universe
Review

Fundamental Symmetries and Spacetime Geometries
in Gauge Theories of Gravity—Prospects for Unified
Field Theories
Francisco Cabral 1, * , Francisco S. N. Lobo 1
1
2

*

and Diego Rubiera-Garcia 2

Instituto de Astrofı́sica e Ciências do Espaço, Faculdade de Ciências da Universidade de Lisboa, Edifı́cio C8,
Campo Grande, P-1749-016 Lisbon, Portugal; fslobo@fc.ul.pt
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Abstract: Gravity can be formulated as a gauge theory by combining symmetry principles
and geometrical methods in a consistent mathematical framework. The gauge approach to
gravity leads directly to non-Euclidean, post-Riemannian spacetime geometries, providing the
adequate formalism for metric-affine theories of gravity with curvature, torsion and non-metricity.
In this paper, we analyze the structure of gauge theories of gravity and consider the relation
between fundamental geometrical objects and symmetry principles as well as different spacetime
paradigms. Special attention is given to Poincaré gauge theories of gravity, their field equations
and Noether conserved currents, which are the sources of gravity. We then discuss several
topics of the gauge approach to gravitational phenomena, namely, quadratic Poincaré gauge
models, the Einstein-Cartan-Sciama-Kibble theory, the teleparallel equivalent of general relativity,
quadratic metric-affine Lagrangians, non-Lorentzian connections, and the breaking of Lorentz
invariance in the presence of non-metricity. We also highlight the probing of post-Riemannian
geometries with test matter. Finally, we briefly discuss some perspectives regarding the role of both
geometrical methods and symmetry principles towards unified field theories and a new spacetime
paradigm, motivated from the gauge approach to gravity.
Keywords: gauge field theory; Yang-Mills fields; modified gravity; non-Riemannian geometry;
spacetime symmetries

1. Introduction
The success of Einstein’s General Theory of Relativity (GR) to describe the behaviour of
the gravitational interaction continues to amaze us. It has passed all tests performed so far:
Solar System observations and binary pulsars [1], stellar orbits around the central galactic black
hole [2], gravitational waves (GWs) from coalescing compact objects (black holes and neutron
stars) [3–6], or the indirect observation of the black hole horizon with the Event Horizon Telescope [7],
among others. At the same time, it provides us with the observationally valid framework for the
standard cosmological paradigm when supplemented with the (cold) dark matter and dark energy
hypothesis [8].
Soon after Einstein formulated GR in its final form, Weyl introduced the notion of gauge
transformations in an attempt to unify gravity and electromagnetism [9]. By extending the local Lorentz
group to include scale transformations (dilatations), he was led to assume what we call nowadays
a Riemann-Weyl spacetime geometry, namely, a post-Riemann geometry with (the trace-vector part

Universe 2020, 6, 238; doi:10.3390/universe6120238

www.mdpi.com/journal/universe

Universe 2020, 6, 238

2 of 31

of) non-metricity in addition to the familiar curvature of GR. Later on, it was discovered that the
electromagnetic field itself is intimately related to local internal symmetries, under the U (1) group
that acts on the four-spinor fields of charged matter [10]. In the 1950s, Yang and Mills [11] further
explored the notion of gauge symmetries in field theories going beyond the U (1) group to include
non-abelian Lie groups (SU (2)), in order to address nuclear physics, while Utiyama [12] extended the
gauge principle to all semi-simple Lie groups including the Lorentz group.
The gauge principle is based on the localization of the rigid global symmetry group of a field
theory, introducing a new interaction described by the gauge potential. The latter is a compensating
field that makes it possible for the matter Lagrangian to be locally invariant under the symmetry group
and is included in the covariant derivative of the theory. There is a clear geometrical interpretation
of the gauge potential as the connection of the fiber bundle, which is the manifold obtained from
the base spacetime manifold and the set of all fibers. These are attached at each spacetime point and
are the (vector, tensor or spinor) spaces of representation of the local symmetries. In the geometrical
interpretation, the imposition of local symmetries implies that the geometry of the fiber bundle is
non-Euclidean, and the gauge field strengths are the curvatures of such a manifold.
The gauge formulation of gravity was resumed through the works of Sciama [13] and
Kibble [14], who gauged the (rigid) Poincaré group of Minkowski spacetime symmetries.
They arrived at what is now known as a Riemann-Cartan (RC) geometry, and to the corresponding
Einstein-Cartan-Sciama-Kibble (ECSK) gravity, with non-vanishing torsion and curvature. This is a
natural extension of GR, which is able to successfully incorporate the intrinsic spin of fermions as a
source of gravity, while passing all weak-field limit tests. Moreover, the theory has no free parameters
but rather a single new scale given by Cartan’s density, which yields many relevant applications
in cosmology and astrophysics [15–23]. It is worth noting that ECSK is the simplest of all Poincaré
gauge theories of gravity (PGTG). Beyond the Poincaré group we have, for instance, the Weyl and
the conformal groups, which live on a subset of a general metric-affine geometry, with non-vanishing
curvature, torsion and non-metricity (for a detailed analysis and reviews on several topics of the
gauge approach to gravity see the remarkable works in References [24–26]). By extending the gauge
symmetry group of gravity, one is naturally led to extend the spacetime geometry paradigm as
well. The geometrical methods and symmetry principles, motivated by gauge theories of gravity,
together with post-Riemannian geometries and Yang-Mills gauge fields, are expected to play a key role
towards a unified field theory. The corresponding physical description might lead to a new spacetime
paradigm extending the notion of the classical spacetime manifold where physical fields propagate
on it and affect its geometry. Instead, it is plausible to expect a consistent unified physical manifold,
where the properties of spacetime, matter fields and vacuum are manifestations of the same (unified)
fundamental physical reality.
The main aim of this work is to review and discuss the basics and recent developments within
gauge theories of gravity and post-Riemann geometries in connection to their perspectives for achieving
an unified field theory. This is a vital part of the effort to understand the nature of spacetime and gravity
in those regimes where the standard picture provided by GR may break down, challenging our current
ideas on the spacetime paradigm. This article complements our previous works: an extension of the
Einstein-Cartan-Dirac theory where an electromagnetic (Maxwell) contribution minimally coupled to
torsion is introduced (which breaks the U (1) gauge symmetry [27]), and its extension to analyze in
detail the physics of this model with Dirac and Maxwell fields minimally coupled to the spacetime
torsion [28,29].
This work is organized as follows: in Section 2 we introduce the fundamental geometrical
objects of the spacetime manifold in the formalism of exterior forms and its relation to spacetime
symmetries. In Section 3 we briefly summarize the metric-affine approach to gravity using these
geometrical methods and symmetry principles, and discuss several paradigms for the spacetime
geometry, including the general metric-affine geometry. In Section 4, we outline the general structure
of the gauge approach to gravity. We illustrate it with the case of PGTG, consider the field equations,
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the Noether conserved currents (sources of gravity), and include discussions on several topics in
gauge theories of gravity, such as quadratic Poincaré gauge models, the ECSK theory, the teleparallel
equivalent of GR (an example of a translational gauge model), quadratic metric-affine Lagrangians,
the breaking of Lorentz invariance in the presence of non-metricity, the nature of the hypermomentum
currents and the probing of post-Riemann geometries with test matter. Finally, in Section 5 we discuss
some perspectives for unified field theories and a new spacetime paradigm motivated from the
geometrical methods and symmetry principles of the gauge approach to gravity.
2. Spacetime Symmetries and Post-Riemann Geometries
2.1. Fundamental Geometrical Structures of Spacetime
Let us begin by considering a four-dimensional differential manifold M as an approximate
representation of the physical spacetime, and introduce the fundamental geometrical objects and its
relation to the group theory of spacetime symmetries. At each point P of the spacetime manifold we
introduce the set of four linearly independent vectors {ē0 , ē1 , ē2 , ē3 }, with ē0 ≡ ∂0 , ē1 ≡ ∂1 , ē2 ≡ ∂2 ,
ē3 ≡ ∂3 , which constitute the vector coordinate (holonomic) basis, where each vector is tangent to a
coordinate line. This is called a linear frame basis. Similarly, at the same point we introduce the dual
co-frame basis {θ̄ 0 , θ̄ 1 , θ̄ 2 , θ̄ 3 }, with θ̄ 0 ≡ dx0 , θ̄ 1 ≡ dx1 , θ̄ 2 ≡ dx2 , θ̄ 3 ≡ dx3 , which satisfies ēb y θ̄ a = δba 1 .
Any of these basis can be called the natural (coordinate/holonomic) frame/co-frame. This geometrical
structure comes naturally with the notion of coordinates on the spacetime manifold, as it is intrinsic to
the coordinates structure.
Note that one can choose any set of linearly independent vectors/co-vectors to form arbitrary
linear frames and co-frames. To this effect, we consider the independent combinations eb = eb ν ∂ν
and θ a = θ a µ dx µ . The indices a, b = 0, 1, 2, 3 are called anholonomic indices, sometimes known as
symmetry or group indices, and play a fundamental role in the gauge approach to gravity due to its
connection to spacetime symmetries. It is clear that for the natural frame/co-frame we have ēb = δb ν ∂ν
and θ̄ a = δ a µ dx µ . For arbitrary (non-coordinate) anholonomic vector basis, the Lie brackets is
non-vanishing, [U, V ] ≡ £U V 6= 0, for any two vectors U, V in the basis. In relation to this one can show,
using the definitions and duality relations already introduced, the following algebra [ea , eb ] = f ab c ec ,
where the objects f ab c are typically known as the (group) structure constants. This algebra can be used
to characterize the local spacetime symmetries of the tangent/cotangent spaces.
In four dimensions, the set of vector valued 1-forms θ a constitute 16 independent components θ a µ
(the tetrads) and are the potentials for the group of (local) spacetime translations T (4)2 . This group has
four generators, which therefore entails four potentials and four field strengths T a = 12 T a µν dx µ ∧ dx ν ,
the latter being a vector valued 2-form field, and corresponds to the torsion of the spacetime manifold.
It is given by
T a = Dθ a = dθ a + Γ a b ∧ θ b ,
(1)
where D is the (gauge) covariant exterior derivative, d is the exterior derivative, a kind of curl operator
that raises the degree of any p-form, ∧ is the wedge product3 and in the second term on the right-hand

