large radius in
a vacuum scenario, must be done carefully in order to obtain a physically meaningful mass that can be compared with
observations10.

2.1.2. Weak-field limit, PPN formalism, and matching to the exterior solution

Let us analyze the weak-field and slow-motion limit of f (R) theories (Newtonian and post-Newtonian limits). In
the far region outside of the sources, where ρ and P vanish, the above equations can be linearized and analytically
solved to obtain an approximated asymptotic form for the metric and the scalar degree of freedom. Let us assume we
are expanding around the asymptotically flat solution as gµν ≃ ηµν+hµν, so we can write the line element in this region
using Schwarzschild-like coordinates as

ds2 = −(1 − 2Φ)dt2 + (1 + 2Ψ)dr2 + r2dΩ2 (26)

where ηµν is Minkowski spacetime and the two radial potentials are also assumed to fulfil the weak field approxi-
mation, i.e., Φ(r) ≪ 1, Ψ(r) ≪ 1. To find the expressions of the potentials Φ,Ψ, expanding (21), (22), and (23),
assuming fR ≈ f B

R
+ ϕ, with f B

R
representing the background value of fR and |ϕ| ≪ f B

R
, with B(r) = 1− 2m(r)

r
(such that

Ψ ≡ 2m(r)/r ≪ 1), the relevant equations boil down to

2
r2

mr = VB +
1

f B
R

(

ϕrr +
2
r
ϕr

)

(27)

Φr

2
= −2m(r)

r2
+ VBr +

2ϕr

f B
R

(28)

ϕrr +
2
r
ϕr = m2

Bϕ (29)

where we have defined the following background quantities (evaluated at R = RB)

VB ≡ R fR − f

2 fR

∣

∣

∣

∣

∣

B

(30)

m2
B =

fR − R fRR

3 fRR

∣

∣

∣

∣

∣

B

(31)

10For instance, in scalar-tensor theories one can try to parameterize the deviation with respect to Schwarzschild metric using two constants
related to the mass of the star and the strength of the scalar field, which effectively represents a Just spacetime [96] (see [98] for further details),
which can be directly constrained via observations of binary systems [99].
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The solutions to the above equations can be classified depending on the sign of m2
B
. If m2

B
> 0 then we have

ϕ(r) =
C1e−mBr

r
(32)

m(r) = C2 −
C1

2 f B
R

[1 + mBr]e−mBr +
VB

6
r3 (33)

Φ(r) =
4C2

r

[

1 +
C1

2C2 f B
R

e−mBr

]

+
2VB

3
r2 (34)

where an exponentially growing mode has been discarded on physical grounds to recover the Minkowskian asymp-
totics. For m2

B
< 0, the exponential solutions turn into oscillating ones and the result is

ϕ(r) =
C1 cos[α0 + |mB|r]

r
(35)

m(r) = C2 −
C1

2 f B
R

(1 + |mB|r tan[α0 + |mB|r]) cos[α0 + |mB|r]) +
VB

6
r3 (36)

Φ(r) =
4C2

r

(

1 +
C1(2 f B

R
− 1)

2C2 f B
R

cos[α0 + |mB|r]
)

+
2VB

3
r2 . (37)

Note that if the phase α0 is set to zero then one finds agreement with the results of the m2
B
> 0 case in the limit mB → 0

(up to some redefinition of constants). From these results, it is apparent that in the discussion of isolated objects on
scales sufficiently small to neglect the effective cosmological constant term VB

3 r2, the mass function m(r) will not be
strictly a constant in any case. If m2

B
> 0 one will observe an exponential decay towards an asymptotic constant

value, while for m2
B
< 0 an oscillatory behaviour around a constant is expected. The above discussion translates into

a difficulty with the definition of the mass in f (R) gravity, which is addressed in different works, as we shall see later.
The reader should note that the line element (26) is sometimes used in the literature to explore the weak field

limit of gravitational theories. Though that choice is quite conventional to study perturbations in cosmology, it is not
the appropriate choice to determine the PPN parameters of a given theory because in weak-field scenarios, such as
the solar system, a different (isotropic) gauge choice has been established (see [100, 101] for the foundations of PPN
formalism). This aspect is not always realized in the literature, leading to some inaccuracies and confusions (see the
discussion in [89]). The choice of Schwarzschild gauge explains, in particular, the unconventional mBre−mBr term in
(33), which is not present if the correct isotropic coordinates are taken. When the line element is expressed in the
latter coordinates, the PPN γ parameter can be directly read from the metric, leading to11

γPPN =
3 − F(r)
3 + F(r)

, (38)

where

F(r) =
{

e−mBr if m2
B
> 0

cos(mBr) if m2
B
< 0

. (39)

Historically, Chiba [104] was the first to address the question of the solar system viability of f (R) theories by consid-
ering the scalar-tensor version of the (CDTT) model proposed by Carroll et al. [105]

f (R) = R − µ
4

R
, (40)

where µ is the model parameter. Chiba concluded that the model was ruled out by Solar System data, contradicting the
original claims of [105] based on the assumption that the Schwarzschild solution should hold as a vacuum solution.

11Note that other authors [102, 103] provide a different expression for this parameter γPPN ≡ −Ψ(r)
Φ(r) = 1 − f 2

RR

fR+2 f 2
RR

(working in Schwarzschild

coordinates) .
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Subsequently, many works appeared which tried to either confirm this result or to find a way to overcome it. For
instance, in Erickeck et al. [106] it was reported that Schwarzschild-de Sitter (SdS) spacetime is not the unique
vacuum solution in 1/R gravity when one matches the interior solution with an exterior one; thus Birkoff’s theorem
does not apply here12. Furthermore, they showed that, when taking the Newtonian limit of the theory, one cannot
neglect the mass distribution ρ(r) coming from the Sun at the region r > R⊙, in agreement with our general statements
for f (R) theories. Thus the scalar curvature is not a constant outside the star. In fact, as shown in [89], in the linearized
theory with m2

B
> 0, the behavior of R is given (using isotropic coordinates) by

R = VB +
m2

B
κ2

4π f B
R

∫

d3~x ′
ρ(t, ~x ′)
|~x − ~x ′|e

−mB |~x−~x ′ | . (41)

As expected, this expression recovers the GR behavior, R = κ2ρ, in the limit to GR ( fR → 1, mB → ∞, VB → 0).
Chiba’s conclusion regarding the 1/R model follows from (38) when the limit mB → 0 is considered (very light scalar
field with cosmic-scale interaction range), which leads to13

γ
(R−µ4/R)
PPN

=
1
2
. (42)

This result is in open conflict with the Solar System experiments, which yield the constraint [107]14

γPPN − 1 . 2.3 × 10−5 (43)

Similar conclusions were obtained by Kainulainen et. al. [110]. In comparison to [106], they additionally considered
a kind of dark matter halo surrounding stellar systems, which turns out not to alter the structure of the solutions, as
opposed to the conclusion reached by Zhang on a previous work [111]. Indeed, a wide range of boundary conditions
at the center of the star, r = 0, were discussed and the field equations were integrated outwards with the conclusion,
up to the validity of the approximated equations (which assume pressureless scenarios), that the solution on the metric
components in the asymptotic limit provides the general expression for the PPN parameter15

γPPN =
4M − 3(r log[B])c

8M − 3(r log[B])c

(44)

where M is the total mass of the star. Thus, for any finite value of the metric function at the center of the star the
equation above implies the result (42), and thus the inconsistency with Solar System experiments, as already discussed
in [104, 106]. This result is further reinforced by the fact that, should one desire to impose the result γPPN = 1 at
the exterior region, this would cause a blow up of the metric component at the center rendering the star an unstable
system. Moreover, the numerical analysis of other f (R) models, such as f (R) = R − µ4/R + αR2, f (R) = R − βRn, or
f (R) = R + αR1/2 [113], seems to support the inconsistency of such models with Solar system experiments, as they
produce similar results in that region as the 1/R one. This conclusion is consistent with (38) in the case of a very light
scalar degree of freedom.

Let us consider now the matching to the exterior solution. In GR, Birkhoff’s theorem guarantees that the external
vacuum metric to a static, spherically symmetric star is given by the Schwarzschild (or SdS) solution. In the case of
f (R) theories, the fact that the scalar curvature satisfies the second-order differential equation (15) implies that R must
be a continuous and differentiable function everywhere, including the boundary layer between the interior of a star and
its exterior. This explains why there are exponential/oscillatory tails associated to the linearized solutions presented

12This is evident from our Eqs.(27), (28), and (29), in which the scalar degree of freedom self-interacts with itself and generates a non-constant
m(r) and Φ(r) outside of the sources.

13In the GR limit, mB →∞, one finds instead γ(R−µ4/R)
PPN

= 1. The transition from the GR behavior to the 1/R behavior is triggered by the evolving
boundary conditions imposed by the asymptotic cosmology in which the local system is immersed.

14It has been recently argued [108] that in magnetized post-Newtonian stars with strong toroidal fields this constraint is further reduced down to
γPPN − 1 < 8.0 × 107 for consistency with gravitational wave luminosity of the Vela pulsar [109].

15An attempt to find a general parametrization for the departure from GR without selecting any particular extension of GR has been carried out
by Glampedakis et. al. [112], up to second order in the post-Newtonian theory for spherical stars.
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above, as they allow for a smooth transition of the curvature. This contrasts with the situation found in GR, where
the Ricci scalar can be a discontinuous function with a step-like behavior when going from the inside to the outside
of massive bodies. Thus, even if the Schwarzschild solution is a valid exterior solution in f (R) theories, in general, it
will not be a unique solution because an infinite number of smooth deformations are possible (either exponential or
oscillatory), which depend on the specific boundary conditions at the transition surface.

In spite of this, the approach of considering the Schwarzschild spacetime vacuum solution as an external boundary
condition imposed from the onset was considered by Multamaki and Vilja [114] and by Henttunen et al. [115]. In
[114] the authors discuss the form of a mass distribution which allows SdS metric to be a solution outside a star,
namely

A(r → ∞) = B(r→ ∞)→ 1 − 2M

r
− Λ

3
r2 (45)

where Λ is the cosmological constant. This imposed form of the external solution provides a number of additional
conditions for the higher derivatives of the metric components A′′

S
, A′′′

S
, B′

S
, B′′

S
on the surface r = rS of a star, in

comparison to GR where one deals with AS , BS , and A′
S

only. Moreover, the curvature scalar is fixed there to some
value R(rS ) = R0 via the equation R0 fR(R0) = 2 f (R0) and its first derivative is also fixed there. The analysis of this
condition, in combination with the modified Einstein equations (14), provides more constraints on the surface for a
general f (R) theory such that fRR(R0) , 0. Of special interest are those involving the pressure and energy density.
For this purpose, let us bring at this point the polytropic EOS, which will be of great relevance for the discussion of
Sec.2.2. Such a polytropic EOS is given by the simple polynomial expression [116]

P = KρΓ (46)

where K is the polytropic constant which depends on the composition of the fluid, while it is also convenient to define
the exponent Γ = 1 + 1/n, with n the polytropic index. There is a nice correspondence between different values of n

and their interpretation in terms of different states of the fluid; for instance, Γ = 5/3 (n = 3/2) and Γ = 4/3 (n = 3)
correspond to the non-relativistic limit and the relativistic limit of a completely degenerate gas, respectively, which
can be used to describe the low-density and high-density regions of neutron stars, respectively16. Moreover, different
types of non-relativistic stars can be described by different polytropic indices; this is the case of n = 3/2, describing
completely convective stars (such as red giants) and high-mass brown dwarfs [55, 117], and n = 3, which is useful to
describe high-mass white dwarfs [16]. For this polytropic EOS, the above conditions on f (R) theories lead to a lower
limit on the polytropic index, namely, n > 1, which is not found in the case of GR [81]. Moreover, it is also found that
the Schwarzschild fluid sphere (the radius where the interior and exterior solutions are matched at vanishing pressure)
with constant density is not allowed in the case of f (R) gravity.

Some simplifications can be achieved by considering f (R) and fR as independent functions of the radial coordinate
r [115]. For each particular model this approach allows to write an additional constraint f = f ( fR). However, since f

and fR are now not written as functions of the scalar curvature, then the continuity equation (24) is not automatically
satisfied, thus resulting into another independent differential equation. Together with the modified Einstein’s equations
(21) and (22) this yields a set of independent, non-linear equations to be solved for the objects { fR(r), A(r), B(r), ρ}
but, as opposed to the standard approach, one deals with second-order equations with six initial conditions (assuming
a given polytropic EOS (46)). For the 1/R model (40) and its extension with an R2 term, these equations can be solved
numerically starting from a given central density ρc while preserving the correct asymptotic behavior. This requires
to make use of the Lane-Emden equation (see Sec.2.2) leaving just one free parameter, namely, the central curvature,
which is obviously related to the form of fR; varying it, one obtains different stellar masses and radii. Despite
finding very different forms for the metric components as compared to the GR case, one goes back again to the result
(42), which further supports the problem of reconciling stellar structure models in f (R) gravity with Solar System
experiments. On the other hand, demanding the SdS metric, Eq.(45), to be an external solution yields divergences of
density, central curvature, and metric components at the origin, although the consideration of different EOS at the core
and the outer region could be able to improve this behaviour. A somewhat crude approach to this problem recently

16Obviously, more elaborate models including, for instance, nuclear burning and metallicity effects, are needed to accurately describe the physics
of relativistic stars.
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investigated by Cikintoglu [118], is to numerically seek for a boundary layer near the surface of the star where the
higher-order terms are negligible. Outside the layer one imposes asymptotically the SdS solution, while the numerical
method finds the interior solution which is consistent with the external one across the layer. Nonetheless, this method
has the drawback of not being able to provide a single solution, since the resolution at the interior depends on the
value of the Ricci scalar at the star’s surface.

The matching problem also appears when one considers spherical symmetric collapse of stellar solutions. Indeed,
it was shown by Goswami et al. [119] that the strong matching conditions on the stellar structure required in f (R)
gravity produce constraints which are unphysical. Indeed, known scenarios of collapsing matter in GR cannot be
directly generalized to f (R) gravity. More specifically, the smooth matching of the vacuum exterior solutions to the
star’s interior in any f (R) model provides extra conditions demanding the collapsing matter to be inhomogeneous. An
explicit analysis of this kind of inhomogeneous scenario was performed for the Starobinsky model f (R) = R + αR2

(which will appear later in many applications in this review). Since the additional matching conditions restrict the free
functions of integration in the system, one concludes that these solutions can be unstable with respect to any matter
perturbations in the star’s interior, and one does not reach a consistent collapse description. Furthermore, doubts
have been raised on the possibility of black hole formation via stellar collapse within f (R) gravity since the standard
Oppenheimer-Snyder-Datt model of this process [120, 121] is not viable for these theories. This modelling seems
to produce a naked singularity after the collapse as the apparent horizon does not appear fast enough, violating the
cosmic censorship hypothesis.

2.2. Non-relativistic stars

2.2.1. Newtonian limit and the Lane-Emden equation

Let us now busy ourselves with non-relativistic stars. This includes white, brown and red dwarfs. We thus
consider a static, spherically symmetric star described by the Newtonian regime of the TOV equation (6), where one
has Pr = (dΦ/dr)ρ, with −Φ representing the gravitational potential. Using suitable approximations for this regime,
P ≪ ρ, 4πr3P ≪ m(r) and 2m(r)/r ≪ 1, the gravitational potential satisfies the Poisson equation ∇2Φ = 4πρ, which
reads explicitly

P′ = −m(r)ρ(r)
r2

→ d

dr

(

r2

ρ
P′

)

= −4πr2ρ(r) (47)

This law simply expresses a link between the Newtonian potential with the mass function, neglecting contributions
from relativistic particles. Likewise the full TOV equation, Eq.(47) represents a closed system once an EOS is given,
and yields a one-parametric family of solutions in terms of the central density ρc ≡ ρ(0). Such a simple crude
model turns out to represent a good approximation to some of the astrophysical properties of non-relativistic stars
whose internal dynamics can be captured by the polytropic EOS of Eq.(46), though further refinements require the
use of more elaborate models [122]. To work with dimensionless variables, let us introduce the following (canonical)
redefinitions:

r = rcξ ; ρ = ρcθ
n ; P = Pcθ

n+1 ; r2
c ≡

(n + 1)Pc

4πρ2
c

=
K(n + 1)

4π
ρ

1−n
n

c

so that Eq.(47) can be suitably cast as
1
ξ2

d

dξ

(

ξ2 dθ

dξ

)

+ θn = 0 (48)

which is the well known Lane-Emden equation describing a spherically symmetric polytropic fluid with polytropic
index n in hydrostatic equilibrium. This equation has to be supplemented with the boundary conditions at the center
of the star: ρc ≡ ρ(0) and ρ′(0) = 0, which translate into θ(0) = 1 and θ′(0) = 0. The Lane-Emden equation admits
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three exact solutions, namely,

n = 0→ θ(ξ) = 1 − ξ
2

6
→ ξR =

√
6 (49)

n = 1→ θ(ξ) =
sin(ξ)
ξ
→ ξR = π (50)

n = 5→ θ(ξ) =
1

√

1 + ξ
3

→ ξR = ∞ (51)

In general, however, numerical methods will be needed in order to determine the shape of the function θ(ξ) (see

Figure 1: The function θ(ξ) resulting from the integration of the Lane-Emden equation (48) for n = 0 (orange), n = 1 (blue), n = 2 (red), n = 3
(purple), n = 4 (green) and n = 5 (yellow). The cut points with the ξ axis, θ(ξR) = 0, allows to obtain the radius of the star as rS = rcξR. For n ≥ 5
no stable configurations can be found.

Fig.1). For n < 5 this function monotonically decreases crossing the zero ξ = 0 several times. The first such zero
defines the radius of the star, namely, θ(ξR) = 0, which is obtained as rS = rcξR, and which increases monotonically
with n until n = 5 is reached, for which the Lane-Emden equation provides an infinite radius. This way, given a
polytropic index for the EOS (46), the resolution of the Lane-Emden equation allows one to compute the star’s mass,
radius, and central density, for n ≥ 1, as17

M = 4π
∫ rS

0
r2ρ(r)dr = 4πr3

cρcwn (52)

rS = γnK
n

3−n M
n−1
n−3 (53)

ρc = δn

3M

4πr3
S

(54)

respectively, where the following constants have been introduced

wn = −ξ2
R

dθ

dξ

∣

∣

∣

∣

ξ=ξR

(55)

γn = (4π)
1

n−3 (n + 1)
n

3−n w
n−1
3−n
n ξR (56)

δn = − ξR

3dθ/dξ|ξ=ξR

(57)

17Elaborating from here in the case of ultra-relativistic limit Γ = 4/3 (matching to Γ = 5/3 at low densities), one arrives to the well known
Chandrasekhar’s limit for the mass of a static carbon-oxygen white dwarf Mch ≈ 1.40M⊙ .
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2.2.2. Modifications to Lane-Emden equation. White dwarfs

The Lane-Emden equation has been generalized to the case of f (R) gravity. One first such analysis was done by
Capozziello et al. in [123], and further refined by Farinelli et al. [124]. This analysis starts by writing down the
modified Poisson equations in this case taking the Newtonian limit of Eq.(14), which yields

∇2Φ +
R(2)

2
+ fRR(0)∆R(2) = − 8πρ, (58)

3 fRR(0)∇2R(2) + R(2) = − 8πρ (59)

where R(2) is Ricci scalar expanded up to second order. Assuming a polytropic EOS (46) one can combine the above
system of equations into a modified Lane-Emden equation

1
ξ2

d

dξ

(

ξ2 dθ

dξ

)

+ θn =
mξ0

8ξ

∫ ξ/ξ0

0
dξ′ξ′

(

e−mξ0 |ξ−ξ′ | − e−mξ0 |ξ+ξ′ |
)

θ(ξ′)n

where here m2 = − 1
3 fRR(0) (which is specified once a f (R) model is given, so that the limit m→ ∞ corresponds to GR),

and the constant ξ0 =

√

3
16πAnΦ

n−1
c

with An = (1/K(n + 1))n . As compared to GR, the modified Lane-Emden equation

(60) possesses only one exact solution for n = 0, which reads [123]

θ
(0)
f (R)(ξ) = 1 − ξ

2

8
+

(1 + mξ)e−mξ

4m2ξ2
0

(

1 − sinh mξ0ξ

mξ0ξ

)

. (60)

Note that the GR limit for the above expression does not boil down to the known solution given by Eq.(49) when we
set m → ∞, that is, when f (R) → R. This is caused by the different definition of the quantity ξ0, which for GR is

ξGR
0 =

√

1
4πAnΦ

n−1
c

as compared to that used in the computation above. For the solution (60) it is possible to find a

constraint for the stellar radius ξ = ξ0ξ
(0)
f (R), where ξ(0)

f (R) is the first zero of the solution (60), and is obtained as

ξ(0)
f (R) =

√

3Φc

2π
1

√

1 + 1+mξ
3 e−mξ

(61)

which, for m→ ∞, recovers the Newtonian limit of GR, ξ(0)
GR
=

√

3Φc

2π . In this case it is found that the radius is smaller
than the one obtained in GR but the gravitational potential −Φ gives rise to a deeper potential well in comparison to
the Newtonian one derived from GR. For n = 1, numerical methods provide a solution with much the same features
as the n = 0 case. Farinelli et al. [124] also point out in their analysis to the potential existence of exotic objects in
these models, that cannot be found as solutions of the GR case.

Using a different perturbative approach, André and Kremer [125], found that the modified Lane-Emden equation
for the quadratic (Starobinsky) gravity18

f (R) = R + αR2 (62)

(where α is a constant with dimensions of length squared), can be written as a second-order differential equation

1
ξ2

d

dξ

(

ξ2 dθ

dξ

)

+ θn +
1

3m2ξ2
0

d2θ(ξ)n

dξ2
+

2

3m2ξ2
0

1
ξ

dθ(ξ)n

dξ
= 0

where in this case ξ0 =

√

1
4πAnΦ

n−1
c

, m2 = −1/(6α) and, again, the Newtonian version is recovered in the limit m→ ∞,

that is, α → 0. Solutions are found for the values of n = {1, 3/2, 3}, which can be used to model neutron stars, red

18The current tightest observational constraint on α comes from the Gravity Probe B, which gives α . 2.3 × 105 (5 × 1011m2 in physical units
[126]).
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giants together with high-mass brown dwarfs, and fully radiative stars such as the Sun and those with degenerate
nuclei, for example white dwarfs, respectively. This modification of the Lane-Emden equation in f (R) gravity is
treated here as a correction to the Newtonian solutions from known data on mass M and radius RS which are regarded
as observational data, that is

r
f (R)
S
=(ξ)θ=0 = ξ(n), (63)

M f (R) =

[(

−ξ2 dθ

dξ

)

+
1

3m2ξ2

(

−ξ2 dθn

dξ

)]

θ=0
, (64)

where we denote by ξ(n) as the first zero of the solution (63) and the f (R) corrections to the GR mass are apparent.
Thus, the ratio between GR and f (R) theories for radius and mass become [125]

rS

r
f (R)
S

= ξGR
0 ;

M

M f (R)
= ξGR

0 Φ0 (65)

The expressions above allow to determine the ratio between the central density ρc and its mean density ρ̄ as

ρc

ρ̄
=

(

−3
ξ

dθ

dξ
− 1
α2ξ

dθn

dξ

)−1

ξ(n)

(66)

On the other hand, using Eqs.(46) and (65), the pressure is expressed as

P =
ρ̄

(n + 1)
M

M f (R)

R
f (R)
S

RS

(

−3
ξ

dθ

dξ
− 1
α2ξ

dθn

dξ

)−1

ξ(n)

θ(n+1) (67)

which provides the central pressure P = Pc when θ = 1. Assuming and ideal gas with central temperature defined by
T =

Pcµmµ

ρckB
θ, where kB is the Boltzmann constant, µ the atomic mass and mµ the atomic mass unit, the above discussion

allows to write the temperature as

T =
µmµ

(n + 1)kB

M

M f (R)

rS

r
f (R)
S

θ. (68)

Next, suitable stars are chosen: for n = 1 a star given by the PSR J0348+0432 (M = 2.01M⊙, rS = 1.87×10−5R⊙ [23]);
for n = 1.5 a brown dwarf such as Teide 1 (M = 0.053M⊙, rS = 0.1R⊙ [127]) or a red giant star such as Aldeberan
(M = 1.5M⊙, rS = 44.2R⊙ [128, 129, 130]), and for n = 3 a white dwarf such as Sirius B (M = 1.5M⊙, rS = 0.008R⊙
[131]). A numerical resolution starts by approximating density, pressure, and temperature at the star’s surface (where
θ = 0) for several values of α, and compare the obtained results in terms of the pressure with the estimations for these
four candidates Pc = {5.01 × 1034; 1016; 108; 4.95 × 1024} (measured in Pa [132]). The numerical integration shows
that, for all these examples, the stronger the quadratic curvature corrections (i.e increasing α), the lower the internal
density, pressure, and temperature become (save for the density in neutron stars, which remains unmodified).

Let us now consider the modifications to the Lane-Emden equation in Horndeski theories, which is the most
general gravitational action with a single scalar field having second-order equations of motion. This family of theories
are described by the action [133] (for a detailed account of the properties of Horndeski and beyond Horndeski models,
see e.g. [134]):

S =
5

∑

i=2

∫

d4x
√−gLi(X, φ) (69)

where the Li terms represent the following contributions

L2 = G2(φ, X) (70)

L3 = G3(φ, X)✷φ (71)

L4 = G4(φ, X)R − 2G4,X(φ, X)[(✷φ)2 − φ2
µν] (72)

L5 = G5(φ, X)Gµνφ
µν +

G5,X

3
[(✷φ)3 + 2φ3

µν − 3φ2
µν✷φ] (73)
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where the functions Gi(X, φ), which depend on both the scalar field φ and its kinetic term X = ∇µφ∇µφ, characterize
the particular member in the family (note that GR corresponds to {G4 = 0,G2 = G3 = G5}), and the notations φµ...ν ≡
∇µ . . .∇νφ, and ✷φ ≡ gµνφµν. This family can be further extended to a more general class of healthy theories having
higher-order equations but such that the application of a number of hidden constraints prevent the propagation of the
Ostrogradsky ghosts. It includes as members the beyond Horndeski class [135, 136, 137] and the even more general
class called degenerate higher-order scalar-tensor (DHOST) theories [134]. The implementation of the Vainshtein
mechanism19 for gravitational theories with a single extra scalar field has been studied in [138, 139]. For the subset of
beyond Horndeski theories corresponding to the so-called G3 galileons [137] (a generalization of the covariant quartic
galileon G2 [140]), it has been shown by Koyama and Sakstein [141] that the generalized Lane-Emden equation in
this case takes the form

1
ξ2

d

dξ

[

ξ2 dθ

dξ

(

θ +
Υ

4
ξ2θn

)]

+ θn = 0 (74)

where Υ is a parameter whose explicit form can be written in terms of functions defining the beyond Horndeski
Lagrangian [142], though it can be always taken as a free arbitrary parameter. For the cubic galileon, this parameter
combines the time derivative of the scalar field and the new mass scale appearing in the Lagrangian. The structure
of the new contributions in Eq.(74) suggests that Υ > 0 (< 0) should induce a weakening (strengthening) of gravity,
with relevant consequence for stellar structure models, as we shall see later. It has been shown by Saito et al. [143]
that the formula (74) holds indeed for any beyond Horndeski theory, and further argued that no physically sensible
solutions for compact stars can be found for Υ < −2/3 for any such theories. Wibisono and Sulaksono [144] have
shown that for main sequence stars described by a polytrope EOS (46) with Γ = 4/3 (and K an analytic function
of the gas pressure), positive (negative) Υ tend to increase (decrease) the star’s radius. As for the mass, it takes the
same expression as the GR one, (52), with the Υ-corrections encoded through wn in Eq.(55), which in GR it yields
wn ≃ 2.018 for that case. Moreover, it is further argued in [144] that no Chandrasekhar’s limit can be found in
these theories for Υ < −0.1 for a range of values of the polytropic parameter Γ ∈ (1.25, 1.75), and that stability of
the corresponding stars via configuration entropy analysis constrains the admissible range of the beyond Horndeski
parameter to −0.6 ≤ Υ < 0.7. On the other hand, Koyama and Sakstein [141] integrate the generalized Lane-Emden
equation (74) for different values of Υ finding the luminosity function of main sequence stars, and compare it with GR
results. They found a decrease of luminosity of ∼ 10% for Υ ∼ 0.2 (thus yielding redder stars), an effect that affects
low mass stars to a greater extent than high mass stars. Consistency with observations of solar brightness imposes
Υ . O(1), though this bound depends on further refinements of the modelling.

Let us now rewrite, for convenience, the modified hydrostatic equilibrium equation for these G3 type theories
making explicit the gravitational constant [145]:

P′ = −Gm(r)ρ(r)
r2

− Υ
4

Gρ
d2m(r)

dr2
(75)

This equation can be rewritten as the standard hydrostatic equilibrium equation with an effective Newton constant

Ge f f

G
= 1 +

Υ

4
r2

m(r)
d2m(r)

dr2
(76)

Since dρ/dr < 0 inside the star, thus positive (negative) Υ will act to weaken (strengthen) gravity, as expected.
Assuming a constant Υ and using m(r) = 4πr3/3, the hydrostatic equilibrium equation can be rewritten as

P′ = −m(r)ρ
r2

[

1 +
Υπr3

m(r)

(

2ρ + r
dρ

dr

)]

(77)

Moreover, near the center of the star, approximating m(r) ∼ 4πρcr
3/3, Eq.(75) becomes [143]

P′ = −Gm(r)ρc

r2

(

1 +
3Υ
2

)

(78)

19This mechanism allows to successfully hide the extra scalar degree of freedom in solar system scales via non-linear effects, thus yielding
γPPN = 1. This guarantees that the effects on these theories will manifest only within astrophysical bodies through a modification of the Poisson
equation.
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and thus the effective Newton’s constant becomes Ge f f /G = 1+ 3Υ/2, which again implies that Υ > −2/3 in order to
achieve equilibrium (nonetheless more stringent constraints for Υ have been achieved, as we shall see in Sec.2.3). In
solving the modified hydrostatic equilibrium equation (75), Koyama and Sakstein [141] implement the stellar structure
code MESA [146] to introduce several physical ingredients that are known to play a role in realistic modelling of main
sequence stars. In this case, the decrease of luminosity with Υ persists and, in addition, it is found that a star with
a certain metallicity Z1 and a given Υ may mimic a GR-star of larger metallicity Z2, which introduces an additional
degeneracy in the predictions of beyond Horndeski theories as compared to GR. A potential probe of these theories
would be thus to infer the metallicity of the star from measurements of the globular cluster on which a main sequence
star is located, and comparison with its place within the Hertzsprung-Russell diagram in GR and in these theories.