1
2

3

The symbol y stands for the interior product defined in differential topology and linear algebra, also called contraction
operator, which gives a contraction between a p-form and a vector, resulting in a ( p − 1)-form.
This group is actually related to diffeomorphisms (and to our freedom to choose any system of coordinates without altering
the physical description, no matter the theory of the gravitational field we are working with), playing the role of gauge
transformations of gravity [30].
Accordingly, dθ a is a 2-form given by dθ a = ∂[µ θ a ν] dx µ ∧ dx ν . Similarly, if v is a p form and w is a k-form, then v ∧ w is
a ( p + k )-form with v ∧ w = (−1) p×k w ∧ v. The (gauge) covariant exterior derivative of a generic tensor valued p-form,
denoted by V ab , used in this paper is given by DV ab = dV ab + Γ a c ∧ V cb + (−1) p Γc b ∧ V ac .
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side, sometimes called the non-trivial part, is the linear connection 1-form Γ a b . The torsion 2-form has
4 × 6 = 24 independent components given explicitly by
T aµν = 2∂[µ θ a ν] + 2Γ a c[µ θ c ν]

(2)

where brackets denote antisymmetrization.
Let us now turn our attention to the linear (affine) connection Γ a b , which is a tensor valued
1-form that connects neighbouring points of the manifold. Accordingly, if v = v a ea is a vector
parallel-transported by an infinitesimal displacement δx, the difference between the parallely-displaced
vector and the original vector is given by
vka ( x + δx ) − v a ( x ) = δk v a = −Γ a b vb ,

(3)

with Γ a b = Γ a bµ dx µ . Therefore, upon an arbitrary infinitesimal displacement from a given point in
the spacetime manifold, the linear frame is transformed (e.g., under a Lorentz rotation or some more
generic linear transformation) and the connection gives a measure of such a change in the linear
frame. It is worth emphasizing that the introduction of the affine structure of the spacetime manifold
M is mandatory in order to be able to compare between tensor quantities on different spacetime
points. Indeed, the affine connection allows for the definition of a covariant derivative, and in this
way it establishes a rule for the parallel transport of tensors along curves of M. Moreover, it allows
to determine the affine geodesics (straightest lines) on M, which do not necessarily coincide with
extremal geodesics (“shortest” paths).
The affine connection is mathematically a very rich object. Among its many properties we
underline the following two: (i) the difference of two connections is a tensor; (ii) under a transformation
Γ → Γ + ø, where ø is a tensor, the covariant derivative of tensors retains its covariance. This means
that the components of the covariant derivative of a tensor still transform as a tensor, which implies that
one can incorporate new degrees of freedom in the geometrical (affine) structure of spacetime while
preserving the covariance of the equations. Such extensions of the connection involve an extended
spacetime geometry, while the inclusion of extra (gauge) degrees of freedom in a field theory requires
extending the local symmetry group. These two facts are inevitably interconnected in gauge theories
of gravity.
In four dimensions, the set of tensor valued 1-forms Γ a b constitute 64 independent components
a
Γ bµ and are the potentials for the four-dimensional group of general linear transformations GL(4, <).
With the definition of the linear frame/coframe the arbitrary (general) non-degenerate linear
transformations of spacetime coordinates can be defined and Γ a b turn out to be the generators of
such a group of transformations. It has 16 generators, therefore we have 16 potentials which are
analogous to the Yang-Mills potentials of the SU (3) group. The associated field strength R a b is a tensor
valued 2-form field R a b = 12 R a bµν dx µ ∧ dx ν , corresponding to the curvature of the spacetime manifold,
which can be written explicitly as
R a b = dΓ a b + Γ a c ∧ Γc b .
(4)
The curvature 2-form has 16 × 6 = 96 independent components, given by
R a bµν = 2∂[µ Γ a b|ν] + 2Γ a c[µ Γc b|ν] .

(5)

The linear connection 1-form can be decomposed according to
1
Γ ab = Γ̃ ab + Nab = Γ̃ ab + Q ab + N[ ab] ,
2

(6)

where the Levi-Civita part of the connection, Γ̃ ab , obeys the Cartan structure equation dθ a + Γ̃ a b ∧ θ b = 0,
and N ab is the so-called distortion 1-form characterizing the post-Riemannian geometries. In particular,
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one finds that Q ab = 2N(ab) and T a = N ab ∧ θ b . If the linear connection obeys the condition Γ ab = −Γba ,
then it is called a Lorentzian connection (or spin connection) and corresponds to 24 independent
components. This is the case when the linear connection is the potential for the Lorentz group SO(1, 3)
(not the full linear group GL(4, <)). Accordingly, as we shall see later, the Lorentzian connection is the
linear connection of PGTG.
Though one can argue that the spacetime metric is not as fundamental as the affine connection
(and indeed a purely affine formulation of gravity is possible, see for example, Reference [31]), one can
introduce it in order to measure time and space intervals as well as angles. Thus, let us define
the Lorentzian metric as the (0, 2) tensor g = gab θ a ⊗ θ b , where a, b = 0, 1, 2, 3 are anholonomic
indices, and the spacetime metric components in the coordinate frame are given by gµν = θ a µ θ a ν gab .
The Lorentzian metric gab is the metric of the tangent space required to compute the inner product
between anholonomic vectors and make a map between these vectors and the corresponding
dual co-vectors vb = gab v a . As for the spacetime metric gµν , it establishes maps between the
contravariant components of vectors and the covariant components of the corresponding dual covectors
in the coordinate (holonomic basis), and defines the inner products g(u, v) = gαβ uα v β = uα v β .
Therefore, the spacetime metric can be seen as the deformation of the Lorentzian (tangent space)
metric according to gµν = Ω ab µν gab , with Ω ab µν ≡ θ a µ θ a ν being a deformation tensor. Since the
tangent space has a pseudo-Euclidean geometry, then if the spacetime manifold has non-Euclidean
geometry the deformation tensor has to vary from point to point. From now on we consider
geometries where the spacetime metric is symmetric gαβ = g βα , non-degenerate, g = det( gµν ) 6= 0,
and determines the local line element ds2 = gαβ dx α dx β with a Lorentzian signature (±2). As for
the metric gab , it is possible to see it as a kind of potential whose corresponding field strength,
Q ab = Dgab = dgab + Γca ∧ gcb + Γcb ∧ gac = 2Γ(ab) , is a tensor valued 1-form Q ab = Q abµ dx µ with
10 × 4 = 40 independent components Q abµ . This field strength corresponds to the non-metricity
tensor valued 1-form and one concludes that, if the connection is non-Lorentzian (Γ ab 6= −Γba ),
then non-metricity is non-vanishing.
In (pseudo) Euclidean geometries such as that of Minkowski spacetime, there is always a
coordinate system where the components of the connection (the Christoffel symbols) and their
derivatives vanish, whereas in a (pseudo) Riemann geometry with non-vanishing curvature, one can
find a local geodesic system of coordinates where the connection vanishes and the metric is given by
the Minkowski metric (a freely falling frame), but the derivatives of the connection cannot be set to
zero. In such geometries the so-called Levi-Civita connection and the metric are fundamentally related
and thus not independent from each other. Indeed, in such a case the metricity condition (vanishing of
the covariant derivatives of the metric) holds, implying that the connection is proportional to the first
derivatives of the metric (recall that the Levi-Civita connection is the only symmetric connection that
obeys the metricity condition) and as such, in GR, the presence of a physical gravitational field is traced
to the non-vanishing of the second derivatives of the metric. The Weyl part of the Riemannian curvature
is not absent in a freely falling frame, which translates into tidal effects. But both the symmetry of a
connection and the metricity condition can be relaxed leading to more general geometries with torsion
and non-metricity respectively, as we shall see next.
2.2. The Decomposition of the Affine Connection
We are now ready to bring here the well known result that any affine connection can be
decomposed into three independent components. In holonomic (coordinate) components they are
expressed as
Γλ µν = Γ̃λ µν + K λ µν + Lλ µν ,
(7)
where Γ̃λ µν is the Levi-Civita connection associated to the Riemannian curvature
R̃αβµν = 2∂[µ Γ̃αν] β + 2Γ̃α[µ|λ| Γ̃λν] β ,

(8)
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λ ≡ Γλ , and is denoted contortion:
the term K λ µν is associated to torsion, Tαβ
[αβ]

K λ µν ≡ T λ µν − 2T(µ λ ν) ,

(9)

while the term Lλ µν is associated to non-metricity Qρµν ≡ ∇ρ gµν , and is called disformation:
Lλ µν ≡


1 λβ
g
− Qµβν − Qνβµ + Q βµν .
2

(10)

This decomposition naturally highlights the metric-affine character of the most general
spacetime geometry, made up of curvature, torsion and non-metricity. Let us briefly analyze each
component separately.
2.2.1. Curvature
In an holonomic basis the curvature of a connection has the 96 independent components
Rαβµν = ∂µ Γαβν − ∂ν Γαβµ + Γαλµ Γλβν − Γαλν Γλβµ .

(11)

Consider at some point P of the manifold the vectors U = d/dλ and V = d/dσ, tangent to two
curves intersecting at P, where λ and σ are some respective affine parameters labelling each curve.
Since the curvature tensor is of (1, 3) type, it can be applied (contracted) to U and V and then to some
other vector field Z, which yields the resulting vector field
R(U, V ) Z = ∇U ∇V Z − ∇V ∇U Z − ∇[U,V ] Z ,

(12)

where [U, V ] = £U V represents the Lie derivative (of V with respect to U). To clarify its geometrical
meaning, let us consider an infinitesimal closed loop, with dsµν being the surface element spanned by
such a loop. After a parallel transport of some vector v along the loop, it is found that the initial and
final vectors do not coincide: there is a rotation with a difference vector
δvα ≈ Rαβµν v β dsµν .

(13)

Therefore, the parallel transport of a vector induces a rotation driven by curvature. For further
reference let us also introduce here the homothetic curvature tensor, defined as
gαβ Rαβµν = Rααµν ≡ Ωµν ,

(14)

which shall be useful later. The curvature can be decomposed into eleven irreducible components.
In the language of forms, six of these belong to the antisymmetric part of the curvature 2-form
R[ ab] (36 components) while the other five constitute the symmetric part R(ab) (60 components),
which vanishes in the absence of non-metricity.
2.2.2. Torsion
The torsion tensor can be introduced in holonomic coordinates as the antisymmetric part of the
affine connection Γα[ βγ] . It has 24 independent components given by
T αβγ ≡ Γα[ βγ] .

(15)

If we apply it to the vectors U and V we obtain the new vector field
T (U, V ) = ∇U V − ∇V U − [U, V ] .

(16)
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This expression allows to visualize the geometrical effect of torsion. Indeed, starting from a
given point on the manifold and parallel-transporting V along the (integral curve of) U, through an
infinitesimal distance, and doing the complementary trip with U, that is, parallel-transporting it
along V, the expected parallelogram does not close if the manifold has a non-vanishing torsion.
The two end points are separated from each other by a (spacetime) translation, given by
ξ α ≈ 2T αµν dsµν .

(17)

The torsion field has three irreducible pieces completing the 24 independent components,
T λµν = T̄ λµν + 23 δ[λν Tµ] + gλσ eµνσρ T̆ ρ , where the traceless tensor (16 components) obeys T̄ λµλ = 0 and
eλµνρ T̄µνρ = 0, while Tµ is the trace vector and T̆ λ ≡ 16 eλαβγ Tαβγ the pseudo-trace (axial) vector.
2.2.3. Non-Metricity
In holonomic coordinates the non-metricity tensor can be defined as the covariant derivative of
the spacetime metric g βγ . It has 40 independent components
Qαβγ = ∇α g βγ .

(18)

The trace-vector part Qµ ≡ Qµαα is the only non-vanishing part of non-metricity in a Weyl
geometry (e.g., Riemann-Weyl or Cartan-Weyl, to be discussed later), known as the Weyl co-vector.
It is actually related to the homothetic curvature (14) via the equation
Ωµν = −


1
∂µ Qν − ∂ν Qµ .
2

(19)

After the parallel transport of a vector along an infinitesimal closed loop, there is a change in
length given by
δl ≈ l (v)Ωµν dsµν .
(20)
Indeed, if Qµ is the only non-vanishing part of Qαβγ , then ∇α g βγ ∼ Qα g βγ and the norm of
vectors change due to this Weyl co-vector as

∇ ν (V 2 ) ∼ Q ν V 2 ,

V 2 = g βγ V β V γ .

(21)

Therefore, under the presence of non-metricity the parallel transport of a vector involves a change
on its length.
From the definition of the non-metricity tensor, one can derive the following Bianchi
identity-type relation:
∇[µ Qν]αβ = − R(αβ)µν + Qλαβ T λµν .
(22)
Therefore, if Qαβγ 6= 0 then R(αβ)µν 6= 0. The quantity R(αβ)µν can be identified as the
non-Riemannian part of the curvature, and its related to a non-Lorentzian linear connection and
the breaking of Lorentz invariance. Finally, non-metricity can be decomposed into its trace-vector part
and the traceless tensor part Q̄αβγ , according to Qαβγ = Q̄αβγ + 14 g βγ Qα . In the language of forms,
the latter can be further decomposed into a shear co-vector and a shear 2-form part in such a way that
at the end of the day the tensor valued non-metricity 1-form has four irreducible pieces with respect to
the Lorentz group.
To summarize the geometrical interpretation of the three pieces of the connection, one can say
that they are associated to changes in the properties of a vector when parallel-transported: curvature
yields a rotation, torsion a non-closure of its parallelograms, and non-metricity a change on its length.
In turn, these geometrical interpretations have a deep impact in the physical models built upon any
such pieces, as we learned decades ago from the physics of solid state systems with defects [32].
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2.3. A Brief Note on the Conformal and Metric Structures of Spacetime Geometry
Important developments in geometrical methods in field theories suggest that the spacetime
metric might not be considered as a fundamental field. In fact, the conformally invariant part of the
metric can be derived from local and linear electrodynamics [33–37]. The pre-metric approach to
electrodynamics give fully general, coordinate-free, covariant inhomogeneous equations
dH = J ,

(23)

dF = 0 ,

(24)

and homogeneous field equations
from charge conservation and magnetic flux conservation, respectively. Since there is no metric
involved, electrodynamics is not linked to a Minkowski spacetime at a fundamental level. In order to
close the system the postulate on the constitutive relations H = H ( F ) is required which, in vacuum,
can be interpreted as constitutive relations for the spacetime itself [38]. On the other hand, linear,
local and homogeneous constitutive relations H = λ ? F introduce the spacetime metric4 , which is
µν
also involved in the more general linear-type relations Hαβ = καβ Fµν . Since the excitation H and
µν

the field strength F are 2-forms, the tensor καβ has 36 independent components characterizing the
electromagnetic (propagation) properties of spacetime.
From pre-metric electrodynamics plus linear, local, homogeneous constitutive relations, one can
derive the conformally invariant part of the spacetime metric. Once the propagation of electromagnetic
fields is considered and the geometrical optics limit is taken, one finds a quartic Fresnell surface which
becomes a quadratic surface under the imposition of zero birefringence (double refraction) in vacuum.
This quadratic surface defines the light-cone. Therefore, pre-metric electrodynamics, together with
linear, local, homogeneous constitutive spacetime-electromagnetic relations and zero birefringence,
gives the spacetime metric up to a conformal factor. The conformally invariant part of the metric
(the causal structure) is derived from linear electrodynamics.
We can conclude this part by stating that the resulting light cone or causal-electromagnetic
structure is a conformal geometry with local conformal symmetries associated to the light cone at each
spacetime point. In such a geometry, if one parallel-transports one light cone from a given point to a
neighbouring point, it will be deformed according to the non-metricity tensor, which is linked to the
existence of a non-Lorentzian linear connection (Γ ab 6= −Γba ). This alone is sufficient to break Lorentz
symmetry. One sees very clearly that, in addition to the metric not being fundamental, there is a
primacy of the conformal (over the metric) structure, which itself is an electromagnetic derived quantity.
Moreover, electrodynamics is fundamentally connected to the conformal geometrical structure (and to
the conformal group), but neither to the Poincaré/Lorentz group nor to Minkowski spacetime.
3. Metric-Affine Formalism and Classical Spacetime
3.1. A Brief Outlook on Metric-Affine Gravity
Let us now summarize the fundamental structures of spacetime and their relation to symmetry
groups. We have the fundamental 1-forms, the linear co-frame θ a and the linear connection Γ a b ,
which are the potentials for the 4-dimensional translations T (4) and the general linear GL(4, <) groups,
respectively. The corresponding field strengths correspond to well known objects from differential
geometry, namely, the torsion T a = Dθ a = dθ a + Γ a b ∧ θ b and curvature R a b = dΓ a b + Γ a c ∧ Γc b
2-forms, respectively. The metric is introduced as the 0-form potential with the corresponding field

4

In d dimensions the Hodge star operator maps p-forms to (d − p)-forms.
λ√
αλ βγ
2 − gg g eµναβ Fλγ .