White dwarfs in beyond Horndeski theories of G3-type have been considered recently [147, 148]. In white dwarfs
electrons become degenerate, and their Fermi repulsion counteracts the inward pull of gravity. In such a case the
energy density and pressure of degenerate electrons can be expressed as ρe = m4

eξ(x) and P = m4
eψ(x), where me is

electron’s mass, and ξ(x) and ψ(x) are some functions of the dimensionless Fermi momentum x ≡ PF/me (see [16]
for details on these functions). Considering a zero-temperature white dwarf composed of fully ionized carbon 12C
with energy density ρC = mCm3

e x3/(18π2), where mC is mass of ionized carbon, and using the fact that in these stars
Pc ≪ Pe, Kumar Jain et al. [147] use this setup to constrain the value of Υ as follows:

• Mass-radius relations in binary systems: −0.18 ≤ Υ ≤ 0.27 at 1σ, and −0.48 ≤ Υ ≤ 0.54 at 5σ.

• Chandrasekhar’s limit: Υ ≥ 0.22 at 1σ,

• Stability of rotating stars from maximum centrifugal force: −0.59 ≤ Υ ≤ 0.50 at 1σ.

Therefore, the most stringent bound on this parameter comes from mass-radius relations, which must be compared
with other bounds, for instance, coming from the minimum main sequence mass (see Section 2.2.3).

A different approach to this issue is carried out by Saltas et al. [148]. Recasting the hydrostatic equilibrium
equation (75) in parametric form, one finds

dx

dr
= −ρ

m(r)
r2 + 2πΥrρ

dP
dx
+ πΥr2ρ

dρ
dx

(79)

where x ≡ PF/(mec). For a typical white dwarf its central pressure can be estimated to be Pc ∼ M2/R4 so xc ∼ O(1).
Using a modification of the EOS of a non-interacting electron gas [149] via a non-uniform distribution of electrons
as well as taking into account electron-electron interactions (Hamada-Salpeter model [150]), and using the catalog
of temperature-dependent EOS of [151] plus a star’s envelope modelling EOS (thus going well beyond a simple
polytropic approximation) accounting for the atomic numbers Z = 4 (helium), Z = 6 (carbon), Z = 8 (oxygen), the
authors numerically solve the corresponding field equations for a range of values of Γ ∈ [−0.66, 3]. As expected,
for zero temperature stars, negative (positive) values of Υ yield smaller (larger) radius; for instance, while a carbon-
core star of M = 1M⊙ yields in GR rS ≈ 0.008R⊙, a value of Υ = 1.5 yields instead rS ≈ 0.017R⊙, i.e. roughly
a twofold size. When the temperature is switched on, massive carbon-core stars’ radius get increased by a ∼ 10%,
while for helium-core stars this increase can be as high as ∼ 40%. This clearly demonstrates that, for white dwarfs,
simple EOS neglecting temperature effects may easily lead to wrong interpretations upon the role played by the
modifications of gravity. Using this modelling for the envelope region of the star (which is well described by GR since
the modified gravity effects are negligible enough there), the analysis of the hydrostatic equilibrium equation (79) via
numerical simulations and its comparison with the measurement of mass and radius of 26 white dwarfs reported
in [151] (with uncertainties of 3%) yields an upper bound of Υ < 0.14 at 2σ and Υ < 0.18 at 5σ. On the negative
branch, the combination of the analysis of Jain et al.[147] and Babichev et al. [152] places the boundΥ > −0.48 at 2σ.
Therefore, consistent analysis of white dwarfs structure via realistic modelling still leaves open space for Horndeski-
type modifications of gravity, which would require reliable measurements of white dwarfs envelope thickness. One
could add anisotropic contributions to the hydrostatic equilibrium equation (75) where, as in the GR and f (R) cases,
a new term ∆(r) ≡ 2(Pr − P⊥)/r is picked up. As found by Chowdhury and Sarkar [153], the presence of anisotropy
modifies the bound Γ > −2/3 in a way which is dependent on the ansatz chosen for ∆(r) [154], which might slightly
increase the Chandrasekhar mass of the isotropic case to a factor ∼ 1.2 − 1.3 within the current constraints for Υ.
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From the hydrostatic equilibrium equation of beyond Horndeski theories (75), Cermeno et al. [155] propose a
model-independent parametrization of the Newtonian limit for several families of modified theories of gravity (in-
cluding, for instance, f (R) and Yukawa-type theories) as

∇2Φ = 4πµρ ; Ψ = γΦ (80)

where the physical meaning of the function µ(r) is to introduce an effective gravitational constant, Ge f f = Gµ, while
γ(r) serves as a link between the two gravitational potentials. In this case, Eq.(47) becomes

P′ = −m(r)ρ(r)
p4r2

− ξρ(r)
p4

(

m′′(r)
r2
− 2

m′(r)
r3

)

(81)

where p4 and ξ are constants appearing in the parametrization of µ and γ for each modified theory of gravity under
consideration (p4 = 1 corresponding to GR) . Using polytropic index n = 3, mass-radius relations for white dwarfs
and solar-type stars are built choosing the values |ξ| = {4, 1, 1/4} × 1018cm2. For all these stars it is found that values
of µ larger (smaller) than 1 (GR case) yields more (less) massive stars. This effect is enhanced for larger values of
(positive) ξ, for instance, |ξ| = 4 × 1018cm2 with p4 = 1.1 yields ∼ 15% of increase as compared to GR, provided
that ξ . 1.225 × 1018cm2 for the validity of the perturbative approach to hold. For 70%-hydrogen/30%-helium solar-
type stars one also finds a positive correlation between larger values of ξ and higher (but slight) values of the central
temperature and density. Moreover, stellar luminosity is also affected due to a combination of the effects associated
to either p4 and ξ. However, for the values reported in this work this effect is just ∼ 1%, thus being difficult to
observationally disentangle it from the star’s own internal oscillations in luminosity. Using now white dwarfs, it is
found that consistency with the Chandrasekhar mass of the white dwarf reported in [156], with an estimated mass
M ≈ 1.37M⊙, determines an exclusion region in a p4 − ξ diagram; moreover, the validity of the perturbative approach
requires here ξ . 4×1014cm2. Within these constraints, the increases in mass for white dwarfs can only be significant
for larger increases of p4. This example highlights the opportunity present in model-independent parametrizations of
modified gravity theories.

In Banerjee et al. [157] several modified theories of gravity are constrained, including f (R), the fourth-order
gravity studied by Stelle [158], and scalar-vector-tensor gravity [159]. After computing the Newtonian limit of these
three theories, the authors consider a simplified model of dwarf stars composed of completely ionized carbon-oxygen
with the gas on its ground state. This yields an EOS
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where x satisfies dx/dr = −
√

1+x23π2ρ(r)Φ(r)
m4

e x4 , with Φ(r) the effective Newtonian potential for each theory. In the ultra-
relativistic (x ≫ 1) and non-relativistic (x ≪ 1) regimes, this EOS yield polytropic EOS (46) with n = 3 and n = 3/2,
respectively. Numerical integration of the corresponding equations on each case yields the following results:

• For scalar-vector-tensor theories, a repulsive term always dominates on its Newtonian limit for any value of the
coupling constants of the theory, and therefore the Chandrasekhar mass will decrease in all cases.

• For fourth-order gravity this mass is basically unconstrained with x, which in turns allows to put constraints
on the model parameters via consistency with the suggestion on the existence of “super-Chandrasekhar” white
dwarfs20 from Type Ia Supernovae with masses ranging from 2.1M⊙ to 2.8M⊙ [162].

• In the f (R) case, assuming that the theory can be expanded around a certain value R0 as f (R) = c0+c1R+c2R2+

. . ., the Newtonian potential is parameterized in terms of ξ ≡
√

c1/(6c2) and δ ≡ c1 − 1 such that, assuming
again a super-Chandrasekhar white dwarf yields the constraint δ < 1.076.

20Super-Chandrasekhar white dwarfs have been also investigated within some extensions of massive gravity [160] and in non-commutative
geometries [161], finding a theoretical maximum limit of 2.9M⊙ in the former, and 2.6M⊙ in the latter.
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Furthermore, a statistical constraint analysis on the parameters of each model according to the catalogue of twelve
dwarf stars of [163] yields the results reported in Table I of [157].

White dwarfs have been also considered within f (R, T ) theories, where T is the trace of the energy-momentum
tensor, by Carvalho et al. [164] for the simple scenario f (R, T ) = R + 2λT , where λ < 0 is some parameter. To
numerically solve the Newtonian equations in this scenario, the authors use the standard EOS describing completely
ionized atoms within a sea of relativistic Fermi gas of electrons used by Chandrasekhar [54]. It is found a very slight
increase (. 5%) in the Chandrasekhar mass for values up to λ = −4× 10−4, above which this mass tends to a plateau.
The increases in the radius are much large, up to a factor two with almost a similar decrease in the central density.

Precise measurements of the heaviest white dwarfs ever observed, such as those of the Extreme Ultraviolet Ex-
plorer all-sky survey (EUVE) catalog, with several stars in the range 1.32−137M⊙ and, in particular, WD J1659+440,
with an estimated mass M ≈ 1.41±0.04M⊙ [165] should be able to put constraints on the parameters of all the theories
discussed above. For instance, Crisostomi et al. [166] considered white dwarfs in certain families of DHOST theories
characterized by a single parameter εG, getting to the conclusion that in these theories the Chandrasekhar limit is
modified as

Mch ≈ 1.44M⊙ (1 + εG)−3/2 (83)

Therefore, compatibility with the heaviest stars of that catalog yields the constraint εG . 0.034.
To conclude this part of the section let us note that generalized uncertainty principles21 have been incorporated in

the Chandrasekhar limit of (helium-composed) white dwarfs using different heuristic approaches with contradictory
results. While Rashidi [168] computes the generalized Lane-Emden equation for an ultrarelativistic Fermi gas and
finds that the Chandrasekhar limit is removed, this result is contested by Ong and Yao [169], while a more refined
treatment by Mathew and Nandy using the full EOS of a completely degenerate electron gas finds that these corrections
only increase slightly this limit to MCh ≈ 1.45M⊙ and rS ≈ 600km [170].

2.2.3. Minimum main sequence mass. Brown dwarfs

As we have seen above, beyond Horndeski theories with Υ > 0 predict a weakening of the gravitational strength
inside astrophysical bodies, due to a lowering of the core density and temperature within these theories as a conse-
quence of the modification of the hydrostatic equilibrium equation (75). In turn, this has a non-trivial impact on the
minimum mass required for a star to burn hydrogen in a stable way. The latter occurs when a star forms from con-
traction of a sufficiently heavy gas cloud under its own self-gravity until high-enough temperatures and densities are
reached at their core that allow sufficient thermonuclear fluid to be ignited to compensate the surface energy losses.
This scenario represents a perfect window to test the predictions of modified theories of gravity, since the degeneracies
in the EOS that plague the stellar structure models of relativistic stars (see Sec.2.3 below) are not present for these
“stars” lying beyond the lower end of the main sequence (termed as brown dwarfs). Indeed, their main properties
are weakly dependent on non-gravitational physics and can be well modelled by polytropic EOS (46). Due to its
relevance, let us detail this calculation a bit. First, one considers a crude analytical model which interpolates between
the fully degenerate regime and the one where the main internal pressure comes from motion of the gas, and which is
described by the following parameters [55]
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where me and mH are the electron and hydrogen masses, respectively, µe is the number of baryons per electron (which
for a 75%-hydrogen/25%-helium fluid can be approximated as µe ≈ 1.143), the constant α ≡ 5µe

2µ ≈ 4.82 (with µ the
mean molecular mass), while η is a sort of measure of the degeneracy pressure supporting the star, formally defined
as the ratio
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. (85)

21This kind of modifications arise from the hypothesis of a minimal length in quantum gravity theories [167], which changes the invariant
measure of the momentum phase space via a factor (1 + βp2), with current experimental constraints β0 ≡ βM2

P
c2 < 7.65 × 1034 .
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where µF is Fermi’s energy and T the star’s temperature. For the case of cubic G3 galileons, Koyama and Sakstein
[141] solve the Lane-Emden equation (74) to obtain the stellar’s mass and radius as well as the core density for the
polytrope (84). The recipe for calculating the minimum mass for a star to belong to the main sequence (MMSM) is
provided by Burrows and Liebert [55], using the formula for the luminosity associated to a star fuelled by the self-
limiting hydrogen burning process p + p→ d + e+ + νe, whose energy generation ǫ can be modelled by the analytical

approximation22 ǫHB = ǫc

(

T
Tc

)s ( ρ
ρc

)u−1
, with s ≈ 6.31, u ≈ 2.28, and ǫc = ǫ0T s

cρ
u−1
c , where the constant ǫ0 ≈ 3.4×10−9

ergs s−1s−1 [55]. Integration of this energy generation rate over the star’s radius yields the total luminosity:

LHB = 4πr3
cρcǫc

∫ ξR

0
ξ2θ

3
2 u+sdξ. (86)

Using the modified Lane-Emden equation (74) for these theories one finds that the solution near the center can be
approximated as [145, 172],
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which, introduced into Eq.(86) and bearing in mind (84) yields the explicit result23:
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This total luminosity must be matched to the luminosity at the photosphere, an equality which is achieved when the
star is burning hydrogen in a stable way. The latter requires some extra information on the metallicity/gas transition at
the photosphere, where the surface gravity can be taken to be constant. After some manipulations and using the gen-
eralized hydrostatic equilibrium equations (75), Sakstein finds that the MMSM in these theories can be approximated
as
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where κR is Rosseland’s mean opacity, which for high-mass brown dwarfs can be approximated by a constant κR ≈
10−2cm2/g. The value Υ = 0 corresponds to GR, and in this n = 3/2 case one has γ3/2 = 2.357, δ3/2 = 5.991, ω3/2 =

2.714, and replacing these values into Eq.(89), one finds that the consistent solution of that equation with the lowest
possible mass corresponds to MMMS M ≈ 0.0865M⊙, which is quite in agreement with numerical simulations which
tend to slightly lower this value [173, 55]. This bound is compatible with current observations; indeed, increasing
values of Υ yields larger values of MMMS M in Eq.(89) such that for Υ & 0.02724 it overcomes the threshold MMMS M ≈
0.0930 ± 0.0008M⊙, corresponding to the estimated mass of the lowest-mass M-dwarf star ever observed, Gl 866 C
[174]. Since the MMSM is weakly sensitive to potential degeneracies that may affect this computation (note in this
sense, that the addition of rotation would slightly increase this mass), this places constraints upon some scalar-tensor
theories. Indeed, the parameters of cosmological models of dark energy in beyond Horndeski theories of G3 type are
directly related, in an effective field theory approach, to Υ via the equation [143]

Υ

4
=

α2
H

αH − αT − αB(1 + αT )
. 0.0068 (90)

where the coefficients {αH , αT , αB} are found from the effective field theory description of dark energy on linear
scales. In this sense, some cosmologically viable scalar-tensor theories can be excluded by the bound above, such

22For a more general description of the complicated basis of energy generation in low mass stars see [171].
23This approximation makes sense taking into account that most of the luminosity radiated by the star comes from the central region where

ξ ≪ 1; indeed, using this approximation introduces errors of size of less than 1% in the range Υ ∼ 0 − 0.05 [141].
24A caveat comes here. In his work, Sakstein seems to compute ω3/2, δ3/2 and γ3/2 using the values obtained in GR. However, as the resolution

of the Lane-Emden equation (74) in this case yields solutions different from those of GR (due to the presence of Υ), these numbers should be
different too, which should modify the value for MMMS M that the formula (89) yields, having a nontrivial impact on the results. A second concern
is that the M − Υ diagrams plotted in Refs.[145, 172] do not match each other and, moreover, seem to be incompatible with formula (89) itself. A
more careful analysis of this issue is needed in order to guarantee the consistency of these results.
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as the beyond Horndeski covariant quartic galileon, which has Υ = 1/3. Note that, as discussed above, stable stellar
models can only exist if Υ > −2/3 [143], but the consistency with mass-radius relations further narrows down this
range to

− 0.22 . Υ . 0.027 (91)

for these theories to be observationally viable [152].
A similar computation of the MMSM mass for certain families of DHOST theories characterized by a single

parameter εG has been carried out by Crisostomi et al. [166] with the result

(1 + εG)1.398 M

0.1M⊙

(

κR

10−2

)0.111
& 0.9227 (92)

which taking κR = 10−2 gives the bound for GR of MMMS M ≈ 0.09227M⊙ which is a ∼ 10% larger than the one
obtained by Sakstein. In any case, via the same comparison with observational data of the lowest-mass stars, the
computation above yields a constraint for the DHOST parameter εG & −0.0057.

Further tests of these theories along these lines would be via systematic observations of the radius of low-mass
brown dwarfs, which can be modelled via a polytropic EOS (46) with n = 1 [175], and then Eq.(53) implies that the
radius is independent of the mass, i.e., rS = γ1K1/2 ≈ 0.1R⊙. Thus, modifications of the Lane-Emden equation would
change the value of γ1 due to a different θ(ξ) coming from the resolution of that equation with respect to the GR one;
in the case of beyond Horndeski theories this reads explicitly

rS (Υ) ≈ 0.1
γ1(Υ)

γ1(Υ = 0)
R⊙ (93)

where γ1(Υ = 0) =
√
π/2 corresponds to the GR case. At the maximum theoretically viable (though not observa-

tionally) value Γ = −2/3 one finds a significant decrease of the brown dwarf radius to rS ≈ 0.078R⊙ [172], while for
the branch Υ > 0, where the weakening of the gravitational force occurs, the radius is larger. This is quite a simple
computation that offers a window for the parameters of many modifications of gravity to be constrained in the future
via new missions able to carry out surveys of low mass stellar objects, such as GAIA [176].

Further comments

To conclude this section, let us mention that another suitable scenario to test these theories is that of stellar
pulsations (i.e., oscillations around hydrostatic equilibrium configurations), which (for adiabatic oscillations) yields
instabilities for Υ & 49/6 [177] (already ruled out, as we just have seen). Considering polytropic EOS and keeping
the mass unchanged, one finds that cubic galileons induce significant changes in the pulsation period of brown dwarfs.
Cepheid stars are also suitable candidates to constrain the parameter Υ (and modified gravity at large) via distance
and mass estimates in eclipsing binaries. This is the case for generic scalar-tensor theories, where the change in the
oscillation period can reach a factor ∼ 30% for matter couplings of order unity [178] as compared to GR. Cepheids
are also useful to put stringent constraints upon chamaleon mechanism parameters [179], while the weakening of the
gravitational force may induce changes in the temperature of red giants of up to ∼ 100K at the same luminosity, which
could be measurable in certain dwarf galaxies [180].

2.3. Relativistic stars: mass-radius relations and maximum masses

Neutron stars are truly relativistic objects, so for them one has to face the resolution of the TOV equations and
their modifications within modified gravity (such as Eq.(24) for f (R) theories) in their full complexity. In GR, for
each theoretical model of nuclear matter at supranuclear densities an EOS can be derived, which allows to numerically
integrate the TOV equations to obtain a family of static, spherically symmetric solutions, corresponding to a certain
range of values of the central density (and pressure). The result of this computation can be typically extracted in terms
of a characteristic mass-radius diagram on which, starting from some small value of the ratio P(0)/ρ(0), the radius of
the star decreases while the mass increases, until a saturation point is reached, corresponding to the configuration with
maximum possible mass. Further increases of the mass will yield dynamically unstable configurations. As it should
be expected, the qualitative and quantitative details of this picture depend strongly on the EOS chosen and, in the
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context of modified gravity, also on the internal parameters of the specific model under consideration, thus allowing
possibilities that run away from the simple description briefly depicted here.

Unsurprisingly, a widespread trend in relativistic stellar structure models within modified theories of gravity is to
find stable configurations modifying the mass-radius relations as compared to those of GR and, in particular, yielding
a maximum allowed mass that can be compared with observations. In this sense, the observations of several neutron
stars with mass at the 2M⊙ threshold [23, 24, 25, 26] has put into trouble a number of EOS within GR, as we shall
see below. Regarding the radius, recent estimates from gravitational wave astronomy of neutron star mergers via
hydrodynamic simulations with different EOS [181] offer the bound rS ≥ 9.60+0.14

−0.03km for the minimum radius of a
non-rotating star [34], which can be further refined by future simulations. The presence of gravitational corrections in
these models introduces a degeneracy with GR predictions since, in addition to the existence of numerous “realistic”
EOS with different outcomes both for the mass-radius relations and for the maximum allowed masses, now we have
extra parameters in the gravitational sector to play with. Due to this, several EOS ruled out in the context of GR
resulting from their incompatibility with observations can be brought back to life in the context of modified gravity.
At the same time, the analysis of numerical solutions and comparison with observational results may allow to constrain
the extra parameter(s) of modified theories of gravity.

2.3.1. An overview on equations of state

Neutron stars reach densities at their center well above the nuclear saturation density, ρs ≈ 2.8 × 1014 g/cm3

(typically from five to ten times). At such densities the reliability of many-body nuclear theory decreases quickly
and there is little experimental information on the contributions of hyperons, quarks, phase transitions, etc. Thus,
the EOS at these densities necessarily extrapolate calculations based on phenomenological models of the nuclear
force as well as in effective field models of quantum electrodynamics, thus depending strongly on the assumptions
upon which a microscopic theory of dense matter is built. This modelling of the EOS is critical, as many of the
macroscopic properties of neutron stars are strongly dependent on the ingredients included and the behaviour of the
nuclear matter they are made of, and therefore they can be directly related to uncertainties on this extrapolation. One
of the most important of such properties is its mass-radius relation, as it is (almost) uniquely defined by its EOS. The
masses can be determined in binary systems via precise measurements of the effects on their companion’s orbit, while
Doppler shift of spectral transitions may provide the M/rS ratio. Recently, the observation of gravitational waves
from the merger of a binary system of neutron stars also allowed to put stringent constraints upon the EOS of matter
at supranuclear densities [33, 182, 183]. This choice of EOS is doubly relevant here, as finer details in the modelling
of the star’s interior may significantly interfere with the predictions of the underlying gravitational theory extending
GR.

Any EOS must satisfy a number of conditions to describe a physically viable star. These include:

• The fulfillment of the weak energy condition, which demands ρ > 0 and ρ + P > 0,

• The Le Chatelier’s principle for microscopic stability of matter (to avoid spontaneous local collapse of matter),
which reads P ≥ 0 and dP/dρ > 0,

• A causality constraint upon the speed of perturbations to be lower than the speed of light, namely, cs ≡
(dP/dρ)1/2 ≤ 1.

• Obviously, consistency of the output of the corresponding numerical integration of the TOV equations with the
maximum neutron star mass observed so far. In this work we shall take M⋆ = 2M⊙ as the reference value for

this threshold.

There is a huge variety of such models in the literature. Generally speaking, EOS can be split into “soft” and
“stiff”, which refers to the behaviour of the pressure as more mass is captured, namely, the behaviour of the sound
speed c2

S
≡ dP/dρ. Thus, in soft EOS matter may be more effectively compressed, leading to smaller thresholds and

to more compact stars while, the other way around, stiff EOS are less effective in this compression allowing a larger
threshold with also larger radius. However, this broad description is influenced by other aspects on the modelling of
the physical ingredients included (such as the appearance of hyperons/quarks at high energies which tend to soften
the EOS [184]), the symmetries assumed, or the properties of the theory of gravity under consideration. A generation
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of the most elaborate such realistic (but non-relativistic) EOS models are those based on experimental nuclear physics
making use of many-body calculations for dense neutron matter at supranuclear densities. Among them we underline
several that will be extensively used in the text below. Then we find some well known models such as the FPS model
[185, 186, 187, 188], where the crust-core transition is realized through a sequence of phase transitions involving
changes in nuclear shapes (M⋆ ≈ 1.80M⊙ [16, 78]); the SLy model of effective nuclear hamiltonian obtained from
many-body calculations with a simple two-nucleon potential and a modelling of the crust-core transitions as a weak
first-order transition with a minor density jump [189, 190, 191, 192], which typically admits analytical representations
[193] (M⋆ ≈ 2.05M⊙ and rS ∼ 10 km); the APR4 EOS [194, 195] uses instead a three-nucleon potential in addition to
an Argonne 18 potential (M⋆ ≈ 2.2M⊙), and its variant the WWF1 EOS [196], which differs on the nucleon potential
model used (M⋆ ≈ 2.1M⊙ [195]); or the BSk family of EOS (BSk19,BSk20,BS21) [197, 198] obtained from general-
ized Skyrme interactions supplemented with additional interacting and correcting terms (M⋆ ≈ {1.86, 2.16, 2.27}M⊙
[199]). These models only consider nucleons, while other constituents such as hyperons, pions/kaons, or condensates,
which may play a role at very high densities, are incorporated in other EOS: the GM1 model [184] based on rela-
tivistic mean field calculations (M⋆ ∼ 2.0 − 2.4M⊙), and its extension GM1nph [200] for cold neutron star matter
in equilibrium including the effect of the baryon octet and electrons (M⋆ ∼ 1.9 − 2.1M⊙); or the MPA1 [201, 202]
obtained in the relativistic Dirac-Brueckner-Hartree-Fock formalism and relativistic mean field theory, accounting for
the energetic contributions due to the exchange between pions and mesons (M⋆ ≈ 2.5M⊙), as well as the related MS1
[203] (M⋆ ≈ 2.7M⊙).

A new state of matter that could be present inside the innermost regions of neutron stars is unconfined quark matter
made of u, d, and s quarks (besides electrons) forming a colour superconductor, and yielding the so-called quark stars.
One of the simplest such quark-core models is the MIT bag model [204], described by the simple EOS

P = a(ρ − 4B) (94)

where the bag constant B varies from ∼ 60 − 90MeV/fm3 depending on the specific modelling, while the parameter
a depends softly on the strange quark mass assumptions and the QCD coupling constant (typically a ∼ 0.28 − 0.33,
corresponding to ms = 0 and ms = 250MeV, respectively). This EOS is usually employed above a certain transition
density ρ ∼ 1.0 × 1015 g/cm3, where the effects of quark matter cannot be neglected. These hybrid stars with a quark
core and an hadronic outer layer can get to the 2M⊙ threshold provided that the model parameters are properly chosen
[205].

More realistic descriptions of nuclear matter inside neutron stars are built by joining together different polytropic
phases on a sequence of different density intervals (piecewise EOS), namely (see e.g. [40] for details)

P(ρ) = Kiρ
Γi (95)

with particular Ki and ρi−1 < ρ < ρi for each of them, and which are smoothly matched to each other at each transition
density ρi (so each density and pressure are everywhere continuous functions). Typically, it is also demanded that in
these piecewise EOS there is a smooth transition from a high-density regime to the low-density one, namely, that at
low densities it recovers the well known EOS of neutron star crust [206]. The analysis of these piecewise EOS at high
densities can be systematized via parameterized phenomenological relations constrained by astrophysical observations
on the most massive neutron stars observed so far [207]. Let us also mention that Yagi and Nunes [208] have included
a quite detailed literature on realistic EOS in their work on I-Love-Q relations, see figure 1 of that work for a quick
glance on the mass-radius relations of many of the most popular EOS. In addition, Breu and Rezzolla [209] report up
to 28 different EOS motivated by different theoretical considerations that are compatible with the finding of neutron
stars on the 2M⊙ threshold. More recently, Oter et al. [210] provide tables of EOS constrained by laboratory physics
and fundamental principles, without any reference to the underlying theory of gravity. We refer the reader to these
works for a detailed account on the bibliography associated to these realistic EOS.

2.3.2. f (R) gravity

After this brief overview on EOS, let us begin with the analysis of modified gravity models and their predictions
for relativistic stars. Scalar-tensor theories, of which f (R) is a particular case, are the most well studied models
within stellar structure physics. Most of this analysis is restricted to matter sources satisfying T = −ρ + 3P < 0,
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which for a perfect fluid implies P < ρ/3, a condition typically satisfied by most EOS at the center of neutron
stars. Nonetheless, this feature depends critically on some assumptions of the models, such as their softness or the
appearance of hyperons/quark states. Indeed, some piecewise EOS allow for T > 0 in some configurations, which
would yield new phenomenology induced by nonperturbative effects, such as in spontaneous scalarization [211],
which will play a relevant role later. Moreover, it has been argued by Podkowka et al. [212] that the transition value
T = 0 at the star’s center would yield a universal bound of these theories for the star’s compactness C = 0.262+0.011

−0.017
(90% confidence interval); therefore the observation of neutron stars at the 2M⊙ threshold and a radius R . 11.2+1.0

−0.5km
would imply that T > 0 on the star’s interior up to the confidence level above. Hereafter in this section we shall assume
T ≤ 0.

Let us thus consider in this section f (R) gravity. The first studies in this context resorted to a perturbative approach
where density, pressure, mass function, and metric (and thus curvature) are expanded to linear order in some small
parameter τ (which is related somehow to the extra gravitational corrections) as ζ ≈ ζ(0)+τζ(1)+O(τ2), where the zero
order terms ζ(0) are assumed to satisfy the generalized Einstein equations, while the integration of the field equations
must guarantee a mild growth of the perturbation terms to achieve stability of the solution. A detailed analysis of the
f (R) equations in this case has been done by Aparicio Resco et al. [97]. There, by writing f (R) = R + F(R) and
assuming F(0) = 0, the following theoretical stability requirement is found:

1 + FR(0)
3B(r)FRR(0)

> 0. (96)

Next we deal with the predictions of the quadratic f (R) model (62). For this model, Cooney et al. [213] consider
only the effect of higher-order corrections and take a polytrope (46) with Γ = 9/5 and numerically integrate (Runge-
Kutta method) the generalized Einstein and TOV equations (21), (22), (23) and (24) from the star’s center with some
initial free conditions upon the functions A(0), B(0) towards its surface, finding merely slight modifications to the
mass-radius relation as compared to GR within the validity of the perturbative approximation,−0.015 < αK5/4 < 0.01,
with a minor increase of the maximum mass for α < 0. More interesting results are obtained by Orellana et al. [214]
using analytical representations of the Sly EOS with tabulated coefficients [192] and with a set of central densities
ρ ≈ 1014.6−1015.9 gr/cm3 to Runge-Kutta-integrate the field equations. Qualitatively similar density profiles and mass-
radius relations are found as compared to GR ones, with larger (smaller) masses for α < 0(> 0), in agreement with the
results of [213]; for instance, for α = −0.2km2, the maximum mass can be raised up to M⋆ ∼ 2.2M⊙, while the radius
is only slightly reduced. The addition of magnetic fields25 with values as high as 1016 − 1017G for some suitable EOS
[216] seems to have little effect on these results [217]. Besides these mild improvements on the maximum masses,
these perturbative approaches have the limitation of being unable to take into account the large curvatures attained at
the star’s center (which may overrule the validity of the perturbative approximation), as well as the impossibility to
check the compatibility of the perturbative solution with the exact one. To obtain more reliable descriptions one needs
to go to the fully non-linear regime and solve the exact generalized TOV equations.