In components we get Hµν

=
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strength being the non-metricity 1-form Q ab = Dgab . The linear frame establishes a link between the
(symmetries on the) local tangent fibers and the spacetime manifold while the linear connection can
be viewed as a guidance field reflecting the inertial character for matter fields propagating on the
spacetime manifold. Finally, the metric allows the determination of spatial and temporal distances
and angles. The spacetime geometry with all these structures is called a metric-affine geometry (MAG),
with non-vanishing torsion, curvature and non-metricity, and its fundamental local group of spacetime
symmetries is the affine group A(4, <) = T (4) o GL(4, <), which is the semi-direct product of the
group of translations and the general linear group.
A truly independent linear connection is given by the decomposition in (6) that is useful to analyse
the relation between non-Lorentzian metrics, the breaking of Lorentz invariance and the presence of
non-metricity. Since Q ab = 2N(ab) , if non-metricity is zero, then the connection is Lorentzian and the
spacetime geometry is the RC one with curvature and torsion. Such a spacetime is fundamentally
linked to the local symmetry group of Poincaré transformations P(1, 3) = T (4) o SO(1, 3), which is
the semi-direct product between the translations T (4) and the Lorentz group SO(1, 3). As one can see
from the expressions for the field strengths (torsion and curvature), the connection also enters in the
expression for the field strength of the co-frame. This term is unavoidably present and is due to the
semi-direct product5 structure of the Poincaré group (or the affine group) and, therefore, curvature and
torsion are somehow intertwined.
In the self-consistent metric-affine formalism, the gravitational interaction is described as a gauge
theory of the affine group A(4, <), together with the assumption of a metric, with the potentials (θ a , Γ ab )
coupled to the corresponding Noether currents (τ a , ∆ a b ). The latter are the vector-valued canonical
energy-momentum τ a = δLmat /δθ a and the tensor-valued hypermomentum ∆ ab = δLmat /δΓ ab 3-form
currents6 , respectively, while the metric gab couples to the symmetric (Hilbert) energy momentum
Tab = 2δLmat /δg ab . The hypermomentum can be decomposed according to the expression
1
¯ ab ,
∆ ab = s ab + gab ∆c c + ∆
4

(25)

¯ ab currents. The Noether currents are
including the spin s ab = −sba , the dilatation ∆c c , and the shear ∆
the fundamental sources of MAG. A truly independent connection in MAG can be written as


1
1
Γ ab = Γ[ ab] + g ab Γc c + Γ ab − g ab Γc c ,
4
4

(26)

1 ab c
1
g Γ c and the shear part Γ ab − g ab Γc c .
4
4
The Lorentzian connection couples to the spin current and the trace and shear parts couple
to the dilatation and shear currents, respectively. As previously said it is the non-Lorentzian
part of the connection that imply the non-vanishing of non-metricity, therefore, the dilatation
and shear hypermomentum currents are intimately related to the non-metricity of metric affine
spacetime geometry.
The variational principle is applied to the action of this theory (including the gravitational part
and the matter Lagrangian) by varying it with respect to the gauge potentials of the affine group,
(θ a , Γ ab ). This leads to two sets of dynamical equations, while a third set of equations is obtained by
varying the action with respect to the metric potential gab . At the end, the dynamics is described
only via two sets of equations, since the gravitational equation obtained by varying with respect to
including the Lorentzian piece Γ[ ab] , the trace part

5
6

The semi direct product implies that the generators of T (4) and GL(4, <) (or SO(1, 3)) do not commute.
These currents can be represented as 1-forms or as 3-forms. In fact, in the gauge approach to gravity they emerge naturally
from Noether equations as 3-forms, being natural objects for integration over volumes. As 1-forms one can write τ a = τ aµ dx µ
and ∆ a b = ∆ a bµ dx µ . This map between 3-form or 1-form representation is related to the fact that in d-dimension a k-form
has

d!
k!(d−k)!

independent components. In four dimensions both 3-forms and 1-forms have four independent components.
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the metric potential or the one obtained by variation with respect to the translational potential can
be dropped out, as long as the other gravitational equation (derived from variation with respect to
the linear connection) is fulfilled. This procedure and the fundamental quantities and relations here
exposed summarizes the basics of the MAG formalism.
3.2. Classical Spacetime Paradigms
We now revise some important classical spacetime paradigms, which play a fundamental role in
the formulation of gravitational theories.
3.2.1. Minkowski Spacetime—M4
This is a pseudo-Euclidean geometry with vanishing curvature, torsion and non-metricity. It has
global/rigid Poincaré symmetries and a globally absolute causal structure. For inertial reference
systems the connection vanishes. The inertial frame and the inertial properties of matter are defined
with respect to this absolute spacetime. In particular, the mass and spin of particles can be considered
to be intrinsic to particles and are classified with the help of the Casimir operators using the irreducible
representations of the Poincaré group.
3.2.2. (Pseudo)Riemann Geometry of GR—V4
A post-Euclidean geometry with curvature and vanishing torsion and non-metricity. It obeys local
Lorentz symmetries and in local geodesic frames the (Levi-Civita) connection vanishes but (the Weyl
part of) curvature is non-zero. The causal structure ds2 = 0 is locally invariant under local Lorentz
symmetries. The inertial properties of matter are locally defined with respect to absolute spacetime.
3.2.3. Riemann-Cartan Geometry—U4
This geometry has curvature and torsion but zero non-metricity, therefore the connection is
Lorentzian (spin connection). It obeys local Poincaré P(1, 3) symmetries and the causal structure is
locally invariant under such a group. The inertial properties of matter are locally defined with respect
to absolute spacetime. The corresponding curvature and its contractions (Ricci tensor and Ricci scalar
in the RC geometry) are given by the expressions
Rαβµν

=

˜ µ Kα − ∇
˜ ν Kα + Kα Kλ − Kα Kλ
R̃αβµν + ∇
βν
βµ
λµ βν
λν βµ

R βν

=

˜ α Kα − ∇
˜ ν Kα + Kα Kλ − Kα Kλ ,
R̃ βν + ∇
βν
βα
λα βν
λν βα

=

˜
R̃ − 2∇

R

λ

K αλα

+g

βν

(K αλα K λβν

− K αλν K λβα )

(27)

,

respectively. The curvature tensor obeys the following first and second Bianchi identities

∇[γ Rαβ|µν]
Rα[ βµν]

= 2Rαβλ[µ T λνγ] ,
=

−2∇[ν T αβµ]

+ 4T αλ[ β T λµν] .

(28)
(29)

These relations can be deduced from the corresponding expressions in terms of the curvature and
torsion 2-forms, namely7
DR a b = 0,
DT c = Rc d ∧ θ d .
(30)
The anholonomic or frame indices are also called symmetry indices since they are related to the
tangent fibers where the local spacetime symmetries are characterized. In this case these are known
also as Lorentz indices. Spin connections are related to rotations (two Lorentz indices) and the tetrads

7

Here DR a b = dR a b + Γ a c ∧ Rc b + Γc b ∧ R a c and DT c = dT c + Γc d ∧ T d .
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or co-frames are related to translations (one Lorentz index). The same is valid for the corresponding
field strengths. The symmetry indices have a direct link to geometrical interpretations via the strong
relation between group theory and geometry. Two symmetry indices for curvature means that it
is related to rotations, and one symmetry index for torsion means that it is related to translations.
On the other hand, since both curvature and torsion are represented by 2-forms, as geometrical objects
these are therefore connected to 2-surfaces. One can thus say that Cartan pictured a RC geometry by
associating to each infinitesimal surface element a rotation and a translation.
The components of the curvature and torsion 2-forms in terms of the tetrads and spin
connection are
R abµν
T aµν

= ∂µ Γ abν − ∂ν Γ abµ + Γ acµ Γcbν − Γ adν Γdbµ ,

(31)

= ∂µ θ aν − ∂µ θ aν + Γ abµ θ bν − Γ abν θ bµ ,

(32)

respectively. On the other hand, the components of the 1-form spin connection
Γ abν = Γ̃ abν + K abν ,

(33)

where K abµ are the components of the contortion 1-form, are related to the holonomic (spacetime)
components of the affine connection through the relations
Γ abν

= θ aµ ∂ν eb + θ aµ Γ βν eb

(34)

Γλνµ

= eaλ ∂µ θ aν + eaλ Γ abµ θ bν .

(35)

µ

µ

β

Since the connection characterizes the way the linear frame/co-frame changes from point to point,
these relations can be deduced from the equation
∂ν eb + Γ βν eb ≡ Γcbν ec ,
µ

µ

β

µ

(36)

which expresses the fact that the total covariant derivative of the tetrads with respect to both
µ
µ
β
µ
holonomic and anholonomic (Lorentz) indices is vanishing, that is, ∂ν eb + Γ βν eb − Γcbν ec = 0 and
∂µ θ aν − Γ νµ θ aβ + Γ abµ θ bν = 0. By changing from one spacetime point to another in the frame/coframe,
β

the tetrads also change. The new tetrads ēb can be expressed in terms of the original ones as ēb = Λba ea ,
and by using the relations
µ

µ

ηab = ea ebν gµν ,

µ

gµν = θ aµ θ bν ηab ,

p

− g = det(θ aµ ),

µ

(37)

one can show that Λba are Lorentz matrices, that is, the tetrads undergoes a Lorentz rotation under the
motion from one spacetime point to another. For that reason, the linear connection, which characterizes
the change in the frame/co-frame, is called Lorentzian or spin connection. As previously said, the six
Lorentzian connections are the potentials associated to the generators of the Lorentz group.
µ
The matrices ea and their inverses, which establish a correspondence between the local spacetime
metric and the Minkowski metric on the tangent/cotangent planes, constitute a map between
holonomic and anholonomic bases. For example, for vectors
vµ = v a ea ,
µ

vb = vν θ bν ,

hµ = h a θ aµ ,

hb = hν ebν .

(38)

Since the tangent and co-tangent spaces, Tp (M) and Tp∗ (M), change while moving from one
point on the manifold to another, the notion of covariant derivative is extended for quantities with
Lorentz indices. This is done with the spin connection. For (Lorentz) vectors and co-vectors we have
s

∇µ v a = ∂µ v a + Γ abµ vb ,

s

∇ν hc = ∂ν hc − Γdcν hd .

(39)
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The anholonomic basis ea and θ b also characterize the local spacetime symmetries in the tangent
fibers, since the local symmetry group algebra is implicit in the relations

[ea , eb ] = f cab ec ,

f cab = ea ebν (∂ν θ cµ − ∂µ θ cν ),
µ

(40)

where the (group) structure constants f abc are known as Ricci rotation coefficients.
In RC geometry the affine (self-parallel) geodesics differ, in general, from the extremal geodesics
and are given by
duα
+ Γαβγ u β uγ = 0
ds

⇔

duα
+ Γ̃αβγ u β uγ = −K α( βγ) u β uγ ,
ds

(41)

respectively, where uα are the components of the (4-velocity) tangent vector to the curve. However,
in the RC spacetime matter particles with vanishing intrinsic spin are insensitive to the non-Riemannian
part of the geometry and, therefore, to torsion. Such particles follow the extremal paths computed
from the Levi-Civita connection. Moreover if torsion is completely antisymmetric, as in the case
of ECSK theory, then K α( βγ) = 0 and the extremal and self-parallel geodesics coincide. In any case,
the appropriate evaluation of the motion of particles with intrinsic spin (fermions) in a RC spacetime
should be performed from an analysis of the corresponding Dirac equation and then proceeding with
a classical approximation, for instance, using a WKB method.
As we mentioned before, since curvature and torsion are 2-forms, one can imagine the RC
geometry as having at each point an associated infinitesimal surface element with a rotational
(curvature) and translational (torsion) transformation. The picture of a RC manifold with a discrete
structure can naturally emerge from imposing a finite minimum surface element (rater than
infinitesimal elements), which would imply, to some extent, that torsion and curvature would become
quantized. Indeed, as we shall see, the mathematical methods of Cartan’s exterior calculus (differential
forms) within gauge theories of gravity contribute to clarify the appropriate physical degrees of
freedom and mathematical objects that should be quantized in a quantum (Yang-Mills) gauge theory
of gravity. This procedure, in this formalism of forms, can be done in a metric-free (pre-metric) way,
avoiding the difficulties often found in perturbative approaches that require some (well behaved)
background (spacetime-vacuum), with respect to which the perturbations can be defined. Since any
such gravity theory should be (metric) background independent, this is usually a huge problem,
since the background is also the very thing one would like to quantize and should come as a solution
of the dynamical equations. Gravity in exterior forms can shed some light on this challenge, at least
by establishing a metric-independent framework and a well identified set of canonically conjugate
variables to be quantized. As we shall see later, in Yang-Mills type of gauge theories of gravity this
will not require the full metric structure, but only the conformally invariant part of the metric, that is
the conformal-causal structure. The latter is introduced via the Hodge star operator in the constitutive
relations between the field strengths and the conjugate momenta.
3.2.4. Riemann-Weyl Geometry—W4
This is the spacetime geometry implicit in Weyl’s gauge theory for unifying gravity and
electromagnetism by extending the local Lorentz symmetries to include dilatations. It has curvature
and (the trace-vector part of) non-metricity but vanishing torsion, and it obeys local symmetries under
the Weyl group W (1, 3), which includes the P(1, 3) group and dilatations. The causal structure is
locally invariant under the W (1, 3) group, but the spacetime (metric) is not absolute, changing under
dilatation-type of coordinate transformations. Accordingly, the inertial properties of matter cannot be
defined with respect to an absolute metric structure. One may postulate that matter is endowed with
conformally-invariant physical properties.
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The Weyl connection is given by Γαβν = Γ̃αβν + qαβν , where the distortion tensor in this case is
related to the Weyl co-vector Qµ ≡ Qµλ λ as
qαβν ≡

1 α
(δ Qγ + δγα Q β − Qα gβγ ) ,
2 β

(42)

while the curvature of the Weyl connection is given by
˜ µ qα − ∇
˜ ν qα + qα qλ − qα qλ .
Rαβµν = R̃αβµν + ∇
βν
βµ
λµ βν
λν βµ

(43)

The Weyl co-vector is the trace vector part of the non-metricity and, therefore, there are
scale (dilatations) type of distortions in the geometry, implicit in the relation ∇α g βγ ∼ Qα g βγ
and, as previously mentioned, the length of vectors change in this geometry as ∇ν (V 2 ) ∼ Qν V 2 .
Weyl identified the Weyl co-vector as the electromagnetic 4-potential, and the previously defined
homothetic curvature (14) as the electromagnetic Faraday tensor. We stress that the pre-metric
foundations of electrodynamics indeed show the deep connection between electromagnetism and
conformal geometry and conformal symmetries, which presuppose a natural framework for the
breaking of Lorentz symmetry.
3.2.5. Riemann-Cartan-Weyl Geometry—Y4
This is a generalization of the Weyl geometry by including torsion, which is therefore the
appropriate manifold for the Weyl gauge theories of gravity. Only matter with hypermomentum (25),
that includes the spin current and the dilatations current, can be sensitive to torsion and to the
(Weyl-covector part of) non-metricity.
3.2.6. Metric-Affine Geometry (L4 , g)
This is the richest kind of geometry considered here, having non-vanishing curvature, torsion and
non-metricity. The natural symmetry group is the affine group A(4, <). The affine connection can be
written as Γαβν = Γ̃αβν + N αβν , where the distortion tensor N αβν = K αβν + Lαβν includes both contortion
and disformation, as described in Section 2.2. The curvature can be written as
˜ µ Nα − ∇
˜ ν Nα + Nα Nλ − Nα Nλ ,
Rαβµν = R̃αβµν + ∇
βν
βµ
λµ βν
λν βµ

(44)

¯ µ Lα − ∇
¯ ν Lα + Lα Lλ − Lα Lλ ,
Rαβµν = R̄αβµν + ∇
βν
βµ
λµ βν
λν βµ

(45)

or, alternatively, as

¯ µ are the curvature and covariant derivative of a Riemann-Cartan connection.
where R̄αβµν and ∇
The above discussion represents just a quick excursion in the affinesia world8 , where different
geometries emerge depending on the pieces of the connection one decides to keep/remove. In the next
section, we shall draw our attention to the gauge formulation of gravity and its relation to all these
spacetime geometries.
4. Gauge Theories of Gravity
The gauge approach to gravity broadens our study of the deep relation between symmetry
principles (group theory) and geometrical methods. Of special relevance for our analysis is the
PGTG class, which constitutes a promising candidate for an appropriate description of classical gravity

8

This anecdotal notion was first coined by José Beltrán-Jiménez in one of his talks about the trinity of gravity [39].
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including post-Einstein strong-field predictions. In order to present the structure of the gauge approach
to gravity, it is useful first to revisit the Weyl-Yang-Mills formalism for gauge fields.
4.1. The Weyl-Yang-Mills Formalism
The gauge approach to Yang-Mills fields follows from two major steps, the rigid (global)
symmetries of a physical system described by a matter Lagrangian, and the localization (gauging) of
those symmetries.
In the first step one considers rigid (global) symmetries as follows:
•
•
•

Start with a field theory: Lm = Lm (Ψ, dΨ) of some matter fields Ψ.
The matter Lagrangian is invariant under some internal symmetry group, described by a
(semi-simple) Lie group with generators Ta .
Noether’s first theorem implies a conserved current: dJ = 0.