A non-perturbative approach is implemented by Yazadjiev et al. [218] in the scalar-tensor representation in the
Einstein frame, with standard boundary conditions at the star’s center, ρ(0) = ρc and φ′(0) = 0 (the latter to set
regularity of the scalar field there), and via numerical integration of the field equations with a shooting method. A
Sly4, a piecewise APR4 [188], and a FPS EOS are selected. Their main findings are that, by assuming α > 0, the
maximum mass can be raised by a factor ∼ 10% for suitable large values of α. This result seems to be in contradiction
with the perturbative analysis of [213, 214, 219], where the positive α branch was reported to decrease the maximum
mass. This conflict lies in the exploration of different ranges of values of α: while the perturbative approach relies on
small enough values of α and the increase (decrease) of maximum masses for α < 0 (α > 0) is found, the authors of
[218] report their results to be consistent with that range until a critical value of α is reached, above which such relation
between mass and α is inverted. In another work on this model within the branch α < 0, Aparicio Resco et al. [97] use
a shooting method demanding as boundary conditions at infinity the Schwarzschild solution up to a desired precision.
The numerical integration of the field equations thus find the initial values R(0) and A(0) consistent with them. Using
a blend of soft, middle and stiff samples of EOS provided in [220], the authors find that the maximum mass of the
star is basically unconstrained as |α| grows, while the radius of the star is significantly diminished (partially due to the

25For a general description of magnetized neutron stars in GR and how it influences the maximum mass, see e.g. [215].
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energy contribution of the scalar field to the mass); due to this it is found that for large enough values of |α| the soft
EOS yields larger masses than the middle and stiff ones. This problem is also attacked by Astashenok et al. [221] with
a different approach: regularity and finiteness for both density and pressure requires some conditions at the center of
the star, B0 = 1, (A′/A)0 = 0,R′(0) = 0, while imposing the matching with the asymptotic Schwarzschild solution
(Eq.(45) with Λ = 0) requires R(∞) = 0, B(∞) = A(∞) = 126. Therefore, assuming any EOS such that both density
and pressure vanish beyond the star surface radius rS , the numerical integration of the field equations takes place from
rS outwards. Due to the contribution of the matter fields outside the star surface to its total mass discussed in Sec.2.1.1,
the interpretation of the total star’s mass using Eq.(8) must be treated with care. Here the authors parameterize the
difference between the gravitational mass measured by an asymptotic observer, namely, M = m(r → ∞), and the one
enclosed within the star radius MS = m(r = rS ), by the gravitational sphere, whose extra contribution to the mass is
a crucial effect in order to obtain the right mass-radius relation in these models27. As EOS, analytical representations
of Sly4 [193] and of APR4, GM1, MPA1 [202], and also a GM1nph EOS are considered, besides quark stars (94)
with B = 60MeV/fm3 and a = 0.31. For α > 0 it is observed that the maximum allowed masses in the quadratic
model (62) deviate from the GR ones by a correction of size ∝ α1/2. Taking a value as high as α = 20 × 1010cm2, this
implies a slight increase of 2% − 4% for the above EOS (in all cases one has MS < M), peaking at M⋆ ≈ 2.57M⊙
(2.49M⊙ in the GR case) for the MPA1 EOS. Such slight mass increase fall well within the current observational
errors of mass measurements. On the other hand, for the branch α < 0, taking MP1, AP4, SLy and GM1 EOS, the
numerical integration fails to give a decreasing mass function of the radius, which implies that the Newtonian limit is
not recovered far away from the star, and thus no stable configurations are found for the EOS above (in contradiction
with the results of [218]). Astashenok et. al. [223] also analyze this model in the scalar-tensor representation using
APR, SLy and GM1 and some realistic EOS with hyperons [224], solving the field equations with a Runge-Kutta-
Merson fourth-order method. In the negative branch of α, it is observed that the gravitational mass grows unboundedly
with the distance, deviating from the asymptotically Schwarzschild solution, which is argued by the authors to render
this branch as physically unacceptable. For α > 0 a matching with the asymptotically Schwarzschild solution is
possible, and the observed gravitational mass in terms of the mass of the star plus the mass of the gravitational sphere
only increases slightly as compared to GR values for all these EOS, though the radius may be increased up to ∼ 10%.
Further refinements of these models such as the addition of electrically charged matter make use of unrealistic values
of the electric charge inside compact stars [225] and thus are not described here28.

Anisotropies of the matter fields incorporated in the TOV equations via Eq.(25) have been also considered. If one
parameterizes the anisotropy by σ ≡ P⊥ − Pr, Folomeev [227] uses the quasi-local EOS introduced by Horvat [228]

σ ≡ 2λH pr

M(r)
r

(97)

and Bowers-Liang [229]

σ ≡ 1
3
λBL(ρ + 3pr)(ρ + pr)r2

(

1 − 2(1 − 2M(r)/r)
r

)−1

(98)

with the parameters −2 ≤ {λH , λBL} ≤ 2. Choosing EOS for the radial pressure to be FPS, SLy, BSk21 in terms of
their analytical representations [192, 199], for values α = −5×1010cm2 and α = −20×1010cm2, numerical resolution
of the TOV equations yields a slight increase of M⋆ up to ∼ 5% for all these scenarios, with also slight decreases on
the star’s radius, though the central density may be increased up to a factor 2− 3 in some combinations of the selected
parameters of these models. Let us also point out that a formulation of this theory including torsion and using APR4,
MPA1, SLy, and WW1 EOS has been recently considered in Feola et. al. [230], finding that its effect is to decrease
the corresponding total mass and compactness as compared to GR results.

The bottom line of the quadratic f (R) model discussed above is that, while it is able to slightly increase the
maximum mass in some cases (which may allow to re-consider FPS as a viable EOS in the context of these theories),
these deviations are still comparable with the uncertainties present in the EOS for dense matter within GR and,

26Should A(∞) go instead to some constant A∞, a simple re-scaling of the initial condition as A(0) → A(0)/A∞ brings the numerical problem
into the desired form.

27For an extended discussion on the definition of the gravitational mass in models with R2-corrections see [222].
28For some analysis of charged neutron matter within GR see e.g. [226].
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therefore, do not help to solve the degeneracy problem, unless the EOS can be better constrained in the future by other
means.

Stellar structure models in f (R) gravity beyond the quadratic theory have been widely investigated in the literature.
Astashenok et al. [231] consider three such models: the exponential one [232]

f (R) = R + βR(exp(−R/R0) − 1) (99)

(with R0 and β some constants); the logarithmic one

f (R) = R + αR2(1 + β log[R/µ2]) (100)

(with α, β and µ2 some constants); and the cubic one

f (R) = R + αR2(1 + γR) (101)

(with α and γ some constants). This analysis makes use of analytical representations of SLy and FPS EOS (following
the analysis of [233]), parameterized {BSk19, BSk20, BSk21} EOS as given by [199], and quark-core matter (94),
solving numerically the generalized Einstein equations using a perturbative approach. For the exponential model (99),
the quark-core and Sly EOS provide no significant deviations with respect to GR, but for the FPS one the maximum
mass can be raised up to the 2M⊙ threshold. For the logarithmic model (100), the Sly and FPS EOS can only support
neutron stars with a central density below some critical value, yielding maximum masses M⋆ ≈ 1.93M⊙ (Sly) and
M⋆ ≈ 1.75M⊙ (FPS), while a piecewise FPS+quark core EOS cannot get to the 2M⊙ threshold either. Thus, the
logarithmic model with these EOS seem to be discarded by observations.

The logarithmic model (100) has been considered by Alavirad and Weller [234], where their focus is to verify that
the chamaleon effect still allows γPPN ≃ 1 for this model, and to determine that the gravitational redshift at the star’s
surface, zs ≡ (1 − 2M/r)−1/2 − 1, may be significantly larger than in the GR case; for instance, taking β = −0.05 and
α = 1010cm2 one finds an increase of ∼ 10% (note that Buchdahl’s bound limits this redshift to zs ≤ 2). Regarding the
structure of relativistic stars, they consider quark EOS (94) with a = 0.28 and B = 60MeV/fm3, finding an increase
(decrease) of the maximum mass with negative (positive) α regardless of the value of β: for instance β = −0.25 and
α = 1011cm2 yields a ∼ 10% increase allowing this EOS to overcome the 2M⊙ threshold.

For the cubic model (101), the mass increases with negative γ yielding stable stellar configurations with a maxi-
mum mass of M⋆ ≈ 1.94M⊙ and radius rS ≈ 9.2km (significantly smaller than in GR) for the FPS EOS with γ = −20.
Smaller stars are also found for BSk20 and AP4 EOS, with masses around 2M⊙ in some range of the parameters. A
novel feature arises here, as a second branch of stable configurations at densities ρ > 10ρns with no counterpart in GR,
is found, representing stars with maximum masses M⋆ ≈ 1.90M⊙ (SLy), M⋆ ≈ 2.0M⊙ (BSk20) and M⋆ ≈ 2.07M⊙
(AP4) and radius rS ≈ 9km. This perturbative analysis is extended to the full non-linear regime by shooting method-
solving the generalized Einstein equations by Capozziello et al. [235] for the cubic model (101). The negativity of
the trace of energy-momentum tensor, T (r = 0) = −ρc + 3Pc < 0, constrains the maximum achievable central den-
sity to ρc = {2, 1.25, 1.35, 1.7} × 1015 gr/cm3 for {BSk19,BSk20,BSk21,Sly} EOS. For the quadratic model (62), any
non-vanishing value of α < 0 with these four EOS has the effect that at low central densities the maximum achievable
mass is larger than in GR (with smaller radius), until a critical central density value, ρc ∼ 0.6 − 1.0 × 1015, is reached
(depending on the EOS), above with this effect is reversed. This is a sort of stretching-blending rotation of the M − rS

shape with a transition at M ∼ (1 − 1.25)M⊙ and rS ∼ (11 − 12.5)km, with a similar effect for the M − ρc curve.
Therefore, in this analysis the quadratic model (62) also fails to raise the maximum mass M⋆ as compared to GR.
However, when the cubic corrections (101) are switched on, it is found that negative (positive) values of γ tend to
increase (decrease) the maximum mass, but the improvement is meager. The cubic model has also been addressed by
Astashenok et al. [236] in order to alleviate the hyperonic puzzle. Assuming α < 0 and using three parameterizations
of the GM(nph) EOS [184], a perturbative procedure to solve the corresponding field equations shows that there is
some room in the space of parameters (β, γ) where the hyperonic puzzle can be solved; for instance, taking GM3nph
and α = −0.22 and α = −160 one can rise the maximum mass to the 2M⊙ threshold.

The contribution of magnetic fields has been also considered within some of the models above, using a (slowly-
varying field) parametrization [216]

B = BS + B0[1 − exp(−ζ(ρ/ρs)η)] (102)
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with BS = 1015G the magnetic field at the star’s surface. Using two regimes: {ζ = 0.02, η = 2} (slowly-varying field)
and {ζ = 0.005, η = 3} (fast-varying field), Astashenok et al. [237] explore the effect of the different values of B0 using
the same EOS as in the previous work29. In both the quadratic (62) and cubic (101) models, the maximum masses are
very sensitive to the value of the reference magnetic field B0 for both slowly-varying and fast-varying fields. Indeed
from B0 = 0 to B0 = 3 × 1015G the maximum mass grows by a factor 2, but the effect of the parameter α is meager;
for instance, in the quadratic model one finds a mere ∼ 5% for α = −5×109cm2. The main conclusion of this analysis
is that magnetic fields within these theories cannot significantly alter the conclusions of the stellar structure models
within GR.

Let us now consider the family of power-law models

f (R) = R1+ǫ (103)

where the compatibility with observational abundances of light elements constrains its parameter −0.017 . ǫ .

0.0012 [239]. This model has been studied by Capozziello et al. [235], and also by De Laurentis [240]. Let us
assume, consistently with the constraints on ǫ, that ǫ ≪ 1, so that the Lagrangian density can be expanded as f (R) =
R+ ǫR log[R]+O(ǫ2). For negative values of ǫ, the integration of the generalized Einstein equations with SLy, BSk20
and BSk21 EOS yield neutron stars which easily overcome the 2M⊙ threshold for |ǫ| ∼ 0.001 [235]. Increasing further
this value of |ǫ|, De Laurentis shows [240], using a different method based on Noether symmetries to implement the
matching with the external solution, that {BSk20,BSk21} EOS are able to reach maximum masses M⋆ ∼ (2.8 − 3)M⊙
for |ǫ| ≈ 0.008 for both these EOS, with large fluctuations in the M − rS diagram depending on the exact value of
|ǫ|, with significantly larger radius than in GR. To illustrate these results, for instance, BSk21 with |ǫ| ≈ 0.008 yields
rS ≈ 13.7km, as compared to rS ≈ 12.1km of GR.

Another well known model in the literature is the Hu-Sawicki one [241]

f (R) = R − m2 c1(R/m2)n

1 + c2(R/m2)n
(104)

which is well motivated in cosmological models of dark energy [242], and where m2, c1, c2 and n are free parameters.
Aparicio Resco et al. [97] consider this model with n = 1, parameterized as f (R) = −bR/(1 + bR/d), with b and
d some constants. For this model the stability condition (96) yields two branches of solutions, {|R| > d, b < 1} and
{|R| < d, b > 1}. Exploration of the parameter space of the first branch reveals that it is either incompatible with the
estimated value of the cosmological constant, or too close to the Schwarzschild solution to produce deviations with
respect to GR. For the second branch, using the blend of soft, middle and stiff EOS of [220], stable configurations
are found whose masses, for d < 0, generally grow with b and are basically unconstrained from above, even to a
greater extent than in the quadratic f (R) case considered also in [97], with a significant decrease of the radius of the
star. Nonetheless, whether such large values of the model parameters may be physical is uncertain, as no comparative
analysis of the compatibility of such values with the observational constraints of the Hu-Sawicki model has been done
yet.

Finally, for a recent and broad analysis of general f (R) theories in the equivalent Brans-Dicke representation
using massless, constant mass, and a self-coupling potential for the scalar field and SLy and FPS EOS, see Kase and
Tsujikawa [243].

2.3.3. Scalar-tensor theories

A broad description of several aspects of stellar structure models within scalar-tensor theories with a single light
scalar field and a negligible potential30 in the Jordan frame was carried out by Horbatsch and Burgess [244], exploring
perturbative scenarios and setting some main elements for the analysis of the Lane-Emden equation, spontaneous
scalarization, and white dwarfs. A more specific analysis of scalar-tensor theories has been carried out by Cisterna et

29In passing by we note that a similar parametrization for the magnetic fields within the context of f (R2
GB

) = βR2
GB

, where R2
GB

is Gauss-Bonnet
invariant, was considered by Astashenok et al. [238], finding negligible increases in the maximum masses, but significantly higher central densities.

30As already mentioned, for these models, Cassini tracking yields a PPN parameter |γ| < 2.3 × 10−5 [107], which translates into the constraint
a2(ϕ) ≡ (A′(ϕ)/A(ϕ))2 < 1.2 × 10−5 for asymptotically values (i.e. outside of the solar system) of the field φ.
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al. [245] by choosing the so-called George+John combination of models of the Fab Four family [246]. This model is
equivalent to GR with a non-minimal derivative coupling with the scalar field, which can be conveniently written as

S =
∫

d4x
√−g

[

R − 2Λ
2κ2

− 1
2

(βgµν − ηGµν)∇µφ∇µφ
]

+ S m[gµν, ψm] (105)

where η and β are some (real) parameters. Setting the ansatz for the scalar field

φ(t, r) = Qt + F(r) (106)

where Q , 0 is a constant, and considering β = Λ = 0, the corresponding TOV equations with boundary conditions
A(0) = A0 > 0, A′(0) = 0, B(0) = 0 and P(0) = P0, imply that physically acceptable solutions can only be found if the
following conditions hold:

3ηQ2

A0
<

1
2κ2

;
1

4π
(

2ρc

3Pc
− 1

) <
Q2|η|

A0
<

1
12π

(107)

Choosing a polytropic EOS (46) with K = 123M2
⊙ and n = 2 (motivated from [247]), the numerical integration

proceeds from the center outwards until the star’s surface, where the solution is matched to a Schwarzschild external
solution with constant scalar field (which introduces the re-scaling Q∞ = Q/

√
A∞)31. Taking η = ±1 without loss

of generality, a two-parametric (Pc,Q∞) family of solutions is obtained, finding that η = +1(−1) yields more (less)
massive stars with larger (smaller) radius. Indeed, in GR the above polytropic model peaks at M⋆ ≈ 1.8M⊙ and
rS ≈ 12.5km, while for Q = 0.08 one finds instead M⋆ ≈ 2.15M⊙ and rS ≈ 13km, though the range of allowed central
pressures shortens with growing Q∞. This moderate improvement in the maximum mass with respect to GR results
should be confirmed with more realistic EOS. Besides, this model has the drawback that the scalar field becomes
imaginary in some regions of the solutions with η = −1, thus leading to a wrong-sign kinetic term which suggests the
presence of ghost-like instabilities, demanding an investigation of the stability of the corresponding solutions.

Spontaneous scalarization, namely, the existence of stable stars with non-trivial values of the scalar field generated
out of phase transitions, has been shown to have a non-negligible impact on stellar oscillations at the neutron star’s
crust within scalar-tensor theories, since they might carry imprints of strong-field effects to be extracted via observa-
tions of gravitational waves resulting from the oscillations32. Silva et al. [249] consider scalar-tensor theories with the
parametrization3334

A(ϕ) = e
1
2 βϕ

2
(108)

The Einstein-frame representation and FPS and MS0 EOS [203] for neutron’s star core are used, while the crust is
modelled with a KP [254] and DH [191] EOS. The corresponding field equations are solved with a shooting-method
with ϕ(∞) = 0. It is observed that, for β = −6.0, scalarized solutions with a non-vanishing value of the scalar field
yield a ∼ 20% increase in the maximum mass for both FPS and MS0 EOS, with very little influence of the crust
EOS, as expected. Next, when considering torsional (quasi-periodic) oscillations confined to the crust, they find the
same master equation as in GR but with re-scaled wave frequencies and effective wave velocities determined by the
scalar-tensor theory. These frequencies are found to depend on the stellar’s mass and compactness as well as in the
EOS chosen at the crust, and decrease with β. However, even for the closest values compatible with binary pulsar
experiments, namely, β = −4.5 [255], the corrections on the dominant frequencies are not large enough to overcome
the uncertainties on the EOS; thus this modelling cannot be distinguished from GR regarding gravitational waves out

31As with similar models of this kind, this parametrization has the problem that neither Q∞ → 0 nor η → 0 or ∞ yield the GR limit, so the
sequence of Q∞ solutions is not smoothly connected with the GR one.

32Indeed, spontaneous scalarization in scalar-tensor models may left specific imprints in gravitational waves out of supernova core collapse,
which may allow to constrain the parameter space of these theories [248].

33For this modelling it has been shown that spontaneous scalarization may take place provided that β < −4.35 in the static case [250] and
β < −3.9 for rapidly rotating stars [251].

34Palenzuela and Liebling [252] have constructed a fully non-linear simulation of the stability of neutron stars with different compactness in
scalar-tensor theories with β > 0, finding that for very compact stars, C ≥ 0.29, the parameter β is constrained to a maximum value β ≈ 90, while
for less compact stars, C < 0.27, the parameter β is essentially unconstrained. The existence of a potential instability in this β > 0 branch is
analyzed analytically and numerically by Mendes and Ortiz for some representative coupling functions in [253].
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of such oscillations. Sotani and Kokkotas [256] adopt instead a (stiff) parameterized EOS given by P = Pt + v2
s(ρ− ρt)

where ρt, Pt are the density and pressures at which the transition from the low-density regime (modelled according to
the phenomenological approach of [257]) to the high-density one (chosen as 2ρs) takes place, and v2

s is the maximum
sound speed in the latter regime (constrained as 1/3 ≤ v2

s ≤ 1). It is observed that, for scalarized neutron stars with
β = −4.6 and β = −5.0, small values of v2

s yield larger masses than in GR (∼ 10%) until a critical value v2
s ≈ 0.62−0.64

is reached, where this trend is reversed.
Quasi-normal modes of scalar-tensor theories with the parametrization (108), and also for

A(φ) = [cosh(
√

3βφ)]
1
3β (109)

have been studied by Mendes and Ortiz [258]. Through a polytropic EOS modelling with a stiff core Γ = 3 and a soft
crust Γ = 2, upon perturbations of the metric functions and the scalar field choosing β = −5 and β = 100, a radically
different spectrum of such quasi-normal modes is found. Indeed, the new scalar field modes have now much lower
frequencies and shorter damping times than in GR, while their excitations may yield imprints potentially accessible
via electromagnetic emission of magnetars [259], or in gravitational waves out of binary neutron stars [260].

A natural extension of the scalar-tensor theories arises when the scalar field is promoted from one to N fields,
yielding tensor-multiscalar theories of gravity [96]. Horbatsch et al [261] show that spontaneous scalarization also
occurs on a simplified version of this theory with two scalar fields and a vanishing potential. The numerical integration
of the corresponding field equations takes place with a similar parametrization as that of Eq.(108), suitably generalized
to the present case, and further consider an EOS originally introduced by Novak in [262]. For some scalarized
solutions with β = −5.0 they report an increase of the maximum mass as large as roughly ∼ 10 − 20% as compared
to the GR case. The new freedom engendered by the N scalar fields allows for new compact objects to exist [263], in
particular mixed phases of gravitational solitons and neutron stars as shown by Doneva and Yazadjiev [264], where
several combination of different potentials, A(ϕ) functions, and ranges of β are considered. Moreover, if a non-trivial
topology is introduced in the set of scalar fields, like S

3, then a new kind of neutron star configuration - topological
neutron star - arises, as shown by Doneva and Yazadjiev [265]. Using a piecewise APR4 EOS and characterizing such
stars by their topological numbers, the authors make a quick analysis of some of their properties.

Let us consider the stability of stellar models (see Sec.1.2) for the simple scalar-tensor theories (19) with A = 1
and an arbitrary potential, i.e., [266]

S = 1
2κ2

∫

d4x
√−g(R − 2gµν∇µφ∇νφ − 2V(φ)) + Sm[gµν, ψm]. (110)

This action belongs to a class of theories for which a part of the field equations can be written as [267, 268, 269]

σ(Ψi)(Gµν −Wµν) = κ2Tµν, (111)

where the object σ(Ψi) represents a new coupling to the gravity sector, with Ψi corresponding, for instance, to curva-
ture invariants or other fields. The symmetric tensor Wµν stands for additional geometrical terms which may appear in
the specific scalar-tensor theory under consideration. It turns out that for this class of gravitational theories one writes
the generalized energy density and pressure in the case of a static, spherically symmetric geometry (5) as

Q(r) ≡ ρ(r) +
σ(r)A(r)Wtt(r)

κ2
, (112)

Π(r) ≡ P(r) +
σ(r)Wrr(r)
κ2B(r)

, (113)

which allows to write the generalized TOV equations in this case as

(

Π

σ

)′
= −m(r)

r2

(

Q

σ
+
Π

σ

)















1 +
4πr3 Π

σ

m(r)















(

1 − 2m(r)
r

)−1

+
2σ
κr

(

Wθθ

r2
− BWrr

)

(114)

with the redefined mass function

m(r) =
∫ r

0
4πr̃2 Q(r̃)

σ(r̃)
dr̃. (115)

32



For the case of scalar-tensor theories (110), the generalized Einstein field equations (111) and those of the scalar field
can be explicitly written as

Gµν +
1
2

gµν∇αφ∇αφ − ∇µφ∇νφ + gµνV(φ) = κ2Tµν, (116)

V ′(φ) −✷φ = 0. (117)

The generalized TOV equations (114) in that case read

Π′ = −m(r)
Br2

(

Π + Q
)

(

1 + 4πr
Π

m(r)

)

− 4
C + V

κ2r
(118)

m(r) =

∫ r

0
4πr̃2Qdr̃ , (119)

where we have introduced the definition C = 1
2 Bφ′2 − V(φ), while the generalized density (112) and pressure (113)

take the form

Q = ρ(r̃) + κ−2(C + 2V), (120)

Π = P(r) + κ−2C. (121)

It was shown in [266] that the stability theorem of Sec.1.2 can be generalized for the above discussed minimally
coupled scalar-tensor theory with an arbitrary potential if one takes into account the extra terms appearing in (120)
and the modified Klein-Gordon equation (117). Thus, it turns out that the stability will be achieved when the boundary
term appearing during the derivations (n(r) being the proper nucleon number density)

∫ ∞

0
∂µ

(

4πr2B−
1
2

n(r)
P(r) + ρ(r)

δφ∂µφ

)

dr (122)

vanishes. This will be so if both integrations at the upper and lower limits vanish. This sets conditions on the behaviour
of ∂φ, δ∂µφ, and other functions appearing in the integrand in such limits. Assuming that all functions, together with
the derivatives of φ take finite values at zero, the lower limit of the integration will behave in the proper way due to
the factor r2. On the other hand, assuming the derivatives of the scalar field to vanish at infinity, the upper limit of the
integration will also not contribute, providing the desired result. Therefore, in order to check if a stellar system is a
stable one, one needs to carry out extra computations beyond performing the well known procedure used in GR after
choosing an EOS. Indeed, here one would additionally need to examine the extra terms entering in the mass function
m(r): the scalar field φ and the form of its potential V since the minimum of m(r) may strongly depend on them.

2.3.4. Horndeski family, beyond Horndeski, and extensions

The Horndeski family has faced some difficulties under the nearly simultaneous detection of the gravitational
wave event GW170817 [7] and its gamma-ray burst electromagnetic counterpart GRB170817A [8], with two of its
four free functions being strongly constrained. Nonetheless, it has been argued by Kobayashi and Hiramatsu [270]
and by Langlois et al. [271], that some families of models extending the Horndeski class, like degenerate higher-order
scalar-tensor theories (DHOST) may overcome these constraints. In this case, one needs to impose several restrictions
on the five independent functions {A1, A2, A3, A4, A5} characterizing the theory to have cGW = c (see [272] for details).
Now, assuming the standard parametrization for the scalar field (106), the TOV equations for a perfect fluid can
be obtained after some algebra, though under a cumbersome form [270]. Next, standard boundary conditions at the
center on the metric functions, scalar field, and density are imposed, as well as a matching to an external Schwarzschild
solution at the star’s surface P = 0. Choosing the quadratic Lagrangian [273]

LG =

(

1
2κ2
+ α(∇µφ∇µφ)2

)

R − (8α + β)✷φ∇µφ∇µ∇νφ∇νφ (123)

where α, β are some constants, and taking a polytropic EOS (46) with Γ = 2 and K = 123M2
⊙ (GR: M⋆ ≈ 1.8M⊙

and rS ≈ 12.5km) the field equations are numerically integrated. For β = 0, positive (negative) values of α lead to
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larger (smaller) maximum masses, until a maximum central density is found at a threshold αc ≈ 2 × 10−4/(κ2Q4),
above which no solution exists. A qualitatively similar effect exists for α = 0 and varying β. In both cases near the
density/parameter threshold the maximum mass grows well above 3M⊙, while the radius increases significantly.

As already mentioned, Horndeski theories can be made compatible with solar system experiments by implement-
ing the Vainshtein mechanism [94] (see [274] for a review), but this mechanism breaks down for beyond Horndeski
theories inside astrophysical bodies, as the weak field limit functions (26) satisfy now [141, 142, 143]

dΦ

dr
= −M

r2
− Υ1

4
d2M

dr2
(124)

dΨ

dr
= −M

r2
+

5Υ2

4r

dM

dr
(125)

where the extra corrections by the factors Υ1 (governing deviations from Newton’s law) and Υ2 (determining light
bending) are non-vanishing when the Lagrangian density actually contains beyond Horndeski terms (for Horndeski
theories one has Υ1 = Υ2 = 0). These functions are constrained as Υ1 = −0.11+0.93

−0.67 and Υ2 = −0.22+1.22
−0.19 by X-ray and

lensing observations of galaxy clusters [275]. Nonetheless we have already seen that Chandrasekhar’s limit for white
dwarfs in combination with the minimum mass for main sequence stars provides the constraint −0.22 < Υ1 < 0.027
(recall the discussion around Eq.(91)). Relativistic stars in a quartic beyond Horndeski have been considered by
Babichev et al. [152]. In this case, Υ1 = Υ2 = Υ = − 1

3 (1 − σ2) (so γPPN = 1), where σ2 is a dimensionless quantity.
Using again the polytropic EOS (46) with Γ = 2 and K = 123M2

⊙, and taking a mild deviation with respect to GR
given by Υ = −0.05, from the hydrostatic equilibrium equation (75) one finds a significant increase of the maximum
mass: M⋆ ≈ 2.5M⊙ and R ≈ 13km. This feature is retained for more realistic EOS; for instance, Sly4 and BSk20 EOS
with Υ = −0.05 yield M⋆ ≈ 2.9M⊙ and rS ≈ 11km (GR: M⋆ ≈ 2M⊙, rS ≈ 10km), and M⋆ ≈ 3.1M⊙ and rS ≈ 11.5km
(GR: M⋆ ≈ 2.2M⊙, rS ≈ 10.5km), respectively. Within the current observational constraints for Υ the maximum mass
can be further increased up to 5M⊙ (but with unacceptably large radii). In the positive branch of Υ lower masses and
radii than in the GR case for all these EOS are found.

A family of models including a combination of quartic Horndeski and beyond Horndeski terms satisfying cGW = c

(see [276] for an elaborate discussion on this point) was considered by Chagoya and Tasinato [277]. The Lagrangian
density is built from (69) and given by (where now we are using X = − 1

2∂µφ∂
νφ)

L = X +G4R +
G4,X

X
[(∂µφ∂µ∂νφ∂νφ)2 − (∂µφ∂µ∂νφ∂νφ)✷φ] (126)

and the field equations are solved for different values of Q in the ansatz (106). However, the EOS chosen is that of
constant energy density, which is not realistic, though it allows for analytic solutions with fixed radius, finding that
neutron stars can be up to twice as compact as their GR counterparts, though the compactness cannot exceed the
C = 4/9 bound, as opposed to the case of vector-tensor theories (coupling of the metric to a vector field, [278]). For
the latter theories the TOV equations have been obtained by Momemi et al. [279], though they make use of unrealistic
polytropic EOS and thus their results are highly doubtful, even in the context of GR.