In the second step the localization (gauging) of the symmetries is performed according to the
following procedure:
•
•
•
•
•

•

The symmetries are described on each spacetime point introducing the compensating (gauge)
field A = Aµa Ta dx µ .
This is a new field that couples minimally to matter and represents a new interaction.
To preserve the symmetries this gauge potential A transforms in a suitable way allowing to
construct a (gauge) covariant derivation dΨ −→ DΨ = (d + A)Ψ.
The Lagrangian includes this minimal coupling between the matter fields and the gauge potential
L(Ψ, dΨ) −→ L(Ψ, DΨ).
The gauge potential acts on the components of the matter fields defined with respect to some
reference frame. Geometrically, it is the connection of the frame bundle (fiber bundle) related to
the symmetry group.
The conservation equation is generalized as dJ = 0 → DJ = 0.

In order for A to represent a true dynamical variable with its own degrees of freedom,
the Lagrangian of the theory has to include a kinetic term, representing the new interaction
L = Lm + L A . The invariance of L A is secured by constructing it with the gauge invariant field
strength F = DA = dA + A ∧ A which, geometrically, can be interpreted as the curvature 2-form of
the fiber bundle. Note that to have second order (on A) inhomogeneous Yang-Mills field equations,
one must choose L A = L A ( F ).
Written in terms of exterior forms, the inhomogeneous Yang-Mills equations for the gauge
potential are
DH = J ,
(46)
where H = ∂L/∂F is the excitation 2-form, and J = ∂Lm /∂A is the conserved Noether current,
which acts as a source for the potential. Here, DH ≡ dH + A ∧ H. The homogeneous field equation
corresponds to a Bianchi identity, obtained from the derivation of the potential twice, namely
DF = 0

⇔

dF = − A ∧ F .

(47)

Note also that the equation for the conservation of the Noether current is generalized via the
gauge covariant exterior derivative
DJ = 0

⇔

dJ = − A ∧ J .

(48)

For non-abelian groups the gauge field contributes with an associated (“isospin”) current, − A ∧ H.
In such a case dJ 6= 0, and the (gauge) interaction field is charged, unlike the case of abelian groups,
such as the U (1) group of electromagnetism.
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In order to have a wave-like inhomogeneous Yang-Mills (quasi-linear) equation, and paralleling
the case of electromagnetism, L can depend quadratically with F at most and, therefore, H must
depend linearly, for instance as H = H ( F ) = α ? F. The Yang-Mills inhomogeneous equations then
turn into
D ? F = d ? F + A ∧ ? F = α −1 J ⇔ d ? F = α −1 ( J + J A ),
(49)
where J A ≡ −αA ∧ ? F. In this formalism one can see the clear analogies between classical mechanics
and Yang-Mills field theory, which we summarize in Table 1. In particular, it is clear that the
field strength F is the generalized velocity while the excitation H is the conjugate momentum.
The constitutive relation H ( F ) is implicit in the Lagrangian formulation and corresponds in perfect
analogy to the functional relation between generalized velocities and conjugate momenta of classical
mechanics. As an extension of these analogies, one is naturally led to identify the appropriate pairs of
canonically conjugate variables that should be quantized in the corresponding (canonical) quantum
field theory (see Table 2).
Table 1. The analogies between classical mechanics, Yang-Mills field and gravity-Yang-Mills theory in
the language of exterior forms.
Gravity Yang-Mills

Yang-Mills
L = L( A, DA)

Classical Mechanics
L = L(q, q̇)

(Γba , ϑ a )

A

q

Rba = DΓba
T a = Dϑ a


∂L
D ∂R
− ς ab = s ab
ab


∂L
D ∂T a − π a = τa


∂L
Hab = ∂R
 ab
∂L
Ha = ∂T
a

F ≡ DA

q̇

Configuration
variables
Generalized velocities

Lagrange equations

Conjugate momenta

Constitutive relations

(Γba , Hba )

H=

(ϑ a , H a )

H≡
∧ Hab
∧ Ha − L(Γ, ϑ, R, T )
R ab = R ab ( H ab , H a )
T a = T a ( H ab , H a )

Hamilton equations

R ab

+ Ta

DΓ ab =
Dϑ a

=

∂H
∂Hab
∂H
∂Ha

ef f

H
DHab = − ∂∂Γ
ab

DHa = −



∂L
∂F

J=

H ab = H ab ( R ab , T a )
H a = H a ( R ab , T a )
H ab ∼ ? R ab
H a ∼ ? T a (linear)

Canonical variables
Hamiltonian

D

∂He f f
∂ϑ a



d
dt

=J



∂L
∂q̇



=

∂L
∂q

∂Lm
∂A

∂L
∂DA

=

∂L
∂F

p = ∂∂Lq̇

H = H ( F)
H ∼ ? F (linear)

p = p(q̇)

( A, H )

(q, p)

H ≡ F∧H−L
F = F( H )

H ≡ q̇p − L(q, q̇)
q̇ = q̇( p)

H
DA = F = ∂∂H

DH =

Hm
− ∂∂A

d
dt q

=

∂H
∂p

d
dt p

H
= − ∂∂q

=J

Table 2. The analogies between canonical quantization in quantum mechanics and in the exterior
calculus approach to Yang-Mills theories and gauge theories of gravity (à la Yang-Mills).
Gravity Yang-Mills
Ĥ = Ĥ(Γ̂ ab , ϑ̂ a , Ĥ ab , Ĥ a )
Quantum operators
Commutation relations

Γ ab → Γ̂ ab
H ab → Ĥ ab

[Γ̂ ab , Ĥ ab ] 6= 0

ϑ a → ϑ̂ a
H a → Ĥ a

[ϑ̂ a , Ĥ a ] 6= 0

Yang-Mills
Ĥ = Ĥ( Â, Ĥ )

Quantum Mechanics
Ĥ = Ĥ(q̂, p̂)

A → Â
∂
H → Ĥ ∼ −i ∂A

q → q̂
d
p → p̂ = −i} dq

[ Â, Ĥ ] 6= 0

[q̂, p̂] = −i}

4.2. The Gauge Approach to Gravity
The question that arises now is whether we can apply the same procedure to gravity. The approach
of Yang, Mills and Utiyama went beyond the first ideas on gauge invariance introduced by Weyl.
In fact, while Yang and Mills [11] extended Weyl’s gauge principle to the SU (2) isospin rotations in an
attempt to describe nuclear interactions, Utiyama [12] extended the gauge principle to all semi-simple
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Lie groups including the Lorentz group and tried to derive GR from the gauging of the Lorentz group.
Although there is some validity in his approach and an undoubtedly importance of the Lorentz group
in GR, his derivation is not fully self-consistent to the formal structure of a gauge field theory. This is
mainly because the Noether conserved current of the Lorentz group is not the energy-momentum,
which Utiyama forced to be the source of gravity in order to obtain GR.9 Although these efforts did
not include gravity consistently, it revealed that, on a fundamental level, gauge symmetries lie at the
heart of modern field theories of physical interactions. Nevertheless, this gauge formalism eventually
returned to gravity when in the 60’s Sciama and Kibble localized the Poincaré group of spacetime
symmetries and in this way managed to show that gravity can also be consistently described as a gauge
theory. Indeed, the analogies with gauge Yang-Mills theories can be easily established, as summarized
in Table 3.
Table 3. The analogies between Yang-Mills fields and gravity-Yang-Mills theory in the language of
exterior forms.
Gravity Yang-Mills
L = L g + Lm
L g = L g ( g ab , ϑ a , DΓba , Dϑ a )

Yang-Mills
L = L A + Lm
L = L( A, DA)

gauge
potentials

(Γba , ϑ a )
1-forms

A
1-form

Field
strengths

Rba = DΓba
T a = Dϑ a

F ≡ DA

Symmetry
group

PGTG : SO(1, 3)o
T (4)
MAG : GL(4, <)o
T (4)

Noether currents
(sources)

PGTG :
s abµ canonical spin density, s ab ≡ δLm /δΓ ab
τ aµ canonical energy-momentum density, τa ≡ δLm /δϑ a
MAG :
∆ abµ Hypermomentum, ∆ ab ≡ δLm /δΓ ab
τµa canonical energy-momentum density, τa ≡ δLm /δϑ a

SU ( N )

Lm
J = ∂∂A

(elec. charge, isospin,...)