2.3.5. Einstein-Dilaton-Gauss-Bonnet gravity

A unifying scenario to encompassing general scalar-tensor theories, f (R) theories, Einstein-Dilaton-Gauss-Bonnet
(EDGB) gravity (which belongs to the class of actions (69)) and Chern-Simons gravity, was carried out by Pani et al.
[280]. Demanding second-order field equations, the corresponding Lagrangian density can be written as

L = f0(|φ|)R + f1(|φ|)R2
GB + f4(|φ|)Rµναβ

∗Rµναβ − γ(|φ|)∂µφ∗∂µφ − V(|φ|) +Lmat

[

ψm, A
2(|φ|)gµν

]

(127)

where ∗Rµναβ is the dual of the field strength tensor and R2
GB ≡ R2 − 4RµνR

µν + RµναβR
µναβ denotes the Gauss-Bonnet

invariant. Different choices for the functions { f0, f1, f4, γ} lead to the models mentioned above (see Table I of [280]).
The simplest member of this family is perhaps Gauss-Bonnet gravity, with f1 = 1 and any other function vanishing,

whose five-dimensional case was considered by Panotopoulos and Rincón in [281]. Casting the TOV equations in this
case, they numerically integrate them for strange quark matter, where the EOS (94) is replaced by P = 1

4 (ρ−5B) due to
the presence of extra dimensions. The main reported result is that, for different values of the Gauss-Bonnet parameter,
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more compact stars are found than in the GR case. For more general members of the family (127), static, spherically
symmetric solutions, φ = φ(r), with perfect fluids (4) can be analytically worked out [280] and, imposing boundary
conditions at the center, {m(0) = 0, ρ(0) = ρc, A(0) = A0, A

′(0) = 1}, a shooting method from an asymptotically flat
solution, A(r → ∞) = 1, fixes the constant A(0), yielding a family of solutions parameterized by the central density
ρc. Using DEF parameterization [296] in Eq.(129) with K = 0.0195 and Γ = 2.34, besides FPS and APR EOS, the
authors of [280] derive the M-rS diagrams of compact stars choosing f0 = 1/(2κ2),V = 0, f1 = (α/16π)eβφ, f4 = 0,
with α > 0. In this combination no stable stellar models can be found above some maximum central density ρmax

c (α, β),
while the numerical integration shows that the maximum mass slightly decreases with the product αβ; this effect is
more important for stiffer EOS than for softer ones. For the FPS EOS with β =

√
2 [282] one finds α < 23M2

⊙, which
improves previous bounds on EDGB gravity from black holes [283].

The EDGB family (127) also allows for spontaneous scalarization. For instance, choosing the non-vanishing
functions f0 = 1, f1 = ηφ2/8, and γ = 1, evidence of this spontaneous scalarization in the TOV equations using a
neutron star with M = 1.4M⊙ and SLy4 EOS has been provided by Silva et al. [284]. This result is further reinforced
by Doneva and Yazadjiev [285] working in the context of f0 = 1, f1 = λ2 f (φ) (λ a constant) and γ = 1, where
spontaneous scalarization demands d f

dφ
(0) = 0 but φ , 0. Considering a perturbation with respect to the GR solution

(with φ = 0) and introducing the ansatz f (φ) = 1
2β (e−βφ

2 −1), where β > 0 is some parameter (β→ ∞ recovering GR),
the numerical integration takes place by imposing standard boundary conditions at the center of the star, A′(0) = 0,
B′(0) = 1 and φ′(0) = 0, via a shooting method. For a piecewise polytropic approximation to a MPA1 EOS [188]
it is found that, for fixed λ, β, and central density ρc (bounded by some value depending on the model parameters),
spontaneous scalarization tends to decrease the maximum mass, which in turn puts constraints on the parameters of
this particular EDGB theory in combination with the EOS to be compatible with the 2M⊙ threshold. Similar results are
obtained for the reversed sign model, f (φ) = − 1

2β (e−βφ
2−1). Let us also mention that, for this theory, Blázquez-Salcedo

et al. [286] analyze its axial quasi-normal modes using eight realistic EOS, finding an increase in its frequency, which
can raise a ∼ 10% deviation as compared to GR for large enough values of the Gauss-Bonnet parameter, with a smaller
damping time.

2.3.6. Proca theories

Neutron stars in generalized Proca theories have been considered by Kase et al. [292]. These theories imple-
ment a U(1)-symmetry breaking mechanism by adding vector fields with derivative couplings (entailing fifth-force
effects, which need to be suppressed at solar system scales via the Vainhstein mechanism [293]), whose action can be
generically written as

S =
∫

d4x
√−g

















−1
4

FµνF
µν +

6
∑

i=2

Li +Lm

















(128)

where the field strength tensor shifts its partial derivatives to covariant ones, Fµν = ∇µAν − ∇νAµ, picking up new
(quadratic) terms in the vector potential Aµ. The set of Lagrangians Li is characterized by several independent func-
tions {G2,G3,G4,G5,G6,G7} which, in general, depend on both the vector potential and the field strength tensor (see
[294, 295] for details). For this action, spherically symmetric solutions can be analytically worked out, but their resolu-
tion needs specific ansatze for the functions above (besides the EOS itself). The case of cubic interactions, G3 = β3Xp

(supplemented by G4 = 1/(2κ2), which corresponds to GR), with X = − 1
2 AµAµ, and {β3, p > 0} some parameters,

is considered by imposing the regularity conditions at the star’s center, A′(0) = B′(0) = ρ′(0) = P′(0) = A′0(0) = 0
and an ansatz for the vector field A0 = a0 +

∑∞
i=2 air

i, such that inserting it into the corresponding field equations
allows to fix the initial conditions of A(0), B(0), P(0) and A0(0). Focusing on vector Galileons, p = 1, and using the
Damour-Esposito-Farese (DEF) parametrization [296] of a polytropic model

ρ = nmb

(

n

n0

)















1 +
K

Γ − 1

(

n

n0

)Γ−1












; P = K(n0mb)Γ
(

n

n0

)Γ

(129)

where mb = 1.66 × 10−24 gr, n0 = 0.1 fm−3, and n the baryonic number, the field equations are numerically integrated
with the usual boundary condition P(rS ) = 0, and matched to the exterior solution. For the DEF parametrization
(129) with K = 0.013 and Γ = 2.34, in GR one has M⋆ ≈ 1.67M⊙, rS ≈ 9.3km and ρc = 3.5 × 1015gr/cm3, while
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for cubic galileons [297] the space of parameters with β3 < 0 yields larger masses than in GR, allowing to overcome
the 2M⊙ threshold for some choices of the vector field constant a0, while the radius enlarges to rS & 12km and
the central density decreases; this effect is reversed for β > 0. These enhances of mass and radius are powered by
both the strength β3 and the amplitude of A0. A similar analysis can be carried out for the quartic coupling model
G4 = 1/(2κ2) + β4Xp: for DEF EOS with K = 0.01 and Γ = 2.34, GR yields M⋆ ≈ 1.51M⊙, rS ≈ 8.48km and
ρc = 4.1 × 1015gr/cm3, while for the quartic model with β4 < 0 the 2M⊙ threshold can also be easily overcome for
some range of values of the vector parameter a0 (even reaching to the range ∼ 3M⊙) and radius rS & 11.8km. Finally,
for the case of intrinsic vector-scalar modes, with non vanishing G2,G5,G6 terms, the vector field trivializes and no
deviations with respect to GR results are obtained.

2.3.7. Massive gravity

The de Rham-Gabadadze-Tolley massive gravity is an extension of GR where a second metric is introduced to
generate a set of non-trivial terms able to remove any ghost mode. The resulting ghost-free theory is mediated by
a massive spin-2 field, able to avoid any conflict with solar system experiments thanks to an implementation of the
Vainshtein mechanism (for a review of this theory see e.g. [287]). The TOV equations of one of its minimal versions
were found after a lengthy calculation and analyzed for a particular set of the free parameters by Katsuragawa et al.
[288], and further extended to include a cosmological constant by Kareeso et al. [289], and read

dP

dr
= −

(ρ + P)
[(

8πP − 2
3Λ

)

r3 + γr2 + 2m(r)
]

2r2
[

1 − 2 m(r)
r
− Λ3 r2 + γr

] . (130)

where γ is a parameter combining the different constants of massive gravity, in particular, the mass squared of the
graviton35. Choosing quark matter with the standard parametrization (94) and a = 0.28, B = 60MeV/fm3, the maxi-
mum mass is reduced from M⋆ ≈ 1.8M⊙ to M⋆ ≈ 1.2M⊙, while for parameterized SLy EOS it is also reduced from
M⋆ ≈ 2.1M⊙ to M⋆ ≈ 1.6M⊙ [288]. This does not rule out this class of models, since the pick of coefficients chosen
in this work is far from being unique, needless to say the EOS itself. For instance, using nucleon-nucleon interact-
ing potential with a charge-dependence of Argonne AV18 [290] and refined Reid-93 [291] type EOS36, Hendi et al.
[300] show that the maximum mass is an increasing function of massive gravity’s parameter m2c2, being able to reach
masses above 3M⊙ (GR: M⋆ ≈ 1.68M⊙, rS ≈ 8.42km), accompanied by larger radius (rS ≈ 11km) and higher central
densities. These results are further complemented by the finding that, for white dwarfs, the Chandrasekhar mass (GR:
M ≈ 1.4M⊙) can be raised above 3M⊙ for viable values of the massive gravity parameters [301].

An extension of massive gravity where the requirement for the auxiliary metric to be non-dynamical is removed,
results into the so-called massive bigravity [302]. This theory was briefly discussed by Enander and Mortsell [303]
with the main result that the Vainshtein mechanism is also applicable for these theories. Aoki et al. [304] find several
classes of solutions in this setting. Only some of those described by polytropic EOS (46) with Γ = 2 are able to yield
M⋆ ≈ 2M⊙, which may allow to provide strong constraints on the spaces of parameters of these theories.

Yet another generalization of massive gravity is the so-called mass-varying massive gravity, where the mass of the
graviton varies depending on the value of the scalar field [305]. Neutron stars in this model were studied by Sun and
Zhou [160] using analytic fits of APR and SLy EOS. It is found that, depending on the value of the mass, m, appearing
on a simple quartic potential, the maximum mass in both EOS can significantly increase by a factor ∼ 10% − 20%
(with negligible modifications in the corresponding radius), though whether the parameters chosen are observationally
viable is not discussed.

2.3.8. Teleparallel gravity

Another family of extensions of GR is based upon the teleparallel equivalent of GR, where the main geometrical
ingredient is torsion instead of curvature [306]. Stellar structure models within f (T ) gravity, where T is the torsion

35This constant also induces changes in the Buchdahl limit depending on its sign, see [289] for details.
36The same EOS have been considered within a generalization of doubly special relativity incorporating curvature corrections, known as gravity’s

rainbow [298]. In this case, Hendi et al. [299] find also an increase of the maximum mass with a single function parameterizing gravity’s rainbow,
up to M⋆ ≈ 2.8M⊙ .
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scalar, has been recently considered by Ilijic and Sossich [307], where the TOV equations for the quadratic teleparallel
model

f (T ) = T + α
2
T 2 (131)

and a polytropic EOS (46) with Γ = 2 are obtained and subsequently solved with suitable boundary conditions. f (T )
theories also suffer from the ambiguous definition of the mass of the star [308] (since the vacuum solution is presently
unknown in closed form) already discussed in the f (R) case. To overcome it, the authors of [307] compute the total
particle number N = −4π

∫ rS

0
n(r)r2/B(r) (where n = dN/dV is the particle number density) as a rough estimation of

the star’s mass, and find, via numerical integration, that positive (negative) α yields less (more) particles that can be
supported against the gravitational pull as compared to GR, producing an increase (decrease until a critical value of
a, then increase) of the star’s radius; for a = 10(−10), this effect increases (decreases) the radius up to a factor ∼ 40%
(∼ 70%). However, this analysis does not allow one to make any claims on the behaviour of the mass in this model.
Further simplified modelling with anisotropic fluids within this theory can be found in Deb et al. [309].

2.3.9. Mimetic gravity

In mimetic gravity, the space-time metric is re-parameterized using an auxiliary metric gµν = −ĝρσ∂ρφ∂σφĝµν with
the auxiliary scalar field φ satisfying the condition gρσ(g̃µν, φ)∂ρφ∂σφ = −1 (see [310] for a review of this theory).
Astashenok and Odintsov [311] consider mimetic f (R) models given by the action

S = 1
2κ2

∫

d4x
√−g

[

f (R(gµν)) − V(φ) + βgµν∂µφ∂νφ
]

+ Sm(gµν, ψm) (132)

where V(φ) is the scalar potential, while the last term in the gravity part is a Lagrangian multiplier ensuing the
constraint on the scalar field. Assuming φ = φ(r) and a perfect fluid (4) as the matter source, the TOV equations for
this theory are found, and after going to the scalar-tensor representation the analytic fitting of the SLy4 EOS [193]
allows to solve them. For the case of mimetic GR with a potential V(φ) = A/φ2 one finds slightly higher masses
(∼ 10%) than in the GR case for A > 0 depending on the value of the mimetic scalar field φ(0). For a potential
V(φ) = AeCφ2

negligible increases are reported. For quark EOS (94) with i) a = 0.28, B = 60MeV/fm3 and ii)
a = 1/3, B = 60MeV/fm3 and V(φ) = A/φ2, one also finds very slight increases of the maximum mass. Finally, for
mimetic f (R) = R + αR2 gravity with the choices above the increase of the maximum mass does not reach the 10%
level.

2.3.10. Lorentz invariance-breaking theories

A model-independent characterization of tiny violations of Lorentz invariance and the associated set of TOV
equations within a standard model extension framework has been recently introduced by Xu et. al. [312]. Predictions
on the mass-radius relations from such violations have been incorporated into several explicit theories. For instance,
Horava-Lifshitz gravity is a proposal for an ultraviolet completion of GR at the price of dropping Lorentz invariance
at those scales [313]. The theory may be formulated to depend on a single parameter ω, heavily constrained by light
deflection [314]. For this theory, using APR4, MPA1, MS1 and WFF1 [196] EOS (all of which yield M & 2M⊙ in
GR), Kim et al. [315] build a set of solutions for constrained values of this parameter, finding very significant enhances
of neutron star’s maximum mass (though with only slight modifications of the maximum radius), which may raise
even above 3M⊙ for ω = 2 × 10−12cm−2. Another theory violating Lorentz invariance is Einstein-Aether, which is
the most general covariant action of the spacetime metric and the so-called field uµ [316]. PPN consistency imposes
strong constraints upon the parameters of this theory [317], and using three samples of soft A18 (GR: M⋆ ≈ 1.67M⊙),
medium A18δvUIX (GR: M⋆ ≈ 2.2M⊙), and hard A18UIX EOS [318], an overall decrease (6% − 15%) of the
maximum mass for all of them is found. Therefore, these EOS within these models are more severely constrained
than in GR due to the 2M⊙ bound. For the low-energy limit of this theory Barausse [319] computes neutron star’s
“sensitivities”, namely, a parameterized violation of the strong equivalence principle, finding no such violations at
post-Newtonian order in compact binaries.
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2.3.11. Non-minimal gravity-matter couplings

Models with non-minimal curvature-matter couplings have been the subject of recent investigations in extensions
of GR [320]. This is for instance the case of f (R, T ) theories, originally introduced by Harko et al. [321]. In this case,
the field equations (14) pick up fT -dependent terms as compared to (14) as:

fR(R, T )Rµν −
1
2

f (R, T )gµν + (gµν✷ − ∇µ∇ν) fR(R, T ) = 8πTµν − fT (R, T )Tµν − fT (R, T )Θµν, (133)

where Θµν ≡ gαβ
δTαβ
δgµν

. These theories have the distinctive feature of breaking the conservation of the stress-energy
tensor, i.e.,

∇µTµν =
fT (R, T )

8π − fT (R, T )
[(Tµν + Θµν)∇µ ln fT (R, T ) + ∇µΘµν − (1/2)gµν∇µT ]. (134)

To fully cast the dynamics of these theories one needs to specify not just the Tµν but also the form of the matter
LagrangianLm. For a perfect fluid there is an ambiguity in that choice [322] (see [323] for a critical discussion on this
issue). Let us take here Lm = −P, which is the one used by Moraes et al. [324] to derive the modified TOV equations
for a simple family of models f (R, T ) = R + 2λT , with λ some constant, which read

P′ = −(ρ + P)
4πPr +

m(r)
r2 − λ(ρ−3P)

2
(

1 − 2m(r)
r

) [

1 − λ
8π+2λ

(

1 − dρ
dP

)] (135)

where now the mass function reads as m′(r) = 4πr2ρ +
λ(3ρ−P)

2 r2. The λ-corrections to the standard TOV equation
(6) are now apparent where, to obtain stable configurations, the term within brackets in the denominator has to be
positive. Thus, proceeding as usual with boundary conditions at the star’s center, m(0) = 0, ρ(0) = ρc, P(0) = Pc,
while matching to an external Schwarzschild metric at the star’s surface, and choosing as EOS a polytrope (46) with
Γ = 5/3, and strange quark matter (94) with a = 0.28 and B = 60MeV/fm3, the TOV equations are Runge-Kutta
solved, resulting in a two-parametric {ρc, λ} family of solutions37. It is found that the maximum mass of the star
increases with λ, while the corresponding radius decreases; for instance, for λ = 0.2, polytropic stars increase from
M⋆ ≈ 1.419M⊙ at ρc ≈ 10.97ρs to M⋆ ≈ 1.538M⊙ at ρc ≈ 6.969ρs, while for quark matter one needs to go to higher
values of λ for similar increases; for instance, choosing λ = 2.0 one goes from M⋆ ≈ 1.760M⊙ at ρc ≈ 8.917ρs to
M⋆ ≈ 2.017M⊙ at ρc ≈ 6.836ρs. Thus, this model seems to be able to improve GR results offering the possibility to
reach the 2M⊙ threshold for the EOS discussed here. Strange stars in this same model have been examined by Deb
et. al. [326] where the emphasis is put on the physical effect of the presence of a high electric field at the strange
star’s surface [327]. Using a = 1/3 and B = 83MeV/fm3, and writing a modification of the TOV equations (135)
with an spherically symmetric electromagnetic field and a choice of a simple monotonically decreasing function of
the density inside the star, the field equations are numerically integrated. Taking astrophysically reasonable values for
the electric charge [327], the authors report that negative (positive) values of λ raise (lower) the maximum mass with
an increase (decrease) of the corresponding radius. For instance, λ = −0.8 yields M⋆ ≈ 3.166M⊙ and rS ≈ 11.38km
at ρc ≈ 7.648ρs (GR: M⋆ ∼ 2.8M⊙ and rS ∼ 10km). Further aspects of stellar structure solutions in these models
have been considered by Zubair et al. [328]. The (charged) anisotropic case was analyzed in detail by Maurya
and collaborators in [329, 330], where radius, redshift, mass-radius relation and maximum compactness for several
strange star modelings are discussed, though the modifications as compared to GR results are found to be tiny unless
the coupling parameter |λ| is pushed to ∼ O(1). Let us also note that the choice Lm = ρ for the fluid’s Lagrangian
density was considered by Carvalho et al. [331] using a simple EOS P = 0.28ρ, finding significant increases of M⋆

for λ < 0.
Let us mention another two theories featuring the non-conservation of the energy-momentum tensor. The first one

corresponds to Rastall’s theory [332, 333], where ∇µT µν = α∇νR and with α known as Rastall’s parameter. This case
was considered by Oliveira et al. [334] using a polytropic EOS with Γ = 2, and {BSk19, BSk20, BSk21} EOS, finding
only a slight increase of the maximum mass with negative α provided that only small deviances from the conservation
law of the energy-momentum tensor are allowed. Hansraj and Banerjee [335] also consider Rastall gravity with

37The unphysical case of polytropic EOS with n→∞ (isotropic EOS) has been considered by Das et al. [325] within the same family of models.
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polytropic EOS (46) and Γ = 1, with inconclusive results. The second theory is unimodular gravity [346], whose
generalized TOV equations were obtained in [347], finding constant density stars as well as some polytropic stars,
with larger compactness than their GR counterparts.

2.3.12. Action-dependent Lagrangian theories

In an action-dependent Lagrangian theory [336] one deals with an additional dissipative term which is constructed
with the Christoffel symbols of the metric and a coupling four-vector λµ being related to cosmological bulk viscosity
in an expanding background. The existence of the static spherically symmetric configuration is strictly related to
the form of the four-vector λµ; if the only non-vanishing component is λθ, then modifications to the gravitational
component of pressure in the TOV equations are found to be [337]

P′(r) = − m(r)
r2

(ρ + P)

















1 +
4πr3

(

P − λ0
κr2

)

m(r)

















(

1 − 2m(r)
r

)−1

, (136)

m(r) =
∫ r

0

(

4πr2ρ − λ0

2

)

dr̃, (137)

where λ0 = λθ cot θ is a dimensionless parameter. Fabris et al. [337] show that for the simple polytropic EOS (46)
with Γ = 2 and K = κ0 a fitting constant, positive (negative) λ0 yield more (less) massive stars. Analogously as in GR,
unstable configurations appear beyond the central density of the maximum value of the mass. The dust matter collapse
was also briefly studied in [337]: the use of Darmois junction conditions for the matching provides a set of equations
to be satisfied. One also will deal here with a physical singularity at r = 0 and an event horizon at r = 2M0+λ0rS

(λ0+1) , where
M0 = m(rs), which for a particular values of λ0 may disappear leaving a naked singularity at r = 0.

2.3.13. Further considerations

Let us quickly mention now the analysis of the TOV equations of other modified theories of gravity where the
research is more scattered. Such is the case of a natural extension of the quadratic f (R) model in Eq.(62) via additional
corrections in the (symmetrized) Ricci-squared invariant, leading to the quadratic Lagrangian38:

f (R,RµνR
µν) = R + α(R2 + bRµνR

µν) (138)

where b is some dimensionless number. To overcome the well known trouble with ghosts in this theory, Santos [338]
assumes the quadratic terms in (138) to be supplemented by another (logarithmic) term which is extremely small in the
weak field limit and whose mission is to “eat up” the Ricci-square correction, therefore removing its effects in solar
system experiments. Assuming a polytropic EOS (46) with Γ = 5/3, the generalized TOV equations are numerically
solved for values α1/2 = 0.96km and b = −2, finding that the mass peaks at M⋆ ≈ 0.8M⊙ for ρc ≈ 0.72 × 1018kg/m3.
More realistic EOS are employed in the perturbative approach of Deliduman et al. [339]. Expanding the metric as
gµν = g

(0)
µν + βg

(1)
µν + O(β2), and similarly for density, pressure and mass function, the corresponding TOV equations

are Runge-Kutta solved using {FPS, AP4, SLy, MS1[203], MPA1, GS1[340]} EOS. In units of β1 = β/107m2, the
compatibility with the 2M⊙ threshold as well as with measured mass-radius relations of neutron stars demands the
following intervals of β1 for the six EOS above: {−4 . β1 . −2;−2 . β1 . −4;−1 . β1 . 2; excluded; 4 . β1 .
10;−5 . β1 . −3}. As the validity of this approach breaks down for values |β| ∼ 108m2 for masses around the 2M⊙
threshold, this casts doubts on the validity of the predictions of this modelling.

Other models considered in the literature are: f (R,R2
GB) gravity, which has been studied with anisotropic fluids but

isotropic EOS [341, 342, 343], (anisotropic) stars in non-minimal gravity-electromagnetic coupling models of type
f (R)FµνF

µν [344] and even with more involved couplings [345], other models with non-minimally coupled scalar
fields with several realistic EOS [348], corrections in the Lagrangian density in scalars of the energy-momentum
tensor such as TµνT

µν [349] with polytropic and strange quark matter (all these yielding slight to moderate increases

38A Kretchsman scalar, RµναβR
µναβ, can also be added but, using the Gauss-Bonnet invariant in four spacetime dimensions, R2

GB ≡ R2−4RµνR
µν+

RµναβR
µναβ, it can always be removed from this action via a redefinition of the constants.
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on the maximum allowed mass depending on the EOS chosen); and scalar-tensor-vector theories [350], where FPS,
SLy and BSK21 EOS yield small to moderate increases of M⋆ for astrophysically viable model parameters.

Let us conclude this section by mentioning that a semiclassical implementation of hypothetical quantum gravita-
tional corrections via the approach of Parker [351] in the so-called s-wave Polyakov approximation in the Boulware
state [352] was used by Carballo-Rubio [353] to compute the impact upon the TOV equations as

P′
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ρ + P













= −(ρ + P)
4πrP +

m(r)
r2

1 − 2m(r)
r

(139)

where a new term in Planck’s length, l2
P
≡ ~G/c3, has been picked up as compared to (6). Such corrections might

significantly raise the central density of the star, potentially allowing new classes of relativistic stars not present in
GR, such as black stars [354], though explicit models are yet to be explored.

This concludes our analysis of static stellar structure models of modified theories of gravity in metric formalism.

2.4. Rotating stellar models

Let us now review rotating stars. It is known that in GR the addition of rotation may increase the maximum
mass for a typical realistic EOS by a factor ∼ 15% − 20% and the radius by ∼ 30% − 40%, decreasing the central
density by ∼ 20% (for a detailed account on this issue, see [355]), an effect further enhanced for strange matter
EOS. In this sense, Breu and Rezzolla [209] have provided compelling arguments and numerical evidence by which,
assuming uniform rotation, the maximum mass of a rotating star, MR

⋆, can be expressed in terms of the maximum
mass of the non-rotating one, M⋆, as MR

⋆ ≃ (1.203 ± 0.022)M⋆, for more than 40 (analytic and tabulated) EOS and
for the largest angular momentum that can be attained. This is a quite striking result, as EOS are built on different
assumptions leading to different maximum mass in the non-rotating case yet the relative increase of the mass turns out
to be approximately universal for all these EOS. The next important comment is that while in spherically symmetric
solutions the focus is typically on mass-radius relations, in rotating solutions one is more interested on the predictions
for the moment of inertia, since the deviations from GR are typically much larger than those of the mass. Moreover, the
moment of inertia can be extracted from observations of relativistic binary pulsars, for instance, those of PSR J0737-
3039 may allow to constrain the moment of inertia of the primary pulsar by a 10% of error [28]. Such measurements
place constraints on the combination of the EOS and the modified gravity parameters which, in combination with other
tests (for instance, via the I-Love-Q relations, see below), may help alleviate the degeneracy issue of these models.

2.4.1. Slowly rotating models

Theoretical studies of rotating stars within modified gravity start with the simplified slowly rotating case. The
idea of this approximation is to generate the effects of rotation in terms of a small perturbation on a static, spherically
symmetric background extending the line element (5) via a first-order perturbation in the star’s angular velocityΩ. Let
us consider the slowly rotating axially symmetric line element [356] (check Yagi and Yunes [208] for further technical
details)

ds2 = −A(r)dt2 +
1

B(r)
dr2 + r2(dθ2 + sin2 θ(dϕ − (ω(r, θ) + O(Ω3))dt)2) (140)

where ω(r) ≡ dϕ/dt is the angular velocity of the local inertial frames related to the dragging of the rotation. As the
slowly rotating approximation considers only linear order terms in Ω, this is a reliable approximation for rotational
frequencies of a few hundreds of Hz, which turns out to be the case for most of the observed neutron stars so far since
they typically quickly spin down after their formation. Within this approximation, the spherically symmetric TOV
equations (6) must be supplemented by the (θ t) component of the Einstein’s equations, which reads

1
r4

d

dr

(

r4 j
dω̄

dr

)

+
4
r

d j

dr
ω̄ = 0 (141)

where j(r) ≡
√

B/A. This equation implies that the centrifugal force acting upon the star depends on the difference
ω̄(r) ≡ Ω − ω(r). The corresponding TOV equations in this case are integrated from the center (where now one also
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has ω(0) = 1), outwards until the star’s surface is reached and matched to an external solution. The equation for the
angular velocity requires that for consistency there:

ω̄(rS )→ Ω − 2J

r3
S

; ω′(rS )→ 6J

r4
S

(142)

where J is the star’s total angular momentum. This also allows to compute the star’s moment of inertia as

I =
8π
3

∫ rS

0
(ρ + P)r4

√

1
A(r)B(r)

(

ω̄

Ω

)

dr (143)

Typically, the moment of inertia increases for low masses until a certain point near the maximum mass is reached,
after which it begins to decrease. Therefore, many investigations have focused on the modifications to the moment
of inertia in extensions of GR. Measuring the moment of inertia represents a daunting task as one needs to compute
the spin-orbit contribution to the orbit of neutron star binaries [28], and could be available in the near future via
direct observations of periastron in double binary pulsars [28, 357] as well as within the context of gravitational wave
emission via tidal polarizability of neutron star-black hole mergers [358].

In the context of general scalar-tensor theories, a complete toolkit for the modelling of X-ray pulse profiles of
rotating neutron stars has been recently released by Silva and Yunes [98]. As the resulting waveform can significantly
deviate from the GR counterpart, this opens the possibility to constraining a large number of such models via obser-
vations of binary pulsars. Let us start considering particular cases. The quadratic f (R) model (62) was discussed by
Staykov et al. [359] using the scalar-tensor representation defining the new scalar field ϕ =

√
3

2 logφ with φ ≡ fR.
The equation for the relative angular velocity ω̄ decouples from the other equations, and satisfies boundary conditions
at the center dω̄/dr(0) = 0, and asymptotically as given by (142); for the remaining field equations the standard
conditions upon density, pressure, and scalar field are imposed. The moment of inertia in these theories is obtained as

I =
8π
3

∫ rS

0
A4(ϕ)(ρ + P)r4

√

1
A(r)B(r)

(

ω̄

Ω

)

dr (144)

Using SLy4 and FPS EOS, as well as quark matter (94) with a = 1/3 and B = 60MeV/fm3, corresponding to SQSB60
EOS [360], in the static case numerical resolution of the field equations by shooting-method yields slight increases
with α of the maximum mass (∼ 10−20%) and the radius for all these EOS; for the quark matter EOS the mass-radius
relation below 1M⊙ does not significantly differ from GR, and one has to push near the maximum mass to observe
any such deviations. Within the slowly rotating approximation, pushing the constant α to scales |α| . 104 (satisfying
Gravity Probe B constraints [126]) introduces deviations in the moment of inertia whose significance grows with
larger masses, peaking at an increase of ∼ 30 − 40% (similar as those in ω̄ for M ≈ 2M⊙ once any of the above
EOS is fixed). This is a simple example showing that precise measurements of the moment of inertia to come in the
next few years (reducing errors down to . 10%) may help breaking the degeneracy between the EOS of compact
stars and the parameters of modified gravity. Further reanalysis of the quadratic model and general scalar-tensor
theories is employed by Staykov et al. [361] to address the so-called neutron star glitches. Using FPS, SLy, APR4
and MS1 EOS the authors find, for these models, a maximum deviance for the crust-to-core ratio of the moment of
inertia, Icrust/I, of ∼ 3% as compared to GR, concluding that these models are not suitable candidates to explain such
glitches. Further aspects of the quadratic f (R) model in slowly rotating concerning orbital and epicyclic frequencies
have been addressed by Staykov et al. [362].

Slowly rotating stars in scalar-tensor theories with the function (108), where we recall that in the static case the
parameter β is constrained by observations of binary systems to be β . −4.5 [23, 78], have been addressed in the
literature. In [363] Pani and Berti consider these theories with V(ϕ) = 0 and struggle to cast the corresponding field
equations in suitable form for numerical integration (see the Appendix A of that paper for details). Using FPS, APR
and MS1 EOS, the relevant quantities up to second-order in the angular momentum are obtained for β = −4.5 and
ϕ0(∞) = 10−3. The main reported results is an instability of the GR-type solutions, while in scalarized solutions
the maximum mass remains roughly the same and the moment of inertia slightly grows; these results may be (very)
significantly enhanced if one pushes β to much smaller values: for β = −6.0 one finds a twofold moment of inertia for
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the three EOS above. Corrections to the scalar charge can also reach a factor two. The authors go forward to suggest
improvements of this scenario with massive potentials, which is indeed the scenario recently studied by Popchev et al.
[364], where the self-interacting potential V(ϕ) = 2m2

ϕϕ
2 + λϕ4, with mϕ the scalar field mass and λ ≥ 0 a parameter,

is assumed. Here the authors choose a range of scalar field masses 10−16eV. mϕ . 10−9eV and a pool of different
EOS, finding that compactness can deviate up to ∼ 10% as compared to GR ones. Quantitatively similar results for a
piecewise APR4 EOS [188] are reported by Staykov et al. [365].