Excitations

PGTG :
Hab = −δL A /δR ab
Ha = δL A /δT a

H = −δL A /δF

Field equations

PGTG :
DHab − ς ab = s ab
DHa − π a = τa

DH = J

Bianchi identities

PGTG :
dRba + Γca ∧ Rcb = − Rca ∧ Γcb ( DRba = 0)
DT a = Rca ∧ ϑc

dF = − F ∧ A
(DF = 0)

One of the most remarkable features of the gauge approach to gravity is the intimate link between
group considerations and spacetime geometry. Non-rigid (local) spacetime symmetries require
non-rigid (non-Euclidian) geometries. Moreover, as previously mentioned, by extending the symmetry

9

From a gauge theoretical perspective, the Lorentz group is not the symmetry group of Einstein’s gravity. It became clear
some years later that the apropriate way to derive GR from a gauge principle is to consider it as a translational gauge theory
of gravity. This class of theories lives on a Weitzenböck spacetime geometry with torsion and vanishing curvature and
non-metricity. These geometries and its use in attempts for a unified classical field theory were worked out by Weitzenböck,
Cartan and Einstein, for example, during the first period of the so-called teleparallel formulation gravity (up to 1938).
A second period in the 60’s by Moller and others rekindled the interest in such theories which have more recently re-gained
much attention, particularly via its f ( T ) extensions (see e.g., Reference [40]).
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group one is led to extend the spacetime geometry as well and, in this way, post-Riemann geometries
have a natural place within gauge theories of gravity. For instance, while the translational gauge
theories (TGTG) include non-vanishing torsion but zero curvature and non-metricity, Poincaré gauge
gravity requires a RC geometry, and both Weyl(-Cartan) gauge gravity (WGTG) and conformal gauge
gravity (CGTG) live on subsets of the more general metric-affine geometry with curvature, torsion and
non-metricity. In particular, in WGTG the traceless part of the non-metricity vanishes. Both the
10-parametric Poincaré group and the 11-parametric Weyl group are non-simple, meaning that they
can be divided into two smaller groups (a non-trivial normal sub-group and the corresponding quotient
group) and the natural extension from the corresponding theories of gravity into one with a simple
group leads to CGTG. The 15-parametric conformal group C (1, 3) is simple (its only normal sub-groups
are the trivial group and the group itself), but this extension requires a generalization of Kibble’s gauge
procedure, due to the fact that although locally C (1, 3) is isomorphic to SO(2, 4) its realization in M4
(Minkowski spacetime) is non-linear [41].
The PGTG can further be extended into the de Sitter or anti-de Sitter (A)dS gauge theories of
gravity by localizing the SO(1, 4) or SO(2, 3) groups, respectively. Due to the fact that the (A)dS
space is a maximally symmetric space which can be embedded into 5-dimensional Minkowski space
(with two or one time coordinates for AdS or dS, respectively), its isometries obey Lorentz type of
algebra. Under a specific limit (by setting l → ∞, where l is a parameter of the group algebra),
the group goes into the Poincaré algebra. Depending on the choices of the Lagrangian, one can then
have explicit [42] or spontaneous [43] symmetry breaking from SO(2, 3) to SO(1, 3), for instance.
Another important class of extensions requires going beyond the Lie algebra by considering
the algebra with anticommutators, in order to arrive at the super-Poincaré group [44] containing
the usual Poincaré generators and proper supersymmetry (SUSY) transformations. These are
generated by a Majorana spinor which acts as the (anticommuting) generator of the transformations
between fermions and bosons. The simple (with one supersymmetry generator) AdS supersymmetry
generalizes the simple super-Poincaré algebra although it has the same generators, and it goes
back to the super-Poincaré algebra under the same limit as the AdS group goes back into the
PGTG. Further extensions include the consideration of a number 1 < N < 8 of supersymmetry
generators. The gauging of these super-algebras lead directly to the bosonic gravity sector and
therefore, supergravity (SUGRA) is an important class of supersymmetric gauge theories of gravity,
extremely relevant for unification methods of bosons and fermion by the link it establishes between
external (spacetime) symmetries and internal symmetries. In the self-consistent gauge approach,
this class of theories needs to take into account post-Riemannian spacetime geometries, although many
of the approaches have been done within the Riemannian geometry [24].
To illustrate the structure of the gauge approach to gravity we next consider the PGTG in
more detail.
4.3. The Gravity Yang-Mills Equations of Poincaré Gauge Theories of Gravity
By applying to gravity a similar procedure as that of the Yang-Mills approach to gauge fields,
one arrives at the mathematical structure of gauge theories of gravity. One starts with the (rigid)
global symmetries of a matter Lagrangian with respect to a specific group of spacetime coordinate
transformations, and the conserved Noether currents are identified. Then, by localizing (gauging) the
symmetry group, the gauge gravitational potentials are introduced as well as the gauge covariant
derivative and the respective field strengths, which are well known objects from differential geometry.
Indeed, the gauge potentials represent the generators of the local symmetry group and couple
to the respective conserved Noether currents, which act as sources of gravity. In practical terms,
the identification of the appropriate gauge field potentials comes from the requirement of covariance
of DΨ.
In PGTG the tetrads and the spin connection 1-forms are the gauge potentials, associated with
translations, T (4), and Lorentz rotations, SO(1, 3), respectively. Torsion and the curvature 2-forms are
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the respective field strengths. Torsion can be decomposed into 3 irreducible parts T a = T(a1) + T(a2) + T(a3) ,
made of a tensor part with 16 independent components, a vector part and an axial (pseudo) vector,
both with 4 independent components10 . As for the curvature, it has 36 independent components
which can be decomposed into 6 irreducible parts: Weyl (10), Paircom (9), Ricsymf (9), Ricanti (6),
scalar (1), and pseudoscalar (1). In addition, there are 6 generators in the Lorentz group with 6 potentials
(Γab = −Γba ) and 6 spin (Noether) currents (sab = −sba ). Analogously, there are 4 generators in the
group of spacetime translations, which entail 4 gauge potentials θ a and 4 conserved Noether currents τ a .
By constructing the gravitational Lagrangian with the curvature and torsion invariants, the potentials
are coupled to the Noether currents via 24 + 16 = 40 second order field equations.
Let us now build the different contributions of the matter and gravity fields to the PGTG. For the
former, we consider a matter Lagrangian Lm = Lm ( gab , θ c , DΨ) such that the covariant derivative
with respect to the RC connection, DΨ, allows it to be invariant under local Poincaré spacetime
transformations. There are two classes of Noether conserved currents: the canonical energy-momentum
tensor density, which is equivalent to the dynamical tetrad energy-momentum density, τa ≡ δLm /δθ a ;
and the canonical spin density, which is equivalent to the dynamical spin density, s ab ≡ δLm /δΓ ab .
These currents couple to the gravitational potentials, acting as sources of gravity, and obey generalized
conservation equations. As for the gravity sector in the action, it is constructed with the gauge-invariant
gravitational field strengths in the kinetic part associated with the dynamics of the gravitational degrees
of freedom.
The total Lagrangian density thus reads

L = LG ( gab , θ a , T a , R ab ) + Lm ( gab , θ a , DΨ) .

(50)

By varying this action with respect to the gauge fields of gravity (θ a , Γ ab ) and the matter fields
Ψ, we get the corresponding field equations. For the fermionic matter fields, the variational principle
δLm /δΨ = 0 leads to a generalization of the Dirac equation. As for the bosonic sector (gravity),
the inhomogeneous Yang-Mills equations in PGTG are
DHa − π a = τa ,

DHab − ς ab = s ab ,

(51)

where Ha = −∂LG /∂T a and Hab = −∂LG /∂R ab are the 2-form excitations (field momenta)
associated to torsion and curvature, and τa ≡ δLm /δθ a and s ab ≡ δLm /δΓ ab are the 3-form
canonical energy-momentum and spin currents. The 3-forms π a and ς ab can be interpreted as the
energy-momentum and spin of the gravitational gauge fields, respectively, defined as
π a ≡ ea y LG + (ea y T b ) ∧ Hb + (ea y Rcd ) ∧ Hcd ,

(52)

ς ab ≡ −θ[ a ∧ Hb] .

(53)

For a given theory, one only needs to compute the excitations, the source currents and the
gravitational currents from the Lagrangian density (50) and substitute directly in the inhomogeneous
Equation (51). Note that in this formalism of exterior forms these field equations are completely
metric-free, fully general and coordinate-free, with well defined gravitational energy-momentum
and spin currents. The PGTG have two sets of Bianchi identities, previously introduced as DRba = 0
and DT c = Rcd ∧ θ d , which are intrinsic to the geometrical structure of RC spacetime. Via the field
equations, these can be related to the generalized conservation equations for the energy-momentum
and the spin currents.