Elaborating further upon this topic, the effect of anisotropies (9) in nuclear matter at high densities upon the
structure of slowly rotating stars of scalar-tensor theories in the Einstein frame (20) has been investigated by Silva
et al. [366]. Within GR, these effects may increase the maximum allowed neutron star mass for a given EOS [228].
Assuming again a dependence (108) and focusing on the APR EOS for the radial pressure Pr, and the Horvat (97), and
Bowers-Liang (98) EOS for the anisotropy σ ≡ Pr − P⊥, with the constraints stressed in those equations, the authors
of [366] set standard boundary conditions at the center upon density, pressure, in addition to ϕ(0) = ϕ0, ω̄(0) = ω̄0

and σ(0) = 0 to integrate the corresponding TOV equations outwards for each EOS above. The moment of inertia
formula (144) is generalized to this case as

I =
8π
3

∫ rS

0
A4(ϕ)(ρ + Pr)

(

1 − σ

ρ + Pr

)

r4 1
√

A(r)B(r)

(

ω̄

Ω

)

dr (145)

reducing to the formula for isotropic stars when σ → 0. In GR, the modelling above allows for a significant increase
(decrease) of the maximum mass for negative (positive) values of {λH , λBL}, approaching 3M⊙ for λH = −2.0, together
with an increase (decrease) on the corresponding star’s radius, and an even more significant increase (> 50%) of
the moment of inertia as compared to a perfect fluid modelling. For scalar-tensor theories with the two anisotropic
models above, the range of values for scalarization slightly improves: for λH = −2 one finds βc ≈ −4.15 and for
λBL = −2 we have βc ≈ −4.13. On the other hand, this introduces further increases on both mass and moment of
inertia; for instance, for λ{H,BL} = −2 and β ≈ −4.3, an increase of ∼ 10% is observed, which is comparatively much
less important than going from the perfect fluid approximation to the anisotropic one in GR itself.

On the other hand, oscillations of slowly rotating neutron and strange star in the quadratic f (R) model (62) in
the scalar-tensor representation have been investigated by Staykov et al. [367]. The relevance of such (non-radial)
oscillations lies on the fact that they are a generator of gravitational waves [368]. Using SLy, APR4, WFF2 EOS
and quark-core matter, the authors find, for α = 104, a maximum deviation of ∼ 10% between the frequencies of the
fundamental models and those of this model, which falls probably below the accuracy of current detectors.

Some members of the Horndeski’s family [133] have been also analyzed. For instance, Silva et al. [369] consider
the model studied by Cisterna [245], see Eq.(105), finding evidence of modifications to mass, radius, and momentum
of inertia depending on η and Q∞, as compared to GR case. The non-minimal derivative coupling sector of this theory
given by (105) is considered by Cisterna et al. [370], extending the results discussed in that section to the slowly-
rotating case. Using an ansatz for the scalar field extending the one of (106) as φ(t, r) = Qt + F(r) + ǫφ1(t, r), the
corresponding field equations are obtained and solved for SLy4 and {BSk14, BSk19, BSk20, BSk21} EOS, where
only the two last ones are compatible with the 2M⊙ threshold. For η > 0 (< 0) the star’s compactness as a function
of the mass gets larger (smaller) with the normalized charge Qp = Q/b1/2

∞ , with a larger (smaller) internal pressure.
Regarding the moment of inertia, for η > 0 it behaves as an increasing function of the mass (until some critical value
is reached, depending on Qp); for η < 0 there is another critical value of Qp above which the moment of inertia also
increases. Comparison of these results with current observations of maximum masses and moment of inertia yields
the constraints Q2

pη ≤ 0.027 for BSk21 and Q2
pη ≤ 0.011 for BSk20 EOS.

Maselli et al. [371] use the so-called “Fab-Four” subclass of the Horndeski family (see [246] for details), which
is composed of four pieces (George, Ringo, John and Paul). As George is equivalent to GR and Ringo to Einstein-
dilaton-Gauss-Bonnet theory, the authors studied slowly rotating stars in the George and John combination, given
by the action (105), and look for two classes of solutions: those with η = ±1 and those with η = 039. Choosing
APR, SLy4 and GNH3 [372] EOS, besides a polytropic (46) EOS with K = 123M2

⊙ and Γ = 2, the ansatz for the
scalar field (106) is taken. Using a shooting method, the space of solutions gets parameterized in terms of the value

39This choice leads to “stealth” solutions, defined by the intriguing feature that there is no backreaction of the scalar field on the geometry outside
the star in this case.
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of Q∞ = Q/A(∞)1/2 following a general trend for a canonical neutron star with mass M = 1.4M⊙: at fixed negative
(positive) η, larger values of Q∞ lead to less (more) compact stars with larger (smaller) values of their maximum
masses as compared to GR predictions. This improvement is moderate, up to ∼ 30%. Indeed, in the SLy4 and GNH3
EOS a value of Q∞ = 0.032 allows for masses above the 2M⊙ threshold, while the polytropic EOS requires a larger
value of the charge for achieving this effect. This yields larger (smaller) moment of inertia, with a ∼ 30% of deviation
with respect to GR results for Q∞ = 0.064. In this sense, precise future measurements of the moment of inertia could
allow to constrain the value of Q∞ [373], which must also satisfy the stability condition for this model, which reads

Q2
∞|η| =

2
κ2

(

1 − 2C
1 + 2C

)

(146)

For a typical neutron star, C ∼ 0.2, the right-hand-side of this equation is ∼ 0.35 and, thus, taking |η| = 1 one
could explore further the space of values up to Q∞ ∼ 0.18 for such stars. Finally, a similar analysis for the Paul
class of models with stealth scalar field models seems to indicate the impossibility of finding stable stellar structure
configurations in that case.

Another subset of beyond Horndeski theories is a quartic galileon coupled to k-essence and characterized by a
single parameter Υ, which admits slowly rotating, asymptotically de Sitter solutions as analyzed by Sakstein et al.
[374]. Using an array of 32 EOS, their findings in the static case are an enhance of the maximum mass beyond the
2M⊙ threshold for Υ . −0.03, which can be as high as 3M⊙ for larger choices of Υ, as opposed to GR case where this
mass lies within the range ∼ 1.5M⊙ − 2M⊙. Now, for slowly rotating stars, using an approximately universal Ī − C
relation found in [209], the authors report a significant decrease of the moment of inertia as compared to the GR case,
for instance, up to ∼ 15% for Υ = −0.03 and up to ∼ 30% for Υ = −0.05 depending of compactness; thus this theory
can be potentially probed via precise measurements of the Ī − C relation within this range on assumptions on the
EOS. The authors go forward to consider hyperon stars modelled by GM2NPH EOS (GR: M⋆ ≈ 1.5M⊙, rS ≈ 12km):
Υ = −0.05 raises the maximum mass to M⋆ ≈ 2.2M⊙ and a slightly greater radius, solving the hyperon puzzle if
Υ . −0.04. Similarly, quark matter with SQM2 EOS (GR: M⋆ ≈ 2.0M⊙) yields M⋆ ≈ 2.7M⊙ if Υ = −0.05. This
enhance of the total mass is common to different EOS in this model, though the precise value of Υ to overcome the
2M⊙ threshold is obviously EOS-dependent.

Finally, Sullivan and Yunes study in detail the case of ghost-free massive bigravity in [375] by considering APR,
LS220 [376] and Shen EOS, finding the expected degeneracy between such EOS and the modified gravity parameter
in this case, m, which is related to the graviton mass. The mass-radius and moment of inertia-to-mass relations are
explored in detail, finding significant deviations with respect to GR for values of m > 10−7cm−1. These deviations
grow quickly; indeed, for m = 4 × 10−7cm−1 the dimensionless moment of inertia, Ī ≡ I/M3, increases by a factor
∼ 30% for the APR EOS. However, to test massive bigravity via observations of binary pulsars and X-ray observations
one needs to bear in mind that in this theory the mass function of an individual star is not constant outside its radius,
which implies that one would need to compute a combination of the bigravity coupling parameter and the binary
masses that are compatible with the measurement of post-Keplerian parameters.

2.4.2. Fully rotating models

Rapidly rotating neutron stars have also been addressed in the literature40, since it is a more reliable approach to
describe binary mergers [378]. In this case, the axially symmetric line element can be expressed for convenience as

ds2 = eγ+σdt2 + eγ−σr2(dφ − ωdt)2 + e2β(dr2 + r2dθ2) (147)

where the three metric functions {γ, σ, β} depend now on r and θ, and the fluid’s angular velocity isΩ ≡ uφ/ut. Doneva
et al. [379] consider rapidly rotating stars for Brans-Dicke theories and write the explicit form of the fully rotating
equations in this case. They are numerically solved for the choices A(ϕ) = k0ϕ and the one of (108), using a polytropic
EOS (46) with Γ = 1.40 and K = 1186M2

⊙. For the first case with an observationally viable value k0 = 4 × 10−3 no
changes as compared to GR are observed up to numerical error. For the second case, taking a value β = −4.8, it is

40For an informative discussion on how fast a neutron star can rotate in GR and the derived constraints on masses, radii and moment of inertia,
the interested reader can profit from reading Ref.[377]
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found that deviances of mass, radius and moment of inertia as compared to GR increase with rotation, which, for the
moment of inertia, peaks at a twofold value of that of GR. For more realistic EOS, Yazadjiev et al. [380] numerically
solve the field equations of the quadratic f (R) model (62) in rapidly rotating stars using APR4 and SLy4 EOS. For the
latter, they show that while the maximum mass may be raised, for a maximum allowed value of α = 104, by a ∼ 10%
in the static case as compared to GR, this is enhanced to a ∼ 16% in the rapidly rotating case, while the increase in the
moment of inertia goes from ∼ 41% to ∼ 65%. Yazadjiev et al. [381] compute the oscillation fundamental modes of
scalar-tensor theories of gravity, finding significant deviations for these frequencies from GR results within the range
−6.0 < β < −4.5, particularly for scalar fields with non-vanishing masses. As for Einstein-Gauss-Bonnet-dilaton
gravity, Kleihaus et al. [382] consider this scenario with an analytical fit to FPS EOS and a simple (polytropic) DI-II
[383] EOS, both below the 2M⊙ threshold. In the static case, the sequence of stable neutron stars limits the value of
the (dimensionless) coupling constant of this theory to α ≤ 3.4. Taking in this work the values α = 0, 1, 2, smaller
values with larger radii than in GR with running α are found. In presence of fixed (fast) angular velocity, one also
finds decreases of the maximum mass for both EOS and values of α, and it is reported that the universal I −Q relation
in this theory is basically the same as in GR.

Differentially rotating stars have been also considered41. For uniformly rotating stars the angular velocity of the
fluid, Ω, is assumed to be constant throughout the star, while in the differentially rotating case one goes to the full
regime of Ω(r, θ). For scalar-tensor theories described by a potential V(ϕ) = 0 and a scalar field function given by
the action (108), Doneva et al. [251] construct general axially symmetric configurations assuming that the angular
velocity satisfies utuφ ≡ F(Ω) = A2

di f f
(Ω0 −Ω), whereΩ0 is the value of the angular velocity at the star’s center [384],

and A2
di f f

some parameter. Using APR4 EOS, they report that for observationally viable values of β . −4.5, scalar-
tensor theories of this type allow for maximum masses greater than GR (with a strong dependence on the value of β)
which may raise above 3M⊙ for larger allowed values of the angular momentum. These models are too constrained to
produce realistic accounts of neutron stars binary mergers, but may be useful as tests of modified gravity.

These examples show once more that, due to the dependence on additional free parameters it is not surprising to
find that the properties of the corresponding neutron stars are highly degenerate with GR ones, though the enhances on
the moment of inertia are typically much larger than those of the mass-radius relations. The fact that in some models
such enhances may be larger than the uncertainties of the EOS offers some hopes of constraining these theories beyond
the EOS degeneracy in the near future.

2.4.3. Binary neutron star mergers

Modifications to stellar structure models are also relevant within the merger of neutron star binaries and their
gravitational wave signatures emitted during the late-time and plunge phases, allowing new constraints on the EOS
[385] and the underlying theory of gravity. An available review on this issue can be found in [52]. Let us briefly
summarize some recent developments. For (Brans-Dicke type) scalar-tensor theories, Barausse et al. [386] simulate
a binary merger of unequal mass neutron stars described by polytropic EOS (46) with Γ = 2 and K = 123M2

⊙ (GR:
M⋆ ≈ 1.80) with separation of 60km and angular velocity Ω = 1295rad/s, and choose M = {1.58, 1.67}M⊙ taking the
ansatz ω(φ) = −3/2− κ2/(4β log(ϕ)) (corresponding to the parameterization of [211]), and go on to solve numerically
the full field equations for this setting. For values of the parameter −4.5 . β . −4.2 and the asymptotic value of
the scalar field ϕ0 ≤ 10−5, the authors report a significant decrease in the merging frequency of the binary: indeed,
the plunge starts at an early separation of ∼ 52km of each binaries’s center, with a frequency f ∼ 586Hz, which
cannot be attained in GR even using exotic EOS. The case of dynamical Chern-Simons gravity is considered by Yagi
et al. [387]. Working at leading order in the theory’s coupling constant, and using isolated neutron stars in the slowly
rotating approximation, it is found that this theory induces corrections to neutron star’s moment of inertia (quadratic
order in spin), yielding a modified orbital evolution of a binary neutron star, which allows to place constraints to the
theory’s parameter via observations of double binary pulsar (here represented by the millisecond pulsar J0737-3039
[388], which requires a mass ≈ 1.93M⊙ for the modelling of the heaviest neutron star). For such isolated stars, the
use of EOS such as APR4, SLy, LS220 [376] and Sen [389] lowers the maximum mass as compared to GR (but still
above that threshold), but increases the angular and quadrupolar momenta. However, for admissible values of the

41For a broad discussion of differentially rotating stars in GR and how it allows to significantly increase the maximum masses see [260].
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Chern-Simons parameter, this correction turns out to be highly suppressed ∼ O(10−8), being out of current observa-
tional capabilities in the analysis of binary pulsars. In Okounkova et al. [390] a numerical analysis of head-on mergers
of binary black hole mergers in dynamical Chern-Simons finds modifications to the damping time and frequency of
quasinormal modes increasing as a power law of the spin of the final black hole, which turn out not to be degenerate
with the frequencies of a Kerr black hole of the same spin. Let us also mention the existence of present and future
opportunities offered from black hole-neutron star binaries in order to constrain the parameter space of modified the-
ories of gravity such as in scalar-tensor theories with spontaneous scalarization [391], or that can be useful in the
construction of new templates of gravitational waveforms as in the case of Einstein-Aether theory [392] . Finally, the
measurement of gravitational waves out of triple systems may offer another opportunity to test modified theories of
gravity, though as argued by Zhao et al. [393] for Einstein-Aether and Brans-Dicke theories this might not be available
neither for this nor the next generation of detectors.

Universal relations

Let us conclude this section with some comments about tidal deformability and universal (I-Love-Q) relations. In
binary systems, the gravitational field of each star deforms both the shape and the gravitational field of the other, an
effect which is encoded within the so-called tidal deformability. Using the fact that most such binaries are widely sep-
arated, it is possible to solve the Einstein equations by regarding one of the stars as a probe moving in the gravitational
field of an isolated star, and study the corresponding deformations upon the first one. The output of this calculation
is the quadrupole moment induced by the tidal deformation, from which one can extract the tidal deformability pa-
rameter [48] which, heuristically, measures how easily a body is deformed when subjected to an external field. Next,
using the universal character (EOS-independent) of some empirical relations, such as the I-Love-Q one, it allows to
constrain quantities that are experimentally hard to access, such as the neutron star radius [45]. This method has
recently shown its power in constraining the common areal radius of the neutron star merger GW170817 detected
by the LIGO/VIRGO Collaboration [7] within the range 8.9 < rS < 13.2km [394] (simulating thousands of piece-
wise polytropic EOS [395]), further supported by the analysis of [396] yielding the neutron star radius rS . 13km
(90% confidence level), which in turns allows to rule out sufficiently soft EOS in the context of GR [397], as well
as to obtain the information encoded in the change of the gravitational wave phase caused by the tidal deformability
exerted by each neutron star [398]. As different modifications of gravity yield different deformability parameter(s),
this represents yet another test of these theories in the strong field regime. A detailed review on this issue, includ-
ing dynamical Chern-Simons gravity, Einstein-dilaton Gauss-Bonnet gravity, scalar-tensor theories, f (R) gravity and
Eddington-inspired Born-Infeld gravity (in metric-affine formulation, see Sec.3), and the observational constraints on
each theory’s parameters, is already available by Yagi and Yunes [208] and therefore we refer the reader to this work
for details on this subject. The topic is very active and is expected to yield more constraints on modified theories of
gravity in the near future, see e.g. [399] for a recent work on dynamical Chern-Simons gravity, and [400] for f (R)
theories.

This concludes our analysis of stellar structure models of modified theories of gravity formulated in metric for-
malism.

3. Stellar structure models in metric-affine formalism

In this section we shall busy ourselves with stellar structure models of modified theories of gravity formulated
in the metric-affine approach. This means that we shall keep the metric and the (symmetric) affine connection as
independent entities. To avoid confusions with quantities defined in the metric approach, all geometric quantities built
out of the independent connection will be indicated by using mathcal style. Paralleling the analysis of their metric
counterparts, we will begin our considerations with the case of f (R) gravity and grow from there to more general
cases.
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3.1. Families of metric-affine theories of gravity

3.1.1. Field equations and scalar-tensor representation of f (R) gravity

The metric-affine f (R) gravity action is given as

S = SG + Sm =
1

2κ2

∫

d4x
√−g f (R) + Sm(gµν, ψm), (148)

where only the symmetric part of the Ricci tensor Rµν = Rαµβνδβα contributes to the Ricci scalar R = gµνRµν because
of the contraction with the metric. Recall that Rαβµν = ∂µΓ

α
νβ − ∂νΓαµβ + ΓαµλΓλνβ − ΓανλΓλµβ is the Riemann tensor of

an independent connection Γ ≡ Γλµν. The variation of the action (148) with respect to the metric tensor provides the
modified Einstein field equations in this case as

fRRµν −
1
2

f (R)gµν = κ2Tµν, (149)

where, again, Tµν = − 2√−g

δSm

δgµν
is the energy momentum tensor of the matter fields. Taking the trace of the field

equations (149) yields a structural equation given by

fRR − 2 f (R) = κ2T. (150)

where T ≡ gµνTµν is the trace of the energy-momentum tensor. This represents a fundamental difference of the metric-
affine approach as compared to the metric one: instead of a differential equation, like in (15), this is an algebraic
equation for the curvature scalar R, whose solution can be expressed as R = R(T ), i.e., a direct relation between
curvature and matter that generalizes the linear relation R = −κ2T of GR. This has relevant implications for the
dynamics of these theories since, as opposed to their metric counterparts, where the trace equation (15) promotes the
function f

(

R(g)
)

to a dynamical degree of freedom, here f (R) is a function of the matter sources which can always
be written in terms of them. This procedure can be made explicit as follows. The variation of the action (148) with
respect to the independent connection Γ can be written in simplified form as

∇Γα(
√−g fRgµν) = 0, (151)

where ∇Γα is the covariant derivative computed using Γ. This expression assumes that the matter fields are not coupled
to the connection, which leads to an important simplification regarding the torsion tensor (see [57] for details). In
fact, for bosonic fields, torsion boils down to a vector degree of freedom, which can be set to vanish by the projective
invariance of the action. As a result, only the symmetric part of the connection remains, and satisfies Eq.(151). The
dependence of fR in this equation on the matter sources allows to propose an ansatz such that

∇Γα(
√
−hhµν) = 0 (152)

which is nothing but (151) provided that the new rank-two tensor hµν is conformally related to the space-time metric
gµν as

hµν = fRgµν (153)

This implies that the independent connection Γ can be expressed as the Christoffel symbols of hµν, i.e.,

Γλµν =
hλβ

2

(

∂µhνβ + ∂µhνβ − ∂βhµν
)

(154)

Now, contracting in the metric field equations with hµα, one finds that they can be re-expressed as

R̄µν(h) =
κ2

f 2
R

[

T µ
ν +

f (R)
2κ2

δ
µ
ν

]

(155)

where R̄µν(h) = hµαRαν is the Ricci tensor of the auxiliary metric hµν. Eq. (155) is a system of Einstein-like field
equations for the metric hµν with all the terms on the right-hand-side being functions of the matter fields (and possibly
of the space-time metric gµν too).
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It is well known (see e.g. [58, 59]) that the action (148) is dynamically equivalent to the constrained system with
first-order metric-affine gravitational Lagrangian:

S(gµν, Γλρσ, χ) =
1

2κ2

∫

d4x
√−g

(

f (χ) + f ′(χ)(R − χ)
)

+ Sm(gµν, ψm), (156)

provided that f ′′ ≡ fχχ , 042. If one now redefines the scalar field as Φ ≡ fχ(χ) and takes into account the constraint
equation χ = R, such that R = R(Φ) we may rewrite the action in dynamically equivalent way as a metric-affine
scalar-tensor theory

S(gµν, Γλρσ,Φ) =
1

2κ2

∫

d4x
√−g (ΦR − U(Φ)) + Sm(gµν, ψm), (157)

where the potential U(Φ) includes the information on the form of the function f (R) via the term

U(Φ) = χ(Φ)Φ − f (χ(Φ)), (158)

where χ ≡ R = dU(Φ)
dΦ

and Φ = d f (χ)
dχ

. Furthermore, the metric-affine variation of this action provides the system of
equations

Φ

(

Rµν −
1
2

gµνR
)

+
1
2

gµνU(Φ) − κ2Tµν = 0 (159)

∇Γλ(
√−gΦgµν) = 0 (160)

R − U ′(Φ) = 0 (161)

The last equation of this set is automatically satisfied due to the constraint R = χ = U ′(Φ). Regarding Eq.(160), as
we saw before, it implies that the independent connection Γ is compatible with the new metric

hµν = Φgµν. (162)

The g-trace of the first equation, −ΦR + 2U(Φ) = κ2T , can be recast as

2U(Φ) − U ′(Φ)Φ = κ2T, (163)

which provides the counterpart of the structural equation (150) and implies the algebraic relation Φ = Φ(T ), which
means that this scalar quantity is not a dynamical degree of freedom. Moreover, it can be shown that the above
equations can be further rewritten as a dynamical system for the metric hµν as [401, 402]

R̄µν −
1
2

hµνR̄ = κT̄µν −
1
2

hµνŪ(Φ), (164)

ΦR̄ −
(

Φ2 Ū(Φ)
)′
= 0, (165)

where we have introduced the new “potential” Ū(Φ) = U(Φ)/Φ2 and a new “energy momentum tensor” T̄µν = Φ
−1Tµν.

Now, noting that hµνR̄ = gµνR and using the trace of (164), the last equation can be replaced by

Φ Ū ′(Φ) + κ2T̄ = 0 . (166)

Therefore, the system of equations (164)-(166) corresponds to a scalar-tensor action for the metric hµν and a non-
dynamical scalar field Φ as

S(hµν,Φ) =
1

2κ2

∫

d4x
√
−h

(

R̄ − Ū(Φ)
)

+ Sm(Φ−1hµν, ψm), (167)

where the energy-momentum tensor for a perfect fluid

T̄ µν = − 2
√
−h

δSM

δhµν
= (ρ̄ + p̄)ūµūν + p̄hµν = Φ−3T µν , (168)

can be expressed in terms of the new variables ūµ = Φ−
1
2 uµ, ρ̄ = Φ−2ρ, p̄ = Φ−2 p, T̄µν = Φ

−1Tµν, T̄ = Φ−2T (see e.g.
[403]). Furthermore, the trace of (164), provides

R̄ = 2Ū(Φ) − κ2T̄ . (169)

42In that case the linear Einstein-Hilbert Lagrangian f (R) = R − 2Λ is excluded on that level.
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3.1.2. Eddington-inspired Born-Infeld gravity

The f (R) family of gravity theories provides a simple and nontrivial framework to explore extensions of GR but is
unable to access an important phenomenological sector associated to the Ricci tensor. In fact, those theories are only
sensitive to the trace R = gµνRµν, leaving aside other traces of the object M

µ
ν ≡ gµαRαν that could be relevant at high

energies, such as RµαRαµ and higher orders. In this direction, we now consider a gravitational theory that has attracted
a great deal of attention in the last few years, originally introduced by Vollick [404] and popularized by Bañados and
Ferreira [405] under the name Eddington-inspired Born-Infeld (EiBI) theory. For a recent review of this model and
its astrophysical and cosmological applications see Beltrán Jiménez et al. [63]. The action of EiBI is given by43

SEiBI [g, Γ, ψm] =
1
κ2ǫ

∫

d4x

[ √

−|gµν + ǫR(µν)(Γ)| − λ
√−g

]

+ Sm[g, Γ, ψm], (170)

where ǫ is the typical scale of this theory. An expansion of this action for fields |Rµν| ≪ ǫ−1 yields [406],

S[g, Γ, ψm] =
1
κ2

∫

d4x
√

g

[

R − 2Λ +
ǫ

4
(R2 − 2RµνRµν) + O(ǫ2)

]

+ Sm[g, Γ, ψm] (171)

which is nothing but GR with and effective cosmological constant term Λ = λ−1
ǫ

and supplemented by quadratic
curvature corrections. Variation of the action (170) with respect to metric gµν and connection Γ yields the system of
equations

√

|q|
√

|g|
qµν − λgµν = −ǫκ2T µν, (172)

gµν + ǫRµν ≡ qµν, (173)

where we have introduced qµν as the metric compatible with Γ, i.e. it satisfies Eq.(152) with hµν → qµν. Note also that
qµν denotes the inverse of qµν. Combining the above field equations, we find

√
qqµν = λ

√
ggµν − ǫκ2 √gT µν (174)

which together with (173) provides the simplest set of equations in order to analyze the theory. At this stage, it is
useful to note that (174) establishes an algebraic relation between the two metrics, qµν and gµν, and the matter fields.
By introducing the relation

qµν = gµαΩ
α
ν (175)

where from now on the object Ωαν will be termed as the deformation matrix (and hats used when needed to stress this
matrix character), from (174) the above relation turns into

|Ω̂| 12 [Ω−1]µν = λδ
µ
ν − ǫκ2T µ

ν . (176)

and vertical bars accompanying Ω̂ denote its determinant. This equation means that the deformation Ωαν that relates
the two metrics is fully determined by T µ

ν. Using this result in (173), one finds that the field equations for the metric
qµν can be written as

R̄µν(q) =
κ2

|Ω̂| 12













T µ
ν +

(|Ω̂| 12 − λ)
ǫκ2

δ
µ
ν













, (177)

which puts forward that the right-hand side is determined by the matter sources. This equation should be compared
with (155) noticing that the EiBI Lagrangian density can be written

LEiBI =
(|Ω̂| 12 − λ)

ǫκ2
(178)

43We introduce here parenthesis in the Ricci tensor to stress that we are working with the symmetric part of this object, which will be implicitly
understood so from now on (and parenthesis removed).
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and, therefore, is a function of the matter sources as well.
Though Eq.(177) allows to write the left-hand side of the equations in Einstein-like form for the metric qµν, in

general, the right-hand side still contains the metric gµν, which complicates the algebraic analysis of the equations.
Restricting the matter sources to be a perfect fluid, Delsate et al. [407] found that the correspondence with Einstein
equations can be extended also to the right-hand side by defining new matter variables, generalizing in this way
Eq.(168) to EiBI theory.

3.1.3. Ricci-based gravity theories

The models introduced so far can be further generalized to a family of theories encompassing those defined via
scalars built out of the (symmetrized) Ricci tensor44 and its contractions with the metric. This family of metric-affine
theories is known as Ricci-Based Gravity theories (RBGs) [57]. Assuming minimal coupling to the matter fields, their
action is defined as (again we assume symmetrization in the Ricci tensor)

SRBG =

∫

d4x
√−gLG[gµν,Rµν(Γ)] + Sm[gµν, ψm] , (179)

where LG[gµν,Rµν(Γ)] is the gravitational Lagrangian density. For the function LG to be a scalar, its functional
dependence must be via traces of powers of the object Mµ

ν ≡ gµαRαν(Γ) [409]. An Einstein-frame representation for
Eq.(179) can be obtained by introducing (ten) auxiliary fields Σµν such that

S̃ [

g, Γ,Σ, ψm

]

=

∫

d4x
√−g

[

LG(g,Σ) +
∂LG

∂Σµν

(Rµν(Γ) − Σµν
)

]

+ Sm[g, ψm] , (180)

and defining
√−qqµν/2κ2 ≡ √−g ∂LG

∂Σµν
to express it as

S̃ [

g, Γ,Σ, ψm

]

=
1

2κ2

∫

d4x
[√−qqµν

(Rµν(Γ) − Σµν
)

+
√−g

(LG(g,Σ) + Lm

)]

, (181)

where qµν is a function of gµν and Σµν. Note that (181) is a convenient representation of (180), being completely
equivalent to it. Variation of (180) with respect to Σµν leads toRµν(Γ) = Σµν, while variation of (181) with respect to Γλµν
yields (after standard manipulations to deal with the torsion degrees of freedom [57]) ∇Γµ(

√−qqαβ) = 0, which implies

that Γ is Levi-Civita of qµν and, hence, Rµν(q) = Σµν. Variation of (181) with respect to gµν yields 2gµα
∂LG[g,Σ]
∂gαν

=

T µ
ν + LG(g,Σ) δµν, which establishes an algebraic relation of the form Σµν = Σµν(Tαβ, gαβ). Now, given that LG is a

function of Mµ
ν ≡ gµαΣαν, one finds that gµα

∂LG[g,Σ]
∂gαν

=
∂LG[g,Σ]
∂Σµα

Σαν, which allows to write qµαRαν(q) as

Rµ ν(q) = κ2
√−g
√−q

[

T µ
ν +LG(g,Σ)δµν

]

. (182)

Using the fundamental relation (175) with Ωαν a model-dependent on-shell function of Tαβ and gαβ, one arrives at an
Einstein-frame representation of the field equations

Gµ
ν(q) =

κ2

|Ω̂|1/2
[

T µ
ν − δµν

(

LG +
T
2

)]

, (183)

where Gµ
ν(q) ≡ qµαRαν(q) − 1

2δ
µ
νR(q). Note that both LG and |Ω̂| are functions of the metric gµν and T µ

ν.
From the above equations it is easy to see that in vacuum, T µ

ν = 0, the tensorRµ ν is proportional to the identity and
that any traces constructed out of it must be constant, with−κ2LG/|Ω̂|1/2 evaluated in vacuum representing the effective
cosmological constant of the theory considered. This result clearly shows that any RBG of the type considered above
will yield ghost-free, second-order field equations. Note that Eqs. (168) and (177), corresponding to the field equations

44As recently shown by Beltrán Jiménez and Delhom [408], the symmetrization requirement enforces the projective invariance of the theory,
which is needed in order to prevent the existence of ghost-like instabilities.
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of f (R) and EiBI theories, are just particular cases of (182), with the deformation matrix given by Ωαν ≡ fRδ
α
ν in the

f (R) case, and by (176) in the EiBI case.
The generic representation of the RBG field equations given by (183) indicates that if the dependence on the

metric gµν on their right-hand side could be explicitly replaced in favor of qµν and the matter fields, then the system
of equations could be interpreted as a genuine set of Einstein field equations. Moreover, given that the left-hand side
satisfies the Bianchi identity ∇(q)

µ Gµ
ν(q) = 0, where ∇(q)

µ is the covariant derivative associated to the metric qαβ, the
right-hand side must also be conserved. For this to happen, the effective energy-momentum tensor

τ
µ
ν ≡

1

|Ω̂|1/2
[

T µ
ν − δµν

(

LG +
T
2

)]

(184)

must have precisely the same structure as the energy-momentum tensor of well known matter fields. This observation
has been used recently [410, 411, 412, 413] to define a strategy that allows to construct the effective Einstein-frame
matter Lagrangian associated to a given RBG. In particular, it has been shown that the field equations of RBGs in
which canonical scalar/electromagnetic fields are minimally coupled to gµν turn out to be in correspondence with
the equations of GR with a minimal coupling of qµν to nonlinear scalar/electromagnetic fields. In other words, the
nonlinearities of the RBG gravitational sector can be effectively transferred to the matter sector of GR. Once the
solutions of the corresponding (not equivalent) Einstein problem have been found, the solutions of the RBG problem
can be generated by means of the algebraic transformation (175) inverted as gµν = qµα[Ω−1]αν, where the matrix Ω̂ can
be written (on-shell) in terms of the Einstein-frame matter sources.

An important observation is now in order regarding the implications of the relation gµν = qµα[Ω−1]αν. In this
relation, the metric qµα has been obtained by solving a set of genuine Einstein field equations minimally coupled
to some matter source. In order for the geometry defined by gµν to be well behaved, one should demand sufficient
continuity and differentiability of the matter sources (on the relevant domain) because otherwise the Riemann tensor of
gµν could contain divergences generated by the derivatives of [Ω−1]αν. When one deals with elementary fields, such as
scalars or electromagnetic fields, their continuity and differentiability is generally guaranteed everywhere. However,
when a fluid description is considered, the matter profiles and boundary conditions must be handled with care in order
to avoid undesired effects and properly match solutions across boundaries (see in this regard Section 3.2.4). Whenever
such situations may happen, one should adopt an improved description of the matter sources/boundary conditions or
establish the domain of validity of the approximations considered.

3.1.4. Other metric-affine models

A hybrid version of f (R) theories was proposed by Harko et al. [415] in the form

S = 1
2κ2

∫

d4x
√−g[R + f (R)] + Sm(gµν, ψm) (185)

where R is the usual curvature constructed with the Christoffel symbols of the space-time metric, while R is built with
the independent connection Γ. Similarly to pure metric-affine gravity, the variation of the action (185) with respect
to the independent connection Γ yields an equation which tells us that it is compatible with the conformal metric,
hµν = fR(R)gµν. On the other hand, the variation with respect to the spacetime metric gµν yields the result

Gµν(g) + fR(R)Rµν −
1
2

f (R)gµν = κ2Tµν, (186)

where Gµν(g) = Rµν(g) − 1
2 gµνR(g) is the standard Einstein tensor. The action (185) also possesses a scalar-tensor

representation; indeed, it can be re-expressed as a (kind of) Brans-Dicke theory with a potential V(φ) and the BD
parameter ω = −3/2 as

S = 1
2κ2

∫

d4x
√−g

[

(1 + φ)R +
3
2
∂µφ∂

µφ − V(φ)
]

+ Sm(gµν, ψm) (187)
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with the field equations (186) written now as

Gµν =
κ2

1 + φ

{

Tµν − κ−2

[

1
2

gµν(V + 2✷φ) + ∇µ∇νφ −
3

2φ
∂µφ∂νφ +

3
4φ

gµν(∂φ)2

]}

,

− ✷φ +
1

2φ
∂µφ∂

µφ +
φ[2V − (1 + φ)Vφ]

3
=
κ2φ

3
T. (188)

On the other hand, analogously to the case of f (R) gravity which can be considered either in metric or metric-
affine formalism, the f (R, T ) gravity originally proposed in [416] can be also extended to the metric-affine formulation
[417, 418]. The action is thus

S = 1
2κ2

∫

d4x
√−g f (R, T ) +

∫

d4x
√−gLm(gµν, ψm) (189)

Variation of this action with respect to metric and connection yields

fR(R, T )Rµν −
1
2

gµν f (R, T ) = κ2Tµν − fT (R, T )Tµν − fT (R, T )Θµν, (190)

∇Γλ( fR(R, T )
√−ggµν) = 0, (191)

where Θµν := gαβ
δTαβ
δgµν

. Immediately one notices that the independent connection Γ is Levi-Civita of the conformally
related metric

hµν = fR(R, T )gµν. (192)

Using this relation, one can rewrite the modified field equations (190) in terms of space-time metric gµν as

Gµν(g) =
κ2 − fT (R, T )

fR(R, T )
Tµν −

fT (R, T )
fR(R, T )

Θµν −
1
2

gµν

(

R − f (R, T )
fR(R, T )

)

− 3

2 f 2
R(R, T )

[∇µ fR(R, T )][∇ν fR(R, T )]

− 1
2

gµν(∇ fR(R, T ))2 +
1

fR(R, T )
(∇µ∇ν − gµν✷) fR(R, T ). (193)

3.2. Physics of compact stars

Having discussed the families of models whose astrophysical predictions we will be interested in, let us discuss in
this section several relevant aspects, subtleties, and difficulties when building stellar structure models in metric-affine
formalism.

3.2.1. Vacuum solutions and TOV equations

Unlike for metric f (R) gravity, for the metric-affine formulation of f (R) gravity, Birkhoff’s theorem holds, which
has been seen by some authors as a quick test to confirm that such theories automatically pass45 Solar System tests
[421, 422, 423]. The situation, however, is more subtle, as will be seen in section 3.3.1. The point is that from the trace
equation (150) one sees that for vacuum solutions (T = 0) the metric-affine scalar curvature R must be a constant. As
a result, the conformal factor that relates gµν and hµν also becomes a constant and the independent connection boils
down to Levi-Civita of the spacetime metric gµν, which reduces the modified field equations (149) to

Rµν − Λ(R0)gµν = 0 . (194)

Here the effective cosmological constant, Λ(R0) ≡ f (R0)/2 fR, depends on the constant vacuum value of R, that
is, R(T = 0) = R0. Its value depends on the choice of the f (R) function but, in any case, it leads to a unique
exterior solution for each theory, which for spherically symmetric configurations is Schwarzschild if Λ(R0) = 0 or
Schwarzschild-(anti-)de Sitter when Λ(R0) , 0. More generally, this property of the vacuum field equations indicates

45Microscopic systems might be sensitive to infrared curvature corrections, which can be used to rule out such models [58, 419, 420].
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that the orbital motion of compact binary systems must have the same characteristics as in GR, up to a possible
rescaling of the masses as claimed in [424].

It is worth stressing that the recovery of the vacuum GR equations is a general property of the RBG family of
metric-affine theories of gravity including, as particular examples, GR itself, f (R), f (R,RµνRµν), EiBI gravity, and so
on. This can be clearly seen from the system of Einstein-like equations (183) which, due to the extra matter-dependent
terms on the right-hand-side, makes them recover the GR vacuum equations and solutions when T µ

ν = 0. Moreover,
this also implies that these theories do not propagate extra degrees of freedom beyond the two-polarizations of the
gravitational field, which makes them automatically compatible with the propagation of gravitational waves at the
speed of light in vacuum (see e.g. [425] for a recent discussion in the case of EiBI gravity).

Considering now the spherically symmetric line element (5) and defining the stellar mass function in this case as

mtot(r) ≡ r

2
(1 − B−1) (195)

we may write the generalized TOV equations for Palatini f (R) following [427] as

P′ = − 1
1 + γ

(P + ρ)
r(r − 2mtot)

(

mtot +
4πr3P

fR
− α

2
(r − 2mtot)

)

, (196)

m′tot =
1

1 + γ

(

4πr2ρ

fR
+
α + β

2
− mtot

r
(α + β − γ)

)

, (197)

where

α ≡ r2















3
4

(

f ′R
fR

)2

+
2 f ′R
r fR
+

B

2

(

R − f

fR

)















, (198)

β ≡ r2















f ′′R
fR
− 3

2

(

f ′R
fR

)2












, γ ≡
r f ′R
2 fR

. (199)

After providing an EOS, the above TOV equations determine density ρ(r), pressure P(r), and the total mass mtot(r),
where the latter contributes to the forms of the metric components A(r) and B(r) appearing in (5). Moreover, the
exterior mass parameter M is given by [427]

M = mtot(rS ) −
R0r3

S

6
, (200)

where rS represents the surface of the star, interpreted here as the region where the pressure drops below a reasonably
small threshold (approximated as P → 0, as in the GR case). An immediate observation follows: the matching of
the stellar interior with the exterior vacuum gives rise to a non-trivial relation between the gravitational mass and the
internal density and pressure of the star. In fact, given that (197) involves up to second-order radial derivatives of
fRR via the function β, and that R is a function of the matter density and pressure, given an EOS it follows that ρ(r)
and P(r) should have, at least, smooth derivatives up to second order (see also the discussion at the end of section
3.1.3). Therefore, depending on how these functions behave in their transient from inside the sources to the outside,
the resulting exterior solution can be characterized by different parameters. Therefore, although one may deal with
different forms of f (R) providing the same vacuum solutions, the interior ones may differ from each other depending
on how the transient takes place. This is well known for some popular models, such as the inverse 1/R, and the
quadratic one, which we will discuss in detail later. Nonetheless, as observed in [427], fR cannot differ significantly
from 1 inside a star like the Sun in order not to be in conflict with Solar system experiments. Since the contribution of
fR to the exterior mass M is negligible (if one considers it as a cosmological constant), the model (40), which is ruled
out in the metric formalism by Solar System tests, not only seems to pass this requirement but also seems to have
no impact on the internal stellar physics (see, however, footnote 45 for some subtleties in this regard). A different
situation can happen if one adds quadratic corrections such as αR2 because the curvature becomes large inside the
star. Therefore, the effect of such a modification should be able to provide constraints on model parameters, which
will be discussed later.

52



3.2.2. Matching at the stellar surfaces

As first pointed out by Barausse et. al. [439, 441], when matching the interior solution of an f (R) theory with the
external vacuum using as matter source a polytropic EOS (46), the terms including first and second derivatives of the
pressure appearing in (196) may lead to pathologies at the stellar surface, understood here again as the region where
the pressure vanishes. Indeed, for a range of values of the polytropic index, 3

2 < Γ < 2, one finds that curvature scalars
at the star’s surface diverge.

The fact that the interior metric has a nontrivial dependence on the first and second derivatives of the energy
density was interpreted in [439, 441] as the cause of this anomalous behavior. It is further argued that all modified
theories of gravity in which the metric depends on higher-order derivatives of the matter fields will suffer the same
problem46. Whether this divergence of curvature scalars at the star’s surface induces problems with tidal forces was
discussed in [440], focusing on the case of physical interest Γ = 5/3, which describes both a monatomic isentropic
gas and a degenerate non-relativistic electron gas. Their discussion goes as follows. Defining C =

d fR
dp

(p + ρ), the
following quantities at the star’s surface are obtained:

f ′′R (rS ) =
(R0r3

S
− 8mtot)C′

8rS (rS − 2mtot)
, (201)

m′tot(rS ) =
2 fR(rS )R0r2

S
+ (R0r3

S
− 8mtot)C′

16 fR(rS )
, (202)

These expressions diverge for 3
2 < Γ < 2 (because C′ → ∞when the surface is approached) together with the Riemann

tensor of the metric gµν and its invariants. Moreover, considering the geodesic separation vector (0, ηr ∂
∂r
, 0, 0) the

geodesic deviation equation reads explicitly [440]

D2ηr

∆τ2
= Rr

ttr(u
t)2ηr ∼ (c0 + c1 f ′′R )(ut)2ηr , (203)

where c0 and c1 are functions of f , f ′ and fR, both being finite at the surface. Thus one may compare the GR and
metric-affine tidal accelerations in the radial direction as

∣

∣

∣

∣

∣

ametric-affine

aGR

∣

∣

∣

∣

∣

≃
|c1 f ′′R |(rS − 2mtot)r2

S

8mtot
≃ c1C′rS

8
(204)

where the last approximation is done using the cosmological accelerated expansion value for R0. For the metric-affine
model f (R) = R − µ4

R + αR2, whose matter part is modeled by a perfect fluid with polytropic EOS (46), the obtained
ratio is large even in the layers below the surface. Therefore, the authors claim that the length scale on which tidal
forces diverge due to curvature divergences is much larger than the length scale at which the fluid approximation stops
working. Furthermore, it is claimed that abandoning the fluid approximation can make the situation even worse and,
hence, they conclude that the appearance of the singularities is not caused by the simplified matter description but
rather is a feature of metric-affine gravity.

Similar arguments and conclusions were reached by Pani et al. [406] considering the EiBI model. Expanding the
right-hand side of the field equations in powers of the parameter ǫ, one finds

Rµν = Λgµν + Tµν −
1
2

Tgµν + ǫ

[

S µν −
1
4

S gµν

]

+
ǫ

2
[∇µ∇ντ − 2∇α∇(µταν) +✷τµν] + O(ǫ2), (205)

where covariant derivatives are defined here with respect to the connection associated to the space-time metric gµν,
and we have defined τµν ≡ Tµν − 1

2 gµνT + Λgµν, and S µν = Tα
µTαν − 1

2 TTµν. Eq.(205) contains second derivatives of
Tµν, which were interpreted as if one had to deal with at least third derivatives of the matter fields, while in GR only
their first derivatives appear47. The presence of higher-order derivatives of the matter fields is also directly visible in

46This also includes models with scalar fields algebraically related to matter.
47One should note, however, that using the equations of motion of the matter fields, any higher-order derivatives of the matter appearing in this

expansion could be written in terms of the fields and their first derivatives.
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the Newtonian limit of the theory: the modified Poisson equation takes the form

∇2Φ = 4πρ +
ǫ

4
∇2ρ (206)

whose solution is
Φ = ΦN +

ǫ

4
ρ, (207)

where ΦN is the standard Newtonian potential. This equation shows that the gravitational potential Φ is algebraically
related to the energy density, which may produce discontinuities in the metric and divergences in the curvature scalars
(if the function ρ is not sufficiently smooth).

Turning back to the complete EiBI theory, and taking a line element for the auxiliary metric in the interior geometry
of the form

ds2
q ≡ qµνdxµdxν = −s(r)dt2 + w(r)dr2 + r2dΩ2, , (208)

assuming an asymptotically flat spacetime (Λe f f = 0), the curvature scalar Rg can be written in terms of the coefficients
s and w in Eq.(208) and the matter fields (using an EOS) as:

Rg = Rg(s, s′, s′′,w,w′, P, P′, P′′). (209)

Thus, if the function P(r) is continuous but not differentiable at the stellar surface, the derivatives of P would be
discontinuous, introducing Dirac-deltas in the curvature. Evaluating explicitly the behavior of Rg at the stellar surface
r = rS , using the polytropic EOS (46), which yields, for any ǫ , 0, the result

Rg(rS ) ∼



























γΓ, 0 < Γ ≤ 3/2

γΓP
−2+3/Γ, 3/2 < Γ < 2

γΓP
−1/Γ, Γ ≥ 2.

where for 0 < Γ ≤ 3/2 one has Rg = γΓ = 0 but for Γ > 3/2 one finds instead

γΓ =



























κ(2−Γ)
2ηK3/ΓΓ2 , 3/2 ≤ Γ < 2

−8κ2

[8+κ/K]3ηK5/2 , Γ = 2
8(1−Γ)K1/Γ

κη
, Γ > 2

with η = r3
S

(rS − 2M)/M2 and M being the total mass defined as usual by w(rS ) = [1 − 2M/rS ]−1. Thus, for values
of the polytropic parameter Γ > 3/2 the curvature scalar diverges at the surface because of the higher derivatives of
the matter fields. This was interpreted again as that the degenerate gas of nonrelativistic electrons and a monatomic
isentropic gas (Γ = 5/3) are incompatible with the structure of EiBI gravity.

A further contribution to this issue appears in [442]. Here the authors write Rg as a function of the speed of sound
c2

s = dp/dρ and its first derivative and find an anomalous behavior of EiBI stars if phase transitions are allowed. Let
us write the TOV equation in EiBI gravity as

dP

dr
= − Θ

[

2
ρ + P

+
ǫ

2

(

3
b2
+

1
a2c2

s

)]−1 [

1 − 2m

r

]−1

, (210)

dm

dr
=

1
4ǫ

(

2 − 3
ab
+

a

b3

)

r2 (211)

with the functions a and b defined as

a ≡
√

1 + 8πǫρ, b ≡
√

1 − 8πǫP (212)

and the function Θ as

Θ ≡
[

1
2ǫ

(

1
ab
+

a

b3
− 2

)

r +
2m

r2

]

. (213)
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Due to the presence of the sound speed in this formula, its behavior can strongly affect the equilibrium configuration
of a compact object. In particular, there are EOS with a first-order phase transition for which there exists an interval
such that the pressure remains the same while the energy density increases, leading to c2

s = 0. Thus, expanding the
TOV equations around c2

s ≈ 0 up to order c2
s one finds

dP

dr
≈ −2c2

sa
2Θ

ǫ

[

1 − 2m

r

]−1

(214)

From this formula it is readily seen that dρ/dr = c−2
s dP/dr is non-vanishing when c2

s → 0. Therefore, for positive
ǫ one deals with a region whose thickness is proportional to ǫ in which the energy density is a continuous function
instead of discontinuous, as it happens in GR (ǫ = 0) at the transition point. This anomalous “mixed phase” region
in which one deals with the constant pressure confirms the results of [438]: the existence of a constant pressure shell
in compact stars in EiBI gravity allows to consider the formation of pressureless stars. However, in the case of the
negative parameter ǫ, both dP/dr and dρ/dr become positive while c2

s ≈ 0. Thus, the energy density decreases initially
up to the region when a first-order phase transition occurs at c2

s = 0 and then rises again, which leads to the fact that
the surface of the star cannot be defined (as the energy density will not drop to zero). Consequently, the equilibrium
of compact stars which is characterized by EOS with first-order phase transitions does not exist for ǫ < 0. The same
result is found for soft EOS.

Curvature divergences at boundary layers are also found for the case of f (R, T ) gravity by Barrientos and Rubilar
[443] using polytropic EOS (46). This result was obtained for the simplified class of models f (R, T ) = f1(R) + f2(T ).
The equations differ from those of the f (R) gravity case considered above by an additional term proportional to the
product H(dρ/dp) ≡ ∂ f (R,T )

∂T
(dρ/dp) which could eventually improve the behavior at the surface. Two cases are

considered: H(T = 0) = H0 = const and H(T ) ∼ T n, n ≥ 1. In the first one it is possible to find solutions in which the
metric and its first derivative are continuous across the surface since the crucial functions which enter the curvature
scalar converge at the surface in the range of the polytropic parameter 3/2 < Γ < 2 which is troublesome in the case
of f (R) gravity. The power-law case, however, turns out to be problematic in the same way as before because the term
proportional to H vanishes at the surface leaving the equations in the same form as in f (R) gravity for 3/2 < Γ < 2.

3.2.3. Shortcomings with stellar surfaces or limitations of the models?

The shortcomings discussed above and the conclusions about the non-viability of f (R) theories and the EiBI
model have been contested in the literature by different authors and on different grounds. In [444] the author faces the
criticisms of [439, 440, 441] by arguing that, for the metric-affine quadratic model

f (R) = R + λR2 (215)

and assuming Planck scale corrections in the quadratic contribution, the value of the surface density at which curvature
scalars begin to grow is many orders of magnitude below any physically accessible density scale. In fact, it is shown
in [444] that a single electron in the universe would suffice to prevent the development of such anomalies.

This example crudely illustrates the importance of considering more realistic descriptions of stellar atmospheres
and scenarios in which the exterior solution is not completely empty in order to avoid undesired behaviors in metric-
affine theories. In fact, though polytropic models can be excellent descriptions of the matter inside many stars and
may provide sufficiently good gross estimates for their mass and radii, stellar atmospheres are certainly not as simple
as polytropes [445, 446]. Moreover, in order to account for all the observable features of stars, such as spectral
signatures, polarization, or anisotropic temperature distributions, one must take into account the existence of radiation
fields, finite temperature, the chemical composition of the ionized gas, electric repulsion, magnetic fields, vacuum
polarization, . . . which requires considerably much more work than dealing with a simple polytrope. In particular,
a typical neutron star polytropic model yields an estimated radius of a few kilometers, while its electromagnetic
observable features may be entirely determined by the outermost few centimeters. In the Sun, the thickness of the
atmosphere is of several hundred kilometers, which is negligible as compared to the solar radius but turns out to
be essential to extract indirect information about the processes that take place inside. One should thus not blame a
new theory just because a helpful simplification that works in GR and is useful to extract certain information, such
as the mass-radius relation, does not fit with the differentiability requirements of the new equations. In f (R), EiBI,
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and any other RBG, the matter distributions must comply with the differentiability requirements discussed in section
3.1.3. Thus, though the issues with polytropic equations of state might be inconvenient, they should certainly not be
regarded as fundamental enough to rule out a whole family of gravity theories. Similar arguments can be used to
address the issue of potential phase transitions in the interior of neutron stars [442].

Regarding the role of higher-order derivatives of the matter fields in the field equations of metric-affine theories
[439, 441], one should bear in mind that, despite appearances, the field equations of RBGs can be put into correspon-
dence with those of GR coupled to nonlinear (but second-order) matter sources [410, 411, 412, 413]. This shows that
there exists a choice of variables in which the relevant equations have the same order as in GR. In addition, there
are known solutions of scalar and electrically charged compact objects which do not exhibit any pathologies as they
transit from high-density to low-density regions (see the review [63], section 4.2, and also [414]). This further sup-
ports the view that the coupling of metric-affine theories to elementary matter fields is well defined and free of the
pathologies associated to specific polytropic models (which are just statistical descriptions and not fundamental ones)
in the low-density limit.

To further clarify and detail the above discussion, let us now consider the field equations of fR in terms of the
Einstein frame metric hµν as in (155), that is

Gµν(h) =
κ2

fR
Tµν −

|R fR − f |
2( fR)2

hµν. (216)

This way, the apparently troublesome higher-derivative terms in (242) are avoided in the field equations but still
impose constraints on the matter sources because fR has to be continuous and differentiable up to the second order,
∂2gµν ∼ (∂2 fR)hµν ∼ (∂ fR)2hµν to guarantee a smooth transit from one geometry to the other. This also imposes that
the energy-momentum trace T must be differentiable up to this order, too. In practical terms, this implies that a rough
matter profile such as

ρ =

{

ρc if r < rS

0 if r ≥ rS
, (217)

which is frequently used in GR for spherically symmetric objects, is not valid on its metric-affine extension because it
leads to divergent derivatives at the boundary. For this reason, it needs to be modified in order to smoothly interpolate
between the interior ρc and the exterior vacuum. It should be stressed (again) that this modelling of matching the
internal metric to an external Schwarzschild one at the stellar surface is useful from the point of view of analyzing
global properties of the corresponding star, but must be taken with care when extracting conclusions about the incon-
sistence of the gravitational model. Indeed a realistic modelling of stellar atmospheres requires to take into account
many aspects not captured by the polytropic simplification, such as gas pressure and turbulent pressure, ionization
equilibrium of atoms, dissociation equilibrium of molecules, overall metallicity, and so on [445, 446, 447].

For convenience, let us rewrite the TOV equation of f (R) following [444] as

dP

dr
= − P

(0)
r

(1 − α)
2

(

1 +
√

1 + βP
(0)
r

) (218)

with the definitions

P(0)
r ≡

(ρ + P)
r[r − 2m(r)]

[

m(r) +
(

κ2P − V

2

)

r3

2 fR

]

, (219)

α ≡ (ρ + P)
2

f P
R
fR
, (220)

β ≡ 3r2[r − 2m(r)]
2(1 − α)2













f P
R
fR













2

(ρ + P), (221)

f P
R ≡

κ2 fRR
R fRR − fR

(

3 − dρ

dP

)

. (222)
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For the quadratic model (256), assuming its parameter λ to be of order of the Planck scale, l2
P
, introduces a density

scale ρλ = (κ2λ)−1 ∼ 2 × 1092 g/cm3. Near the star’s surface, using a polytrope (46) one gets

P(0)
r ≃

m(r)
r(r − 2m(r))

(

P

K

)

1
Γ

, (223)

α ≃ ∓ 1
ρλ

1
ΓK

(

P

K

)

(2−Γ)
Γ

, (224)

β ≃ 6r2[r − 2m(r)]
(1 − α)2

1
(ΓKρλ)2

(

P

K

)

(3−2Γ)
Γ

(225)

which is well behaved for Γ < 2 when P→ 0. However, the term f PP
R P2

r which appears in the modified field equations
gives rise to the following contribution

f PP
R P2

r ≃ ∓
2
ρλ

(1 − Γ)
(ΓK)2

m(r)2

r2(r − 2m(r))2

(

P

K

)

(3−2Γ)
Γ

(226)

which indeed diverges for Γ > 3/2 when P → 0 irrespective of the form of the function f (R), as was already
mentioned in [439]. In the analysis of [444] this term is strongly suppressed everywhere by the factor 1/ρλ ∼ 10−92,
while in [439] they consider it to be of order 1/ρλ ∼ 10−18. In the Plack scale case, the problematic term becomes of
order unity when the energy density is of order ρλ ∼ 10−210g/cm3 which is far below any physically attainable energy
density. However, in the case considered in [439], where the quadratic gravity parameter λ in Eq.(215) was chosen to
be λ = (0.15 km)2, the density scale at which the undesired terms begin to grow was found to be of order 1012g/cm3,
which is already within the domain of validity of the polytropic EOS. This observation makes it evident that, instead
of ruling out all metric-affine models, one can establish explicit constraints on the allowed values of the parameter λ
[444]. For instance, one can assume that the polytropic EOS cannot be trusted below some critical value of energy
density ρs ∼ 10−ngr/cm3 (as it happens in the region close to the surface, where the density is much lower than in the
center of the star). In such a case it can be shown that the following constraint holds

λ ≪ 104−n/3 cm2 (227)

giving us the allowed values for the quadratic gravity parameter λ.
Within EiBI gravity, a different way out of the surface singularities issue has been considered by Kim in [448],

arguing that the gravitational backreaction on the fluid particles due to curvature divergences is such that the pressure
changes in a way that can cure the divergence. This is shown in the case of non-relativistic degenerate Fermi gas
which can be approximated by a polytropic EOS with Γ = 5/3, which falls within the troublesome range. The first
observation concerns the validity of this approximation, which can only be used when the temperature is smaller than
the Fermi energy, while the surface singularity arises in the low density regime. A second criticism is that this EOS is
obtained from the motion of the Fermi particles in a flat spacetime and therefore although the energy density can be
treated as a local quantity based on the principle of general covariance, the pressure might turn out not to be local in
the high curvature regime. This means that, if any high curvature effects modify the microscopic structure of the fluid,
then the covariant assumption for the pressure might not hold. Note, in this sense, that it has been found that RBGs
can indeed modify elementary particle interactions by means of new terms generated by the dependence of the metric
on the local energy-momentum distributions [449]. In regions of divergent curvature, such effects would become very
important, possibly leading to modified relations between pressure and density. Accordingly, near the star’s surface,
the geodesic deviation equation for Γ = 5/3 and a spherically symmetric line element takes the form

a1 ≈
ǫρ′′ F0

B0

4
X1, a0 = a3 = 0, (228)

where F0 and B0 are the values of the functions at the star’s surface rS . The obtained expression takes the form of
Hooke’s law with frequency:

f =
1

2π

√

F(rS )Rg

2
. (229)
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In the case of 3/2 < Γ < 2 the Ricci scalar Rg is positive and the frequency can be written as

f ≈ ǫ0

4πrS

(

M

rS

) ( √
ǫρ3/2−Γ

K

)

(230)

and hence any two geodesics (e.g. a wall and a particle) along Xµ will cross each other f times [448]. Here, ǫ0 is
a dimensionless constant depending on the species of particle constituting the fluid. Furthermore, according to the
oscillations appearing in the geodesic deviation, the pressure can be estimated as

Pgd ≈ f nlPF , (231)

where l is the characteristic scale of the oscillations (which will be set to be the star’s radius rS ) n is the particle number
density, and PF = ~(3π2n)1/3 is the Fermi momentum. Thus, one gets Pgd ∝ ρ7/6 and hence the final expression for
the pressure is the sum PF + Pgd. When one deals with low densities, the term Pgd dominates: thus for the case
of the polytropic fluid with Γ = 7/6 the surface singularity issue disappears although it is still present when the
curvature becomes very small because of the dominance of the degenerate Fermi gas EOS. This can be corrected by
reconsidering the nature of the scale l, which motivates a new EOS of the form:

P = KρΓ + µρ3/2, for
3
2
< Γ < 2, (232)

where µ = ǫ0
4π

M
rS

√
ǫ. It should be noticed that µ decreases with increasing radius and disappears in the GR limit,

µ→ 0. With this new EOS, the curvature scalar at the star’s surface is now

Rg ≈
16π2

9ǫ2
0 (1 − 2M/rS )

1

r2
S

, (233)

being larger than in GR, where Rg ∼ M/r3
S

. As the effect is geometric, other polytropic types of matter described by
values of Γ within this range may be treated in this way. The situation differs significantly in the case of polytropic
EOS within the range 2 < Γ < 3, because the curvature Rg at the surface becomes negative. Due to this, Hooke’s law
yields infinite repulsion acting on the particles, which causes that a surface cannot be formed. But it should be noted
that this kind of matter can exist in the core of the star while a different one, described by another EOS, may describe
the surface.