10

In the minimal coupling to fermions, only the axial vector torsion is involved.
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Regarding the constitutive relations in these theories, the 2-form excitations expressed in terms of
the field strengths (torsion and curvature), Ha = Ha ( T c , Rbd ) and Hab = Hab ( T c , Rbd ), represent two
sets of constitutive relations and are implicit in the Lagrangian formulation. These excitations are
in exact analogy to the canonically conjugate momenta of classical mechanics, while torsion and
curvature are the generalized velocities for the gravitational degrees of freedom represented by
the gauge potentials. These constitutive relations in vacuum can be interpreted as describing the
gravitational propagation properties of the spacetime physical manifold. It is via these relations
that the conformally invariant part of the metric is introduced, via the Hodge star operator for
instance. Moreover, in these relations the coupling constants of the theory are required in order
to adequately convert the dimensions of the field strengths (field velocities) to the excitations
(field momenta). As constitutive relations for the spacetime vacuum itself, one can postulate that
such coupling constants characterize physical properties of the spacetime manifold endowed with
gravitational geometrodynamics. This hypothesis is in clear analogy to the similar interpretation for
the electromagnetic properties entering in the corresponding constitutive relations (see Reference [38]
for further details).
4.3.1. Quadratic Poincaré Gauge Gravity
PGTG with Lagrangians quadratic in the curvature and torsion invariants have been investigated
within cosmology, gravitational waves, and spherical solutions, see for example, References [45–49].
The PGTG class is fundamental given the importance of the Poincaré symmetries in relativistic field
theories, and the most general quadratic Lagrangian (à la Yang-Mills) contains parity breaking terms
induced by the richer RC geometry with curvature and torsion [45]. It can be written as
L

=

i
3 
1 h
(I)
(I)
( a0 ηab + a¯0 θ a ∧ θb ) ∧ R ab − 2Λη − T a ∧ ∑ a I (? Ta ) + ā I Ta
2
2κ
I =1

6 
1
(I)
(I)
− R ab ∧ ∑ b I (? R ab ) + b̄ I R ab .
2ρ
I =1

(54)

The first term in the first line corresponds to the ECSK theory plus the Holst term ∼ (θa ∧ θb ) ∧ Rab ,
where ηab ≡ eb y ηa = ?(θa ∧ θb )11 . The second term corresponds to a cosmological constant. The second
line contains the terms quadratic in the torsion field strength and the index I = 1, 2, 3 runs over the
three irreducible pieces of torsion. In the third line we have the curvature quadratic terms and the
index I = 1, ..., 6 runs over the six irreducible pieces of curvature. The free parameters include the
2 + 6 + 12 = 20 (a, b) coefficients, plus the cosmological constant and the sometimes called “strong
gravity” parameter ρ. In this Lagrangian all terms with the coefficients with a bar a¯0 , ā I , b̄ I break the
symmetry under parity transformations. For specific choices and assumptions this Lagrangian includes,
for instance, GR itself, the teleparallel equivalent to GR, or the ECSK theory. In the latter, Dirac fermions
have axial-axial contact interactions (the Hehl-Data term) with a repulsive character, while in general
quadratic PGTG this contact spin-spin interaction is generalized by predicting a propagating interaction.
In particular, intermediating gauge bosons with spins s = 0, 1, 2 are predicted, which correspond to
massive or massless scalar, vector12 and tensor propagating modes, respectively. In these GW fields
there are odd parity (parity breaking) modes which could manifest themselves as signatures of chirality
in the GW cosmological backgrounds from the early Universe13 . Let us also note that in PGTG it is
possible to identify ghost-free Lagrangians which can also be quantized [50,51].

11
12
13

Here ηa = ea y η = ?θa is a 3-form and η = ?1 is the natural volume 4-form.
This is actually a torsion axial vector which couples to elementary particles.
For that, one needs non-planar detectors, 3-point correlation functions analysis and sufficient signal/noise ratio, besides a
clear distinction from other possible GW sources with a similar power spectrum signature.
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4.3.2. The Teleparallel Equivalent of GR
Choosing the Weitzenböck spacetime geometry for PGTG, which implies keeping only torsion
while setting both curvature and non-metricity to zero, it is possible to formulate a Lagrangian
quadratic in torsion subject to some specific restrictions (such as an appropriate choice for the
Weitzenböck connection). This theory can be formulated from a translational gauge theory of gravity
perspective. Heuristically, one gets in this case
Dα Tc

αγ

+ (...) ∼ κ 2 τc γ ,

(55)

or, in terms of the tetrads
2θ aµ + (...) ∼ κ 2 τ aµ ,

(56)

where the missing terms on the left-hand side are non-linear terms, and 2 is a d’Alembertian operator.
The last equation resembles its GR counterpart, 2gµν + ... ∼ κ 2 Tµν , and it turns out that both equations
yield the same gravitational phenomenology for matter described by fundamental scalar or Maxwell
fields, where the canonical τµν and the dynamical (Einstein-Hilbert) Tµν energy-momentum tensors
coincide. For fermions the theories are not fully equivalent. It is interesting to point out that the
quadratic (in torsion) Lagrangian of this teleparallel equivalent of GR (TEGR) is locally Lorentz
invariant and equivalent to the Hilbert-Einstein Lagrangian [39], but if one wants to formulate GR as a
gauge theory then one must gauge the translational group instead of the Lorentz group. This provides
yet another motivation to go beyond GR using in this case the teleparallel formulation of gravity to
explore exact solutions, post-Newtonian limit, gravitational waves, and so forth, References [52–56],
since it is plausible to consider the whole Poincaré symmetries in Nature to be valid, not only the
translational group.
4.3.3. Einstein-Cartan-Sciama-Kibble Gravity
In the formalism of exterior forms, the ECSK Lagrangian can be written as

L=

1
η ∧ R ab .
2κ 2 ab

(57)

The field equations are then obtained by varying this action with respect to the tetrads and the
(Lorentzian) spin connection. In the more common tensor formalism this Lagrangian corresponds to
the linear Lagrangian in the curvature scalar, yielding the action
SEC =

1
2κ 2

Z

d4 x

p

− gR(Γ) +

Z

d4 x

p

− g Lm .

(58)

In this expression κ 2 = 8πG with G Newton’s coupling constant, and g is the determinant of the
spacetime metric gµν . In the RC spacetime the curvature scalar R(Γ) defined via (28) includes terms
quadratic in torsion, while the matter Lagrangian, Lm = Lm ( gµν , Γ, Ψm ) depends on the metric and
the matter fields, Ψm , and also on the contortion (i.e., on torsion) via the covariant derivatives.
The Cartan equations can be obtained by varying the action (58) with respect to the contortion
tensor K αβγ (or, alternatively, with respect to the spin connection), and the corresponding result can be
written as
T αβγ + Tγ δβα − Tβ δγα = κ 2 sαβγ ,
(59)
where
sγαβ ≡
γ

δLm
,
δKαβγ

(60)

is the spin density tensor, while Tβ ≡ T βγ is the torsion (trace) vector. Cartan’s Equation (59) imply that
torsion is related to the spin density of matter fields via linear and algebraic relations and, therefore,
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in the absence of spin (as in vacuum) torsion vanishes. On the other hand, the variation of the
action (58) with respect to the spacetime metric gµν (or, alternatively, with respect to the tetrads) yields
the generalized Einstein equations, which, can be written as Gµν = κ 2 τµν , where Gµν is the Einstein
tensor of the RC geometry and τµν is the canonical energy-momentum. These equations can also be
conveniently written as
eff
G̃µν = κ 2 Tµν
,
(61)
where G̃µν is the Einstein tensor computed with the Levi-Civita connection, while the effective
stress-energy tensor
√
2 δ( − gLeff
m )
eff
Tµν
= Tµν + Uµν = − √
,
(62)
−g
δgµν
√
δ( − gL )

includes the (dynamical) metric energy-momentum tensor of the matter fields, Tµν = − √2− g δgµν m ,


√
αβ
δ( − gC )
γ
and the additional piece Uµν = − √2− g δgµν , with C ≡ − 2κ12 K βγ K α + K αλβ Kλβα , which contains
corrections which are quadratic in torsion U ∼ κ −2 T 2 . This piece can also be expressed in terms of
the spin tensor using Cartan’s Equation (59), i.e., U ∼ κ 2 s2 . Note also that, in general, torsion also
contributes to the energy-momentum tensor τµν , since the covariant derivatives present in the kinetic
part of Lm introduce new terms depending on torsion via either minimal or non-minimal couplings.
Since U ∼ κ 2 s2 , Equation (61) defines a typical density, known as Cartan’s density, and given by
ρC ∼ 1054 g/cm3 (if one considers nuclear matter14 ). Therefore, in principle, ECSK theory can only
introduce significant physical effects in environments of very large spin densities, which might arise in
the early universe or in the innermost regions of black holes.
To conclude this part, let us mention that, once the coupling to fermions is considered,
the generalized Dirac (Hehl-Data