The issue with polytropic EOS was also considered by Pannia et al. in [450]. As already discussed, the general-
ized TOV equation includes the first and second derivatives of the energy density which, however, are not captured by
most tables of EOS used in the literature. While these EOS are enough to study stellar structure in GR, in the context
of metric-affine gravity extra information is needed in order to prevent artificial discontinuities and divergences asso-
ciated to these first and second-order derivatives. The healing proposal of [450] is to use some analytic approximation
of the EOS (illustrated here with the Sly and FPS) to obtain their corresponding derivatives. In order to control them
during the numerical integration, a new parametrization of the EOS was introduced (PLYT), accounting for the core
and the crust regions of the neutron star. This way polytropic relations are connected in a continuous and analytic way,
somewhat mimicking the phase-transition between both regions. For instance, using the analytical representation of
Ref.[192]:

P̃ =
a1 + a2ρ̃ + a3ρ̃

3

1 + a4ρ̃
f (a5(ρ̃ − a6)) + (a7 + a8ρ̃) f (a9(a10 − ρ̃))

+ (a11 + a12ρ̃) f (a13(a14 − ρ̃)) + (a15 + a16ρ̃) f (a17(a18 − ρ̃)), (234)

where P̃ = log(P/dyn cm−2), ρ̃ = log(ρg cm−3), and f (x) = 1/(ex+1), while the constants ai are fitted to the tabulated
EOS, one may examine the stability in the context of EiBI gravity as done by Sham et al. in [451]. In order to check
the stability of the star, one needs to obtain the frequencies of radial oscillation modes from the linearized conservation
equation ∇µTµν = 0 as (see the details of the procedure in Sec. 1.2)

F

B
(ρ + P)ω2Ξχ = δP′ +

1
2

(ρ + P)δF +
1
2

(a + c2
s)F′δP, (235)
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where now the metric coefficients depend on both t and r while χ ≡ r2(ρ+P)Q1ξ with Ξ the Lagrangian displacement,
and Q1 an expression depending on the metric coefficients and the parameter ǫ (see the Appendix of [451] for details).
It can be shown that it takes the form of the eigenvalue equation

χ′′ = −W1χ −W2χ
′, (236)

where the functions Wi depend only on the background quantities and the frequency squaredω2. Since the Lagrangian
displacement Ξ must vanish at the center of the star (because of spherical symmetry), one gets

χ(0) = 0 (237)

while at the stellar’s surface δP = 0, which provides the boundary condition as χ(rS ) = 0. In order to find ω2, a
shooting method can be applied. The results, which are M − ρc and ω2 − ρc relations, show that the maximum mass
configurations are shifted with respect to GR: negative values of ǫ decrease the mass while positive ones increase
it. Moreover, the behavior of ω2 is qualitatively similar as in the GR case: the stellar mass increases with the central
density until it reaches a maximum while the mode frequency passes through zero at the value of ρc which corresponds
to the maximum mass configuration. This point is a critical density which informs about dynamical instability, that is,
beyond that point the stellar models are unstable with respect to radial perturbations. Because of the fact that for the
considered EOS one finds stellar models possessing central densities smaller that the critical values, compact stars in
EiBI gravity are stable in these ranges of ρc if the mode frequency is ω2 > 0.

It is also worth mentioning another similarity with GR. As shown in [451], for ǫ = 0.1 and the APR EOS, the
central density is extended to such a point that the condition Pcǫ < 1 (for ǫ < 0) does not hold. One observes that
there exists a second critical point at higher densities: in the region between it and the point where the condition above
is violated one has dM/dρc > 0 but stellar models there are unstable. Therefore, the criterion dM/dρc > 0 neither
guarantee the star’s stability in EiBI gravity nor in GR. Moreover, it turns out that the EiBI parameter ǫ does not have
any influence on the fundamental mode frequency, but the frequencies of higher-order modes are strongly sensitive to
it. This could provide another constraint on the value of this parameter via possible detections of higher-order radial
oscillation modes. In [453] it was clearly demonstrated how the f and p1 mode frequencies depend on the ǫ parameter
with the values 8πρsǫ = ±0.03. Indeed, the strong dependence of the frequencies on ǫ offers an avenue to distinguish
the theory from GR independently on the EOS used (here Shen and FPS) as the EOS dependence is very weak. Thus,
for ǫ < 0 (> 0) one deals with frequencies higher (lower) than in GR. In particular, the f mode oscillations, which are
acoustic waves, are the most promising tool to distinguish between both theories since we deal with clearly different
expectations on their values in GR and EiBI theories. It was also shown the difficulties in distinguishing the theories
using mass-radius relations unless the EOS is better constrained from the other astronomical observations.

Another approach to deal with the shortcomings of metric-affine gravity was discussed in [454], retaking the
argument that polytropic EOS are just an approximation rather than a fundamental description of the behaviour of
matter, powering the search for a more realistic representation of such surfaces. In this sense, bearing in mind that
metric-affine theories are the simplest representation (besides GR itself) of the Ehlers-Pirani-Schild (EPS) interpreta-
tion [455], one could match the inner and exterior solutions with respect to the conformally related metric (151); in
such a case the latter becomes the one responsible for the free fall description. Using Darmois junction conditions
[456] rather than just matching the metric coefficients allows to avoid the assumption on a coordinate system around
the matching surface. Therefore, it is shown that the matching is possible for the conformal metric in a similar way as
it is in GR, providing instead a singularity appearing in the conformal transformation making it not differentiable (it
is just continuous). They showed that the conformal transformation preserves the polytropic EOS at small pressure,
as well as the spherical symmetric ansatz and the form of the energy-momentum tensor. Since one deals with the
Einstein-like form of the field equations for the conformal metric, and the matching is done with respect to it, the
above mentioned problems on the surface of the stars do not appear in the case of polytropic models.

The same approach was used by Wojnar in [457] to show that in metric-affine gravity one may deal with stable
star configurations in a similar manner as it happens in GR. It was indeed proved that for any arbitrary function f (R)
in a scalar-tensor representation, where φ = fR, a particular stellar configuration in equilibrium is described by the
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generalized TOV equations of the form

M(r) =
∫ r

0
4πr̃2 Q(r̃)

φ(r̃)2
dr̃, (238)

d

dr

(

Π(r)
φ2(r)

)

= − M

B̃r2

(

Π + Q

φ(r)2

) (

1 + 4πr3 Π

φ(r)2M

)

, (239)

where B̃(r) = φ−1B(r) while

Q = ρ +
1

2κ2
U, Π = P − 1

2κ2
U. (240)

It should also be noticed that the radial coordinate r is actually a conformal one (the one of the Einstein frame), so in
order to examine stars in metric-affine gravity with the above generalized TOV equations, one should take into account
the conformal transformation r2 → φ(r)r2. Moreover, the equilibrium is stable with respect to radial oscillation if the
quantity M is a minimum with respect to all variations of Q̄(r) ≡ Q/φ2(r). Thus, the constrained extremum must be a
minimum and hence one deals with δ2M > 0. Since the mass function M is expressed as (238) or, alternatively, as

M(r) =
∫ r

0

(

4πr̃2 ρ

φ(r̃)2
(r̃) +

r̃2U(r̃)
4φ(r̃)2

)

dr̃, (241)

we immediately see the analogue of GR where in the case of stability one deals with positive-defined (for all perturba-
tions) second order terms of δρ. Here, we will consider the positive-defined terms which are second order in δQ̄. This
must be so since, should any of the squared frequenciesω2

n from all perturbation modes take negative values, then the
frequency would become purely imaginary and the time variation of this mode would grow exponentially leading to
an unstable system. Therefore we notice again that the stability problem is similar to the one in GR but, apart from
the standard examination of the stability conditions with respect to an EOS, in metric-affine gravity one has to first
choose a f (R) model since the generalized density Q, potential U and the coupling φ depend on it, and later find the
relation R = R(T ) which introduces dependencies on all the mentioned quantities on the chosen EOS.

3.2.4. Junction conditions

Before closing the discussion of this section, we will consider a fundamental aspect related to the matching of
interior and exterior solutions across a given surface which, to our knowledge, has not yet been properly addressed in
the literature and is essential for this discussion. For this purpose, let us now write the modified field equations (149)
and (151) with respect to the metric gµν only (see e.g. [58, 59, 403] for details of this procedure) as

Gµν(g) =
κ2

fR
Tµν −

1
2

gµν

(

R − f

fR

)

+
1
fR

(

∇µ∇ν − gµν✷
)

fR −
3

2 f 2
R

(

(∇µ fR)(∇ν fR) − 1
2

gµν(∇ fR)2

)

, (242)

where covariant derivatives are taken in this case with respect to the Levi-Civita connection of gµν. Given that R
is a function of T , the above equations involve terms of the form ∇µT∇νT ∼ ∇µT∇µT multiplied by ( fRR∂TR)2,
fRRR(∂TR)2, and fRR∂

2
T
R, and also ∇µ∇νT ∼ ✷T multiplied by fRR∂TR. Paralleling the analysis of Senovilla [426],

whose notation we borrow, we now explore the implications of matching an interior solution with an exterior solution
at a timelike hypersurface Σ. The Einstein tensor and the energy-momentum tensor distributions can be written as

G
µν
= G+µνθ +G−µν(1 − θ) + GµνδΣ (243)

T µν = T+µνθ + T−µν(1 − θ) + τµνδΣ (244)

where θ represents a step distribution, δΣ a Dirac delta distribution, τµν describes the matter sources on Σ, and Gµν =
−[Kµν] + σµν[K

ρ
ρ ], with σµν = gµν − nµnν being the first fundamental form on Σ, Kµν = σµ

ασν
β∇αnβ the second

fundamental form, [Kµν] = K+µν−K−µν, and nµ the normal to Σ. From the above it follows that T = T+θ+T−(1−θ)+τδΣ.
From this one finds that

∇µT = ∇µT+θ + ∇µT−(1 − θ) + δΣnµ[T ] + ∇µ(τδΣ) , (245)
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where [T ] = T+ − T−, τ represents the trace of τµν, the energy-momentum tensor on Σ, and we have used that
∇µθ = nµδ

Σ. Given that products of two δΣ are not well defined distributions, in order to make sense of the equations
(242) as distributions, one must demand that [T ] = 0 and τ = 0. From this it then follows that

∇µ∇νT = ∇µ∇νT+θ + ∇µ∇νT−(1 − θ) + δΣnµ[∇νT ] , (246)

and after elementary algebra, one finds that the singular part of the field equations can be written as

fRGµν − fRRRT nα[∇αT ]σµν = κ2τµν , (247)

where fR, fRR, and RT ≡ ∂TR, must be computed on Σ subject to the conditions [T ] = 0 and τ = 0. Note that a
discontinuity in ∇αT across Σ is now allowed and does not spoil the consistency of the distributional equations. Given
that the trace of the above equation must vanish in order to comply with the requirement τ = 0, one finds that

[K] =
3
2

κ2 fRR
R fRR − fR

∣

∣

∣

∣

∣

∣

Σ

nα[∇αT ] , (248)

which allows to write the equations (247) as

− [K]µν +
1
3

[K]σµν =
κ2

fR
τµν , (249)

The constraint (248) on [K] does not appear in the case of pure GR and is clearly different from the condition [K] = 0
that arises in the metric version of f (R) theories. Thus, the junction conditions in Palatini f (R) are different from those
in GR even though their vacuum equations agree in the bulk.

Our analysis above puts forward that a consistent matching between the interior solution of a star and the vacuum
exterior solution in Palatini f (R) requires junction conditions which are non-standard. In particular, consistency
requires that the matter at the matching surface has vanishing trace, τ = 0, that the trace of the full energy-momentum
tensor be continuous, [T ] = 0, while a certain discontinuity in ∇µT is allowed. For the analysis of stellar objects,
therefore, one should bear in mind these requirements in order to consistently define the matching surface between
the interior and the empty exterior of a star in idealized situations. In order to construct specific models, one still needs
to look at the conservation equations at the matching surface, but this is an aspect beyond the scope of this review. The
relevant point here is that if the above conditions are not satisfied, then the attempted matching would not be consistent
with the field equations. In particular, the matching attempted in [439, 440, 441] involved divergent derivatives of the
pressure below the matching surface and zero outside (a divergent nα[∇αT ]), thus leading to ill defined equations for
the discontinuity in the second fundamental form [Kµν] on Σ (see (249) above). This is an unambiguous result that
casts serious doubts on the conclusions of those works.

To conclude, it is worth noting that unlike in the metric formulation [426], the quadratic f (R) model is not an
exception to the general rule due to the nonvanishing term ( fRR∂TR)2. As a result, all Palatini f (R) theories without
exception must satisfy the above junction conditions. For other Palatini theories, the peculiarities of the junction
conditions and the consistent construction of viable models is a challenge that should be explored on a case-by-case
basis.

3.3. Relativistic stars

In this section we shall describe specific stellar structure models and their predictions for relativistic and non-
relativistic stars. We will also compare them to those obtained in the metric formalism, in GR, and with observational
constraints.

3.3.1. f (R) gravity

To begin with, one may look at the 1/R model of Carroll et al. [105], whose metric formulation is known to be
in conflict with solar system tests [461, 458, 459, 460, 464]. There was the hope that the metric-affine version of this
model could pass local tests because of the generic recovery of the Einstein field equations when f (R) theories are
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considered in vacuum [428]. However, the model turns out to have subtle effects in microscopic systems due to strong
fluctuations in the function fR when going from regions of high energy density to regions of low or vanishing density
[419] (see also [420, 429, 430]). Such large variations in fR are difficult to perceive if one considers continuum fluid
models and does not look carefully at the transient when the matter distributions transit to vacuum configurations. A
detailed analysis, however, shows that the dependence of fR on T is given by

fR = 1 +
1

36µ4

(

κ2T −
√

(κ2T )2 + 12µ4

)2

, (250)

where µ is the model parameter [see (40)]. From this it follows that for large matter densities, (κ2T )2 ≫ 12µ4, we
have fR ≈ 1, while in the limit (κ2T )2 ≪ 12µ4 we get fR ≈ 4/3, which confirms the existence of order unity variations
in the effective Newton’s constant Ge f f = G/ fR when going from inside to outside bodies [429, 420] (and also around
the zeroes of atomic wavefunctions [419], which triggers undesired instabilities).

The stellar structure of this f (R) theory was studied in [427] assuming a pressureless configuration (T = −ρ) with
constant energy density ρ. From Eq.(150), it follows that this scenario yields the standard Einstein equations with a
rescaled gravitational constant G/ fR(ρ) depending only on ρ, i.e.:

Gµν + Λ(ρ)gµν =
κ2

fR(ρ)
Tµν (251)

and an effective cosmological constant of the form

Λ(ρ) ≡ 1
2

(

Rρ −
f (ρ)
fR(ρ)

)

. (252)

In [427], the exterior SdS metric with cosmological constantΛ0 =
√

3µ2/4, was matched to the above interior solution.
In particular, an expression for the exterior mass at the surface r = rS was found in the form

M = m(rS ) +
Λρ − Λ0

6
r3

S . (253)

where the interior mass function m(r) is supposed to be a solution of

G ν
µ + δ

ν
µΛρ =

κ2

fR(ρ)
ρuµu

ν, ρ = const (254)

defined as

m(r) =
∫ r

0
dr′

4πr′2ρ

fR(ρ)
. (255)

It was then claimed that (253) with (255) for r = rS is not a trivial relation between the exterior mass parameter
M and the interior density ρ, unlike in GR. However, given that the analysis did not take care of the continuity and
differentiability requirements of the matter profiles at the matching surface, the validity of this expression is dubious.

On the other hand, the authors observed that since the local pressure and other thermodynamical properties de-
scribing the star are determined by the local energy density, fR(ρ) should not differ much from one inside a star in
order not to change the Solar physics, and this is in fact supported by (250) in the large density region. Assuming that
the effective cosmological constant Λ(ρ) is compatible with the estimates for dark energy (which sets the scale µ), the
mass shift is then negligible. These results justify the conclusion of [427] that this model does not change the stellar
physics. A similar conclusion was obtained in the case of the Fermi gas EOS studied by Reijonen [465], which in
both the non-relativistic P ∼ ρ 5

3 and ultra-relativistic P ∼ ρ 4
3 limits can be approximated by polytropic EOS.

The problem with the above conclusions, however, comes from the fact that the continuum fluid approximation is
not valid in scenarios with infrared curvature corrections. In fact, since radiation fields do not contribute to the trace
T , the variations of fR(T ) will be mainly due to changes in the matter density and, given that the average distance
between nuclei (at least in the outer layers of stars) is much larger than their own nuclear size, the function fR(ρ) will
be transitioning between 1 and 4/3 from atomic nucleus to atomic nucleus. This represents fluctuations of order unity
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in fR(ρ) at microscopic scales which invalidates the picture provided by a continuous fluid approximation in which
fR(ρ) is fixed to unity within the high density region [431]. In other words, 〈 fR(ρ)〉 , fR(〈ρ〉), which prevents the
use of the field equations with the macroscopic averaging of the sources. In particular, for the 1/R model, since most
of the space is empty except at the locations of ions and electrons, one expects 〈 fR(ρ)〉 ≈ 4/3, while for a fluid with
average density higher than ∼ µ2, we have fR(〈ρ〉) ≈ 1. Similar conclusions are applicable to any model with infrared
corrections, in which the function fR(ρ) undergoes large fluctuations around a low (cosmic) density scale. For models
with ultraviolet corrections, however, the averaging procedure is expected to be valid in general.

The quadratic model (256) was numerically investigated in [450] for different values of the parameter λ > 0 with
the Sly, FPS and PLY EOS. The focus was on the mass-radius relation assuming a certain small cutoff in the pressure
as a way to define the surface of the solutions. Though tabulated EOS usually only provide values for the density and
pressure, in order to deal with the differentiability requirements of f (R) theories, interpolating techniques were used to
generate smooth functions. Interestingly, a strong correlation between the mass profiles and the second derivatives of
the EOS was found, which becomes even more prominent in the crust-core transition region. Here, the mass parameter
decreases with the energy density (dm/dρ < 0); the effect is more noticeable with increasing λ and does not disappear
with the EOS parametrization introduced in [450]. Although one obtains lower maximum masses than in GR, the
differences are not large enough in order to constrain λ from the observations of neutron stars at the 2M⊙ threshold. It
could be possible to constrain λ via realistic EOS requiring dm/dρ > 0 in the whole interior, but there is no EOS for
matter in the high density region so far which is constrained for modified theories of gravity taking into account the
relations between the derivatives of ρ and P.

The opposite situation with the mass parameter is found in both models when one applies the EOS corresponding
to a relativistic gas of deconfined quarks (94) describing a strange star [466]. Using it in the TOV equations and the
matching conditions, one deals with the standard GR equations but with the energy density, pressure and bag constant
rescaled by a factor 1/ fR(ρ). In both models one observes the same shift of the mass and the radius depending on
quadratic model parameter as in the 1/R model. However, similarly to the previous result, potentially observable
effects would correspond to values of models’ parameters which are ruled out by cosmological investigations. Indeed,
those scales which are appropriate for cosmology introduce negligible effects for astrophysics of compact stars within
this parametrization.

Let us also mention that neutron stars in metric-affine f (R, T ) models were recently considered by Bhatti et al.
[467], finding the associated TOV equations and some constraints for stability.

3.3.2. Radiative spherical collapse in f (R)

For the polynomial metric-affine models
f (R) = R + λRn , (256)

the radiating spherical collapse was examined by Sharif and Yousaf [432]. The interior of the star is described by the
non-static spherical metric [433]

ds2
− = −A2(t, r)dt2 + B2(t, r)dr2 + C2(t, r)dΩ2 (257)

which was matched with the exterior one [434]

ds2
+ = −

(

1 − 2M

r
− R0r2

12

)

dν2 − 2dνdr + r2dθ2 + r2sin2θdφ2 (258)

where ν is the retarded time and M is the total fluid’s mass. The authors then considered the standard Darmois junction
conditions [435]

M(t, r) = M +
r3R0

24
, (259)

Pr = q +
R0

2κ

(

fR −
f

R0

)

− R0r

12
, (260)

where Pr denotes in this context the radial pressure. Consider now a sphere made of locally anisotropic fluid including
a dissipation effect through a diffusion (heat) approximation, which is described by the fluid energy-momentum tensor
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[436]

Tµν = (ρ + P⊥)uµuν + qαuβ + P⊥gµν + (Pr − P⊥)χµχν + qνuµ, (261)

where qµ is the heat conducting vector, the radial unit four-vector is normalized as χµ = B−1δ
µ

1, and the fluid velocity
as uµ = A−1δ

µ

0. One then applies the perturbation technique (see [432] for details) in order to examine the dynamical
instability of a radiating anisotropic star and hence all matter and metric coefficients are in hydrostatic equilibrium at
t = 0. Accordingly, all metric coefficients and matter quantities are perturbed as A(t, r) = A0(r) + ηT (t)a(r) and so on,
while the heat vector transforms as q(t, r) = ηq̄(t, r) and the structure functions as

f (t, r) = R0(r) + λRn
0 + ηT (t)e(r)(1 + ηnRn−1

0 ), (262)

fR(t, r) = 1 + ηnRn−1
0 + ηT (t)e(r)nλ(n − 1)Rn−2

0 , (263)

where R0(r) has a quite complex form, presented in [432] together with the dynamical equations after applying the
perturbed quantities. The solution indicating unstable collapsing stages has an exponential form with the frequency
that depends on the quantities introduced during the perturbation procedure. To study collapse, one chooses an EOS
of the form [437]

p̄i = Γ1
pi0

ρ0 + pi0
ρ̄, (264)

where Γ1 is an adiabiatic index that accounts for fluid stiffness (which tells us how pressure changes with variations
in the matter density). The collapse equations are then reduced to describe a collapsing stellar body in both the
Newtonian and post-Newtonian approximations. Therefore, for the Newtonian limit one gets an upper bound on the
adiabatic index for an unstable system: if during the collapse the system’s stiffness increases making the adiabatic
index equal or bigger than the bound, the process will cease collapse allowing the system to move into hydrostatic
equilibrium. A similar situation occurs in the case of post-Newtonian limit, however the condition on Γ1 is much
more complex. In both approximations the matter stiffness parameter depends on the radial profile of pressure, heat
flux, energy density, and the f (R) model. Analogously to GR, in metric-affine f (R) gravity one also deals with the
contribution of heat dissipation, which decreases the stability of the spherical isotropic and anisotropic stellar object
making the collapse to speed up.

3.3.3. EiBI gravity

The astrophysical phenomenology of EiBI gravity was extensively discussed by Beltrán et al. in [63]. Here we
will incorporate some new elements and further stress some others present there, whose main focus will be again the
masses, radius, and compactness of relativistic stars following the spirit of the present work.

The first interesting difference of EiBI gravity as compared to GR is the fact that in this theory there exist pres-
sureless stars [438], that is, with P = 0. The solutions have a positive binding energy and compactness C ∼ 0.3 for the
dimensionless central density ǫρc ∼ 200. Since dark matter particles are described by such an EOS, one deals with
self-gravitating objects made of dark matter only, and reaching the typical compactness of neutron stars [438, 468].
In the case of polytropic stars one obtains larger and more massive stars than in GR for ǫ > 0, and the binding energy
also increases (the situation is reversed for ǫ < 0). Moreover, one also distinguishes maxima of the curves M = M(ρb),
where ρb is the central baryonic density. In GR they correspond to marginally stable equilibrium configurations and
all solutions after the first maximum happen to be unstable against radial perturbations. Because in the non-relativistic
case, namely, when ǫρc ≪ 1, the solutions are stable (see Sec.3.4) for ǫ > 0, they are also likely to be in the rela-
tivistic case before they reach the maximum: thus, the stability problem seems to be similar to the one posed in GR.
Polytropic stars were also considered by Harko et al. [469] for the case n = 3, K = 1.23 × 1015cm5/(s2gr

1
3 ) and

ρc = 8 × 1014gr/cm3. For those values, in order for the function b in Eq.(212) to be a real one, one immediately gets
an upper limit for the dimensionless parameter ǫ0 < 7.692 defined as

ǫ =
c2

8πρc

ǫ0. (265)

Within this constraint, a significant difference as compared to GR is found: polytropic stars are more compact in EiBI
gravity; indeed their maximum masses may be up to 2.5 times those of GR. Besides polytropic EOS, stiff P ∼ ρ,
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radiation P ∼ ρ/3 and quark EOS are also considered in [469]. For the stiff one, the (rescaled) EiBI parameter is
constrained as ǫ0 < 1, but no remarkable differences in the mass and radius of the star are found; for instance, for
ǫ0 ≤ 0.2 the predictions of GR and EiBI basically coincide, while for the range ǫ0 ∈ (0.3, 0.9999) the differences are
still very small. In the case of radiation, one finds the constraint ǫ0 < 3, and while the radius is almost the same as
in GR, the maximum mass increases up to 3.84M⊙, which is ∼ 22% larger than the GR value. Finally, for the quark
star EOS (94) with a = 1/3 and B = 100MeV/fm3, the EiBI mass is ∼ 25% larger than the GR value with almost
no change in the radius. The constraint on the EiBI parameter depends on the bag constant B and has the upper limit
ǫ0 < 3.33.

A neutron star with hyperons in its core was discussed within EiBI gravity by Qauli et al. [470] using an extension
of the standard realistic mean field model. In order to obtain a neutron star overcoming the 2M⊙ threshold with
hyperons, the parameter ǫ must satisfy ǫ & 4 × 106m2. Together with the lower bound obtained by Avelino in [471]
one has the allowed range 4 × 106m2 . ǫ . 6 × 106m2 to consistently avoid the hyperon puzzle [470]. In addition,
it is found that since ǫ varies the pressure and energy density in the neutron star’s core, its compactness also changes
without violating the causality constraint. For positive values of the parameter, one finds higher masses and larger
radii of the stars and also larger compactness (an effect reversed for ǫ < 0). Moreover, the compactness, maximum
masses and radii of canonical neutron and quark stars were used in [472] in order to find upper and lower limits of
the parameter ǫ using different EOS. Using the data on compactness [473] and the recent maximum masses from
gravitational wave constraint analysis [474] for neutron stars with hyperons, the available range to be compatible with
all these observations becomes 16 × 106m2 ≤ ǫ ≤ 47 × 106m2. In the case of a quark star with additional scalar
Coulomb term a similar analysis sets this range as 9.5 × 106m2 ≤ ǫ ≤ 13 × 106m2 for consistency of this scenario.
These ranges differ largely depending on the EOS used: for both types of stars, in the case of stiffer EOS the upper
limit of the parameter from the compactness constraint becomes smaller while the lower limit from maximum masses
constraint becomes larger. It was also shown that, for larger values of ǫ, neither a neutron nor a quark star cross
causality constraints because of the saturation of their compactness after passing a certain large value of the parameter
ǫ.

The model was also studied in the context of higher-dimensional braneworlds by Prasetyo et al. [475], assuming
that the matter fields live on the brane while the bulk is empty. Using the Einstein-frame representation of the field
equations, they use EOS which include hyperons under the form of the BSR23 parameter set of the ERMF model,
and playing with the two parameters of the theory, ǫ and λ (the latter associated to the brane tension), they find
neutron stars compatible with observational constraints (that is, M ∼ 2.1M⊙, rS ∼ 10km) for the (cosmologically and
astrophysically acceptable) range

0 < ǫ < 6 × 106m2, λ >> 1 MeV4. (266)

The TOV equations, as opposed to other higher dimensional descriptions of neutron star’s structure, turn out to be
dependent on the parameterω coming from the anisotropic stress seen by observers living on the brane. This parameter
also influences the radius of the star [476]. Moreover, it was shown that the braneworld theory introduces additional
corrections in apparent pressure and apparent energy density.

It was found in [469] that it is possible to obtain an exact solution for the specific case a2 = 3b2 (see Eq.(212)).
Making this relation explicit, one immediately gets an EOS of the form

P = −1
3
ρ +

1
12πǫ

. (267)

Since the field equations are greatly simplified for the above case, using in this case the hydrostatic equilibrium
equation and the boundary condition P(0) = Pc, one finds the expression

P(r) =
1
κ2ǫ















(

κ2ǫPc +
√

3 − 1
)

√

1 − r2

3ǫ
−
√

3 + 1















. (268)

It is now straightforward to express the radius of the star P(rS ) = 0 as

r2
S =

6κ2ǫ2Pc(4πǫPc +
√

3 − 1)

(κ2ǫPc +
√

3 − 1)2
, (269)
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which is a monotonically decreasing function from Pc to 0 within the interval r ∈ [0, rS ]. It should be noticed that the
size of the star described by this exact solution cannot exceed the maximal size r0 =

√
3ǫ. Moreover, inverting the

relation (267) one writes ρ(r) = −3P(r) + 1
4πǫ and because of the requirement on the positivity of the energy density

ρ > 0, the following condition for the central pressure Pc is found:

Pc <
1

12πǫ
(270)

which yields a bound on the pressure at the center of the star related to ǫ. In that particular example, one also finds
the exact form for the space-time metric gµν, which is given by

ds2 = −
√

3scb2(r)
b4

c

dt2 +
1

√
3b2(r)

















dr2

(

1 − r2

3ǫ

) + r2dΩ2

















, (271)

where sc = s(0), bc = b(0), and

b2(r) =
√

3 − (κ2ǫPc +
√

3 − 1)

√

1 − r2

3ǫ
. (272)

It has been recently noted by Danarianto and Sulaksono [478] that overturning/cracking instabilities may occur
in an isotropic EiBI stellar structure, using the correspondence between metric-affine theories and GR developed in
[410, 411, 412]. To discuss this point, let us first rewrite the EiBI equations in the auxiliary metric qµν as [407]

Gµν(q) ≡ Rµν −
1
2
δ
µ
νR = κ2(τT

µ
ν + Pδµν) ≡ κ2T µ

ν, (273)

whereP = (τ−1)/(κ2κ)−τT/2 is the isotropic pressure and T µ
µ is introduced as an effective energy momentum tensor.

Assuming a perfect fluid description of a self-gravitating sphere, the effective density ρ̃ and pressure P̃ are defined as

T 0
0 =
−a2 + 3b2 − 2ab3

2κ2ǫab3
≡ −ρ̃, (274)

T i
i =

a2 + b2 − 2ab3

2κ2ǫab3
≡ P̃ (275)

Assuming the ansatz on the auxiliary metric (208) of the form w2(r) ≡ [

1− 2mq(r)/r
]−1 with mq(r) being the auxiliary

mass, one has that the TOV equations for auxiliary quantities take the form

dP̃

dr
= −

mq + 4πP̃r3

r(r − 2mq)
(ρ̃ + P̃), (276)

dmq

dr
=

κ2

2
ρ̃r2, (277)

where the tilde variables refer to the Einstein frame, while for the mass in the auxiliary frame reads mq =
m− r

2 (1−ab)
ab

.
Taylor-expanding both sides of the TOV equations around κ2ǫρ → 0 and/or κ2ǫP → 0, the authors find the well
known form of the TOV equation with the apparent anisotropic pressure factor ∆E (see [478] for the explicit form of
this factor)

dP

dr
= −m + 4πPr3

r(r − 2m)
(ρ + P) − ∆E (278)

while the mass reads
dm

dr
=
γ

2

[

ρ +
kγ

8
(6Pρ + 3P2 − 5ρ2)

]

r2. (279)

The numerical analysis of the equations of the isotropic model with the barotropic EOS introduced by Carriere et al.
[477] shows that for the parameter |ǫ| & 5 × 106 m2 one needs to go to the 3rd order of ∆E in order to consider the
convergence rate of the expansion on mass and compactness, finding that for a slight dependence on the EOS, the
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series is convergent. Having a well behaved expansion allows to examine if cracking/overturning instabilities appear
when a self-gravitating body splits or compresses when its equilibrium state is perturbed. Thus, an instability will
occur when the perturbed term changes its sign, yielding cracking (overturning) instability when the sign changes
from positive (negative) to negative (positive). It was shown that in the case of neutron stars the overturning instability
occurs near its center (r ∼ 1 − 3)km for ǫ > 0, with similar results for different EOS, while for ǫ < 0 no instability
is present. The bottom line of this analysis is that instabilities appear due to the behaviour of the apparent radial and
tangential speed of sound in the region very close to the star’s center.

Let us conclude this part of the section by mentioning that the case of slowly rotating stars in EiBI gravity was
briefly discussed in [468, 438] using the FPS EOS. Their main finding is that the moment of inertia strongly depends
on the EiBI parameter ǫ in such a way that for ǫ > 0 the larger its value the larger the moment of inertia (and the other
way around for ǫ > 0).

Constraints on compactness and Buchdahl’s limit

Interestingly, although EiBI gravity possesses a lot of similarities with GR in the case of the stellar structure
properties, as for example in the stability problem discussed already in Sec. 1.2, there are also important features
which differ greatly between both theories. This is the case of Buchdahl’s stability bound [80] which in GR is an
absolute limit which does not depend on the EOS, while it was shown in [479] to be EOS-dependent in EiBI theory.
In order to show this point, let us write explicitly Eq.(276) as

− κ2ǫ

[

(a2 − b2)(b2/c2
s + 3a2) + 4a2b2

4a2b2(a2 − b2)

]

dP

dr
=

mq + 4πr3P̃

r(r − 2mq)
(280)

for the physical pressure P. Though this equation does not constrain the sign of ǫ as far as stellar structure equilibrium
is concerned, the authors only explored the case ǫ > 0 to avoid potential difficulties in the event of having first-order
phase transitions in the stellar interior. Following [479], taking grr = (1 − 2m(r)/r)−1 and qrr = (1 − 2mq(r)/r)−1, the
relation between frames leads to the identification

m(r) = mq(r) +
1
2

(1 − ab)(r − 2mq). (281)

An effective density is then associated with the above mass m as ρeff ≡ m′(r)/4πr2 or, explicitly:

ρeff = abρ̃ +
1 − ab

κ2r2
+
ǫ

2r

(

a2c2
s − b2

ab

)

dρ

dr
. (282)

At this point the authors require the condition ab = 1 at the star’s center in order to keep ρeff finite, though the actual
physical meaning of this quantity is far from clear because the quantity that is directly measurable is the ρ(r) that
appears in T µ

ν. Moreover, the key point on Buchdahl’s stability bound in GR is the monotonically non-increasing
character of the energy density ρ, but that might not be enough to have the same behavior for ρ̃(ρ, p) and ρeff(ρ, p).
Due to this, the following relation was examined:

dρ̃

dr
=

[

3a2(a2 − b2)c2
s + (3b2 + a2)b2

4a3b5

]

dρ

dr
(283)

whose numerator has to be positive in order to have the non-increasing monotonicity of ρ̃ inherited from that of ρ.
For ǫ > 0, this is satisfied if the null energy condition ρ + P ≥ 0 holds, because a2 − b2 = 8πǫ(ρ + P) [see (212) for
definitions]. It turns out that the monotonically non-increasing character of ρ does not lead to the same monotonicity
of ρe f f , but depends on the term appearing in the derivative dρe f f /dr as [479]

1
2r

(

1 −
2mq

r

)

ρ′′ +

(

2mq

r3
− κ2ρ̃

)

ρ′ > 0. (284)

Interpreting ρe f f as an energy density contributing to the effective physical mass m(r) and assuming its non-increasing
monotonicity constraints the possible types of EOS in EiBI gravity because of the ρ-dependence on the EOS and the
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modified TOV equation (280). It should be noticed that those three densities become the same in the GR limit ǫ → 0
but have a completely different nature and status for any finite ǫ. One can show that

m(r) ≥ r3

r3
S

m(rS ), (285)

where we recall that the star surface is defined as the point where P(rS ) = 0 supplemented with the conditions Pr = 0
and Prr = 0 in order to guarantee a smooth matching with the exterior. Together with (281), this gives

mq(r) +
1
2

(1 − ab)[r − 2mq(r)] ≥ r3

r3
S

m(rS ). (286)

Moreover, if ρ̃ is a monotonically non-increasing function, one has two more inequalities

m(r) +
1

2ab
(ab − 1)[r − 2m(r)] ≥ r3

r3
0

m(rS ), (287)

(mq

r3

)′
≤ 0. (288)

Using all these inequalities it is possible to show that the Buchdahl’s stability in EiBI gravity for ab > 1, after
imposing the requirement for ρ̃ and ρeff to be finite and monotonically non-increasing, together with the functions
s2(r) and w2(r) of the auxiliary line element (208) being positive definite, reads

rS

(

1 − 1
2

g − 1
2

g2

)

≥ 9
4

m(rS ), (289)

where the function g was defined as

g ≡ m(rS )

r3
S

∫ rS

0

√
ab − 1

√

1 − 2r2

r3
S

m(rS )
rdr. (290)

This function is positive definite if in the interior of the star one has ab > 1, which means that the lower bound of a
stable radius is larger than the 9/4 bound of GR due to the repulsive effect of EiBI gravity. Computing g by the mean
value theorem, by which one has

ρe f f (r̄) =

∫ 2

0
4πξ2ρe f f (0)dξ
∫ r

0
4πξ2dξ

≡ ρ̄e f f (r) (291)

in the interval r̄ ∈ (0, r), and expanding it in series of ǫ one finds

rS

2m(rS )
≥ 9

8
+

3π
8
ǫ(ρ̄ − p̄) + O(ǫ2), (292)

which can be used to constrain ǫ. In the limit ǫ → 0 this equation provides the standard Buchdahl limit, C ≤ 4/9, as
expected. Now, for a typical density ρ̄ ∼ 1015gr/cm3, one finds that in order to obtain a mass M ∼ 2M⊙ and a radius
rS ∼ 12km the parameter is constrained as ǫ . 109m2. As we have seen, explicit stellar structure models provide
more stringent constraints on ǫ. As it happens in GR, considering an anisotropic fluid as the matter source would
introduce further changes to the bound presented here, though we will leave this issue here.

3.3.4. Hybrid gravity

To conclude our section on relativistic stars, let us briefly address hybrid gravity. Stellar structure models are
described in this case by the modified TOV equations obtained recently by Danila et al. [480] as (here we make
explicit Newton’s constant)

dmeff

dr
= − r f (Φ) + 3Φ′2

1 + Φ′r/2
meff +

4πr2

κ2[1 + Φ′r/2]

[

2
Φ′

r
+

U

2
+ f (Φ) + κ2

effρ

]

, (293)

dp

dr
= − (ρ + p)[(κ2 pe−Φ − U/2)r

r(1 − 2G0meffr)(2 + Φ′r)
+

[(ρ + p)(1 + r(2 + r[2 + rh(Φ)]Φ′)) + 1]
r(2 + Φ′r)

(294)
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where a rescaled scalar field is defined by φ = eΦ−1, the effective gravitational constant Geff = G0e−Φ and the potential
V(φ) = eΦU(Φ). The form of the modified Klein-Gordon equation in the new variables can be found in [480]. Four
types of EOS are examined: stiff, radiation, quark matter and the Bose-Einstein condensate superfluid, P ∼ ρ2 while
the potential is of Higgs type: U(Φ) = −µ2/2Φ2 + ξ/4Φ4, with µ2 and ξ being constants. The authors consider
the simple hybrid model f (R) = c1R + c2(c1, µ, ξ), where the constant c1 must be determined via initial/boundary
conditions. In both the stiff and radiation EOS one obtains more massive stars with similar profiles as their GR
counterparts with shifted maximum masses: for stiff EOS one finds M⋆ ≈ (3.278 − 3.968)M⊙, and for radiation one
has M⋆ ≈ (2.0278− 2.442)M⊙. As for the mass profiles of quark stars one finds M⋆ ≈ (2.025 − 2.706)M⊙, though in
this case the scalar field does not vanish at the surface as opposed to the previous two EOS. The same feature is found
for Bose-Einstein condensate, where the scalar field shows an involved behaviour inside the star, depending strongly
on the Higgs parameters. For this case one finds maximum masses M⋆ ≈ (2.003 − 2.231)M⊙. In the last two cases
the potential has negative values at the interior of the star and a complex evolution pattern. Moreover, it is suggested
that black holes from 3.8 to 6 solar masses could actually be hybrid metric-Palatini stars since the model provides
much more massive compact stars than those of GR. Distinguishing between them could be possible via the study of
thin accretion disks around rapidly rotating stars and Kerr-type black holes in hybrid gravity because their radiation
properties may be substantially different (see the discussion in Chavanis et al. [481]).

3.4. Non-relativistic stars

3.4.1. Lane-Emden equation in f (R) gravity

Similarly as it was presented in the section 2.2 for the metric formalism, one may examine non-relativistic stars
using the (generalized) Lane-Emden equation for polytropic EOS. In order to do it, let us bring again our favourite
quadratic model (215). In the scalar-tensor formalism the transformation function reads φ = 1+2κ2λρ = 1+2αθn after
applying the dimensionless variables (48), where ρc is the star’s central density. As shown in [454], the generalized
energy density and pressure (240) for small values of the pressure P are

Q̄ = ρ̄ +
Ū

2κ2
=

4ρ + λκ2ρ2

4(1 + λκ2ρ)2
∼ ρ, (295)

Π̄ = P̄ − Ū

2κ2
=

4Kργ − λκ2ρ2

4(1 + λκ2ρ)2
∼ KρΓ (296)

and thus the polytropic EOS structure (46) is preserved by the conformal transformation (162). Applying again the
Newtonian regime to the TOV equations (238) and (239) as presented in [482], the modified Lane-Emden equation in
the Einstein frame reads

1

ξ̄

d2

dξ̄2

([

1 +
2α

n + 1
θn

]

ξ̄θ

)

= −θn (297)

and hence after applying the conformal transformation ξ̄2 = Φξ2, the equation in Jordan frame becomes

ξ2θnΦ +
Φ−1/2

1 + 1
2ξΦξ/Φ

d

dξ













ξ2Φ3/2

1 + 1
2ξΦξ/Φ

dθ

dξ













= 0. (298)

Up to linear terms in α, the equation above takes the form

1
ξ2

d

dξ

[

(1 + 2αθn)ξ2 dθ

dξ
+ αξ3θ2n

]

= −θn + 3αθ2n (299)

which for α = 0 reduces to the GR expression (48). It possesses an exact solution for the case n = 0 (incompressible
stars) extending the GR case (49) as:

θ(ξ) = 1 − ξ2

6(1 + 2α)
(300)

This equation implies that, for positive values of the quadratic model parameter, α, one gets smaller radius for the
corresponding star, until α = − 1

2 is reached, beyond which no physical solution is found. For n = {1; 3
2 ; 3} numerical
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analysis indicates that for negative α one finds larger stars with higher masses. However, the behaviour for positive α
depends on the type of star: n = 1 stars are significantly smaller and less massive, but n = 3 stars yield increases of
radius but lowering of masses. This means that, for instance, dwarfs stars are less dense in this case. Furthermore, in
Sergyeyev et al [483] the exact solutions of (298) for n = {0, 1} were found to be

θn=0 = 1 − ξ
2

6
, θn=1 =

15 − ξ2

2α(10 + ξ2)
, (301)

where the last expression was used to compare the masses, radii and central densities of this model with those of GR.
It was also shown that the quantities ωn and δn are modified according to the conformal transformation, differing from
their GR forms. For the quadratic metric-affine f (R) model (256) they are explicitly obtained as

ωn = −
ξ2Φ

3
2

1 + 1
2ξ
Φξ

Φ

dθ

dξ
|ξ=ξR

, δn = −
ξR

3 Φ
− 1

2

1+ 1
2 ξ
Φξ
Φ

dθ
dξ
|ξ=ξR

, (302)

and were used to show that the mass and radius are ≈ 1.23 times bigger than in the GR case, while the central densities
remain almost the same.

The set of equations above were recently used by Olmo et al. [484] to find the MMSM for the quadratic model
(215) following pretty much the same trail of thought and techniques discussed in Sec. 2.2.3. It was indeed found in
[484] that this mass reads

MMMS M
−1 = 0.290

γ1.32
3/2 ω

0.09
3/2

δ0.51
3/2

I(η, α) , (303)

where we have introduced the function

I(η, α) =
(αd + η)1.509

η1.325
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. (304)

and the constant α ≡ κ2λρc. This introduces a fundamental difference as compared to the discussion of the MMSM
in the metric formalism, in that here the star’s central density plays a role in the determination of that mass. This is
a consequence of the dependence on the local energy density of the matter sources typically ascribed to metric-affine
theories of gravity. It was also found in that the work that, should one use the GR values for the quantities δ3/2,
ω3/2 and γ3/2, the resulting expression would be misleading from a comparison case-to-case (that is, by fixing α first
and then computing the value of the MMSM after finding δ3/2, ω3/2, γ3/2 for that α). For α = 0 one finds the GR
value MGR

MMS M
≈ 0.0922M⊙, which is consistent with the mass reported in [166]. Departing from GR, it is found that

positive (negative) values of α provide larger (smaller) values of the MMSM; for α = 0.010 one finds M ≈ 0.0933M⊙
which is near the bound (0.093±0.0008)M⊙ corresponding to the lowest mass star ever observed - that of the M-dwarf
star G1 866C [174] and thus significantly higher values than this one would rule out this quadratic gravity model. On
the other hand, the branch α < 0 is safe since it lowers the MMSM.

3.4.2. EiBI gravity

Examining the non-relativistic limit of EiBI gravity one finds the modified hydrostatic equilibrium [438, 468]

dP

dr
= −m(r)ρ

r2
− ǫρρ

′

4
, (305)

which implies that in the case of constant density profiles there is no correction to the standard Newtonian equations.
As already mentioned, the theory supports pressureless stars, which is the case of non-interacting particles. This fact
allows to consider stars consisting of self-gravitating exotic dark matter. Together with the standard mass conservation
dm/dr = 4πr2ρ(r), one finds that Eq.(305) can be solved as

ρ(r) = ρc

sin ω̄r

ω̄r
, where ω̄ = 4

√

π/ǫ . (306)
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Since in the star’s interior the Newtonian potential is constant, this allows to match it continuously to the vacuum
potential M/r at the radius r = π/ω̄. The mass of the star is then M = 4π2ρc/ω̄

3. Note, however, that though the
Newtonian potential is continuous, the matter density profile and its derivatives are abruptly set to vanish at r ≥ π/ω̄,
which could be in conflict with the differentiability requirements of RBGs. Nonetheless, note that the energy density
would be continuous and the discontinuity in the derivative of ρ would be finite, which is compatible with the junction
conditions of f (R) theories derived in Section 3.2.4. It seems plausible that similar conditions apply to the EiBI case,
making these solutions still worth of interest.

One also can note that the modified Poisson equation (206) also modifies the radial acceleration

a(r) = −m(r)
r2
− ǫ

4
dρ

dr
. (307)

This correction to the GR formula acts as repulsive force if ǫ > 0 because inside the star the term dρ/dr is negative.
Because of that, for ǫ > 0 the theory may support more massive stars. Moreover, it can be shown that it corresponds
to an effective polytropic fluid with an EOS given by [468].

Peff = Kρ2 with K =
ǫ

8
. (308)

Using this result, white dwarfs are employed by Banerjee et al. [485] to put constraints on the theory’s parameter.
In agreement with the results of [468], they confirm that for ǫ > 0 there is no Chandrasekhar limit and, moreover,
there exists a critical radius ∼

√
ǫ below which a white dwarf cannot exist. For ǫ < 0, the mass is lower than the

Chandrasekhar limit of Newtonian gravity and, therefore, there is a bound on ǫ depending on the central density above
which one does not have a stable white dwarf supported by a polytrope, namely

ǫ > −4K

(

1 +
1
n

)

ρ
1
n
−1

c . (309)

The discovery of highly over-luminous supernovae (SNe Ia), raises the suggestion of the existence of super Chan-
drasekhar white dwarfs as their progenitors, with a mass in the range 2.1 − 2.8M⊙ [486, 487, 488, 489, 490], offering
further avenues to test EiBI gravity (and other modified theories of gravity). Taking as a reference value the maxi-
mum of this interval, namely corresponding to an assumed white dwarf progenitor of SN 2009dc [490], one finds the
constraint

ǫ < 0.35 × 102m5kg−1s−2 (310)

which is consistent with the most stringent bounds [468] coming from neutron stars ǫ < 10−2m5kg−1s−2. Further
constraints from the observational data of twelve white dwarfs [491] using χ2 tests results in the bounds (in m5kg−1s−2

units)

−0.7 × 103 < ǫ < 1.66 × 103 up to 1σ confidence level; (311)

−1.598 × 103 < ǫ < 4.858 × 103 up to 5σ confidence level (312)

On the other hand, the Lane-Emden equation for EiBI gravity was obtained in Wibisono et al. [492] as

1
ξ2

d

dξ

[

ξ2θ
n−1
1−2n

dθ

dξ

(

θ
1−n
1−2n +

ǫn

16πr2
c

)]

= −θn (313)

which also depends on ρc as is the case of metric-affine quadratic f (R) gravity (298). A stellar solution exists if the
following constraint is satisfied [468]:

ǫ > −|ǫc| = −4KΓρΓ−2
c , (314)

For instance, taking an energy density at the center ρc = 8 × 1014g/cm−3 one deals with ǫc = 4.53 × 108m2. For
Γ = 4

3 negative (positive) values of the theory parameter make the dimensionless radius ξ larger (smaller) than the one
of GR. Moreover, it is also found that for fixed mass and radius of the star the central density depends on the EiBI
parameter ǫ as

ρc(ǫ) = − ξrS

3ωn(ǫ)
3M

4r3
S

(315)
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which decreases when ǫ grows. Under the assumption that the real fundamental mode of a radial perturbation is
equivalent to dM/dρc = 0, one finds

dM

dρc

∼
[

3
2
Γc − 2 +

ρc

ωγ(ǫ)

dωγ(ǫ)

dρc

]

= 0 (316)

which leads to the critical value of the polytropic index Γc = 4/3 in the GR case, that is, when the last term in the above
equation is zero. In the EiBI case, the stability bound of polytropic stars is shifted according to the free parameter
governing the last term in (316). Together with the analysis of the binding energy it was shown that for ǫ > 0 there is
a wider range of the Γ parameter for which the stars are stable. Moreover, obtaining the configuration entropy profile
they find that the polytropic stars are stable for all positive values of ǫ ≥ |ǫc|, and that there is no Chandrasekhar limit
in such a case. In the case of ǫ ≤ −0.1 polytropes turn out to be unstable.

Unlike the pressureless model, which is stable (radial oscillatory frequencies ω2 > 0) in both the non-relativistic
and relativistic cases, the stability of polytropes depends on the sign of ǫ. This can be seen by studying the modified
eigenvalue equation derived from (305) after the assumption that the fields are time-dependent ∼ eiωt [438]:

4ΞP′

r
+
κρ

4

[

2
r
Ξρ′ − Ξ′ρ′ −

(

ρ

r2
(r2Ξ)′

)′]

−
[

γP

r2
(r2Ξ)′

]′
= ρΞω2, (317)

where γ is the adiabatic index of the perturbation while Ξ the Lagrangian displacement. The marginal case in New-
tonian gravity for any n, that is, the polytropic models with Γ = 4/3, turn out to be stable for ǫ > 0 and unstable
otherwise. Thus, independently of Γ, positive values of the EiBI parameter ǫ stabilize the model solutions.

There exists yet another interesting feature in the Newtonian limit of EiBI gravity for positive parameter ǫ [438]:
the only modification to the standard Eulerian equations, which govern the fluid dynamics, appears in the one for the
fluid velocity u(x), where x = (t, r), as

∂tu(x) + u(x)∂ru(x) = −M(x)
r2
− ǫ ∂rρ(x)

4
. (318)

Close to the center the approximated fields can be written as

ρ(x) =ρ0(t) + ρ1(t)r + ρ2(t)r2 + O(r3), (319)

u(x) =u0(t) + u1(t)r + u2(t)r2 + O(r3) (320)

indicating the gravitational collapse when they diverge at some t. Thus, with ρ1(t) = u0(t) = u2(t) = 0 and ρ2(t) =
ηρ5/3

0 (t) from the EiBI field equations, one deals with (η < 0 is a constant)

t(ρo) − t(ρi) =
∫ ρ0

ρi

dxx−
4
3

√
24π

√

x
1
3 − ρ

1
3
i
+
ǫη

8π
(x − ρi). (321)

As the collapse may take place when t(ρ0 → ∞) ≥ t(ρi), this is only possible if ǫ ≤ 0; otherwise the collapse does not
occur.

This concludes our analysis of stellar structure models in the metric-affine formalism.

4. Conclusion and perspectives

In this review we have provided a broad and systematic analysis of stellar structure models within the context of
modified theories of gravity. The main goal behind this work was to identify the most relevant modifications in the
astrophysical predictions of such stellar models as compared to those of GR, which may be used as observational
discriminators on the viability of any such theories, in particular, when combined with other astrophysical and/or
cosmological tests.

We started by splitting our analysis into models formulated in the metric approach, where the affine connection
is the Levi-Civita one of the metric, and the metric-affine formulation, where the affine connection is an independent
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degree of freedom, and devoted independent sections to each of them. In the metric approach we began our consid-
erations with the case of f (R) theories, which are one of the most thoroughly studied models in the literature, and
discussed several of their features, including the scalar-field representation of their field equations, the troubles with
identifying the correct stellar mass due to the contribution of the scalar field outside of the matter sources, and the
observational viability of these theories in the Post-Newtonian regime regarding solar system constraints, which have
been the subject of many investigations. Next, we focused our attention upon non-relativistic stars, which are gov-
erned by the Newtonian limit of the Tolman-Oppenheimer-Volkoff equation, namely, the (generalized) Lane-Emden
equation. At this step we introduced other families of theories that are of great interest in the literature, such as the
Horndeski family and its beyond Horndeski and DHOST extensions, and discussed their phenomenology for white
and brown dwarfs, with particular emphasis on Chandrasekhar’s mass for white dwarfs, and the minimum mass re-
quired for stable hydrogen burning in high-mass brown dwarfs. Subsequently, the predictions of such families of
theories and many others (with particular interest on those with a strong theoretical support and consistency), were
discussed in detail within the context of relativistic stars, where the degeneracy of the astrophysical predictions with
the equation of state for nuclear matter at supranuclear densities within neutron stars was the pivotal point of many
of our considerations. Indeed, for each such model we described their associated phenomenology derived from their
generalized TOV equations on each case, whose main astrophysical outcome is the mass-radius relation and the max-
imum allowed mass for a given EOS in the case of static stars, and the moment of inertia for slowly and fast rotating
stars, both of which are observationally accessible quantities. Other aspects such as stability, oscillations, etc, were
also addressed. Finally, we also included a short discussion on binary neutron star mergers and universal relations,
with references to proper more detailed literature on the subject.

Next, we considered stellar structure models in modified theories of gravity in the metric-affine formulation, where
the research is comparatively more scarce. First we highlighted the fact that the independent connection (when matter
is minimally coupled to the action), for f (R) theories, can always be solved in favour of the matter sources (and possi-
bly the metric itself), and extended this result to any generalization constructed with scalars out of contractions of the
(symmetric part of) Ricci tensor with the metric (Ricci-Based Gravities). Moreover, we showed that the corresponding
field equations can always be cast in Einstein-like form with all the matter-dependent contributions on the right-hand-
side. This property guarantees that the vacuum solutions of these theories reduce to those of GR, which makes them
consistent with gravitational wave observations, but it does not automatically ensure their consistency with local tests
of gravity. The reason lies on the fact that in models with infrared corrections the averaged equations of motion are not
equivalent to the equations of motion considering averaged matter distributions. Such models are generically incon-
sistent with microscopic systems while models with higher curvature corrections are compatible with weak-field tests.
Then we discussed some of the main results regarding compact stars within these theories. The difficulty of defining a
consistent stellar surface was highlighted, together with different viewpoints in this respect. The idea that polytropic
models can be used to rule out all these theories because they lead to curvature divergences at the matching surface
with the Schwarzschild solution has been contested by several authors and on different grounds. A direct analysis of
the junction conditions in the particular case of f (R) theories introduces an unexpected turn in this problem. In fact,
though the vacuum solutions for these theories coincide with those of GR, the junction conditions at the stellar surface
are different. Consistent stellar models with an exterior Schwarzschild geometry, therefore, must satisfy non-standard
junction conditions, which opens new research avenues in this field. Finally, paralleling the analysis of the metric
formalism, for relativistic stars we discussed the main results regarding mass-radius relations and the associated max-
imum masses for the cases of f (R), EiBI gravity and some hybrid models, while for non-relativistic stars our main
focus was the description of some of the results found in the literature for white dwarfs and their modifications on
Chandrasekhar’s mass, as well as some stability issues of the corresponding stars.

Resulting from the analysis above, there are several main results for stellar structure models of modified theories
of gravity that can be highlighted. For relativistic stars, typically these theories shift the mass-radius curves of GR to
either higher masses and larger radii or the opposite depending on the sign of their additional parameters, with some
theories of gravity in combination with specific EOS having both kinds of effects depending on the range of values
chosen for the model parameters, and with a few exceptions to this general rule. To discuss the viability of the corre-
sponding predictions of these theories we took as a reference value the 2M⊙ threshold resulting from the most massive
neutron stars observed so far, which became a cornerstone in guiding us on the compatibility of modified theories of
gravity with observational data. Unfortunately, as the well known uncertainty of the EOS of dense matter at supranu-
clear densities already present in GR is intertwined in this context with the new gravitational parameter(s) coming
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from the modified gravity side, most of the reported analysis here can only hope to determine the space of parameters
of each gravitational theory which, at a given EOS, can be made compatible with such a threshold. Overally speak-
ing, most increases on such a maximum mass are meager for many such theories, up to current available theoretical
analysis and within current observational bounds for the allowed strength of the parameters of each modified theory
of gravity. Indeed, in many such cases, the current observational probes introduce experimental errors in the deter-
mination of neutron star masses and radii that are frequently of the same order or larger than the increases produced
by the modified gravity side, therefore questioning the usefulness of the latter. There are some exceptions of theories
and theoretical/numerical modelings to this rule, where quite significant increases of the maximum mass above the
2M⊙ threshold are found using realistic EOS. This, in turn, may bring back to life EOS that were already ruled out in
the context of GR due to their inability to reach to this mass threshold. These increases may have an impact on our
interpretation of astrophysical observations; indeed, as the available energy for release out of gravitational wave in
binary mergers can be (much) bigger than in GR, this can alter the conclusions by the LIGO/VIRGO Collaboration on
the nature of the progenitor compact objects (either black holes or neutron stars), where GR is assumed. Further hopes
of observational discriminators for these theories can be placed on the modifications to the moment of inertia, where
the deviations with respect to GR predictions tend to be much more significant than those of the masses/radii. Indeed,
we reported several works with slowly rotating stars where significant increases ∼ 40% in the moment of inertia are
found, while the mass is only increased ∼ 10%, and the consideration of fast rotating models may further enhace this
result. This opens a window to more relevant observational predictions of these theories by going to the fully rotating
scenario, and the comparison of their predictions with future probes of moment of inertia and universal relations.

Though relativistic stars have been widely explored in the literature as they represent the astrophysical scenarios
where the strongest curvatures and largest densities can be reached at the neutron star’s center, non-relativistic stars of-
fer a much less explored scenario, which nonetheless has a great potential as a complementary test of modified gravity.
This is so because the astrophysical structure of such stars can be quite analytically well modelled (up to some limita-
tions) using polytropic EOS, and are much more easily constrained using known nuclear physics phenomenology in
combination with astrophysical data. Indeed, their weaker dependence on unknown non-gravitational physics makes
them particularly suitable to test the effects of additional gravitational parameters without the contaminations from
strong uncertainties on the EOS. In this sense, there are two robust predictions of GR that are modified by many such
gravitational extensions of GR (in both metric and metric-affine formalisms), namely, the Chandrasekhar’s 1.4M⊙
limit for white dwarfs, and the ∼ 0.08 − 0.09M⊙ limit for minimum stable hydrogen burning mass for high-mass
brown dwarfs. Indeed, when the gravitational force inside matter sources is weakened due to the new gravitational
contributions, such masses typically increase, thus allowing the corresponding gravitational parameters to be con-
strained by present and future observations of the masses of a larger pool of such two types of stars. Combining
for the same theory its predictions for non-relativistic and relativistic stars seems a suitable scenario to place more
stringent constraints upon the parameter(s) of the theory at hand. This is well illustrated here by the current results
on some classes of Horndeski theories of gravity with a single parameter Υ: the combination of several such tests has
narrowed its range down to −0.22 < Υ < 0.02748. This is a promising path that deserves to be explored in other well
motivated gravitational candidates.

To conclude, despite being comparatively much less explored than the cosmological settings [493, 494], and
perhaps not currently attracting as much attention as the fast-growing field of gravitational wave astronomy out of
rotating black hole mergers [3], models of stellar structure offer a suitable, yet to be fully exploited, window to test
the dynamics of modified theories of gravity and their consistency with astrophysical observations of both relativistic
and non-relativistic stars. As the corresponding probes in this context grow more numerous and their experimental
precision improves in the future, these stellar models may help us to enlighten the observational viability of modified
theories of gravity, particularly when combined with other tests. We hope to have provided the reader with a quick taste
on the lessons and challenges offered by these scenarios, and that he/she has profited from the discussions presented
here.

48This can be combined with other kinds of tests, for instance, those of galaxy clusters profiles [275].
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[319] E. Barausse, Neutron star sensitivities in Hořava gravity after GW170817, Phys. Rev. D 100 (2019) 084053 [arXiv:1907.05958 [gr-qc]].
[320] O. Bertolami, F. S. N. Lobo and J. Paramos, Non-minimum coupling of perfect fluids to curvature, Phys. Rev. D 78 (2008) 064036

[arXiv:0806.4434 [gr-qc]].
[321] T. Harko, F. S. N. Lobo, S. Nojiri and S. D. Odintsov, f (R,T ) gravity, Phys. Rev. D 84 (2011) 024020 [arXiv:1104.2669 [gr-qc]].
[322] V. Faraoni, The Lagrangian description of perfect fluids and modified gravity with an extra force, Phys. Rev. D 80 (2009) 124040

[arXiv:0912.1249 [astro-ph.GA]].
[323] P. P. Avelino and R. P. L. Azevedo, Perfect fluid Lagrangian and its cosmological implications in theories of gravity with nonminimally

coupled matter fields, Phys. Rev. D 97 (2018) 064018 [arXiv:1802.04760 [gr-qc]].
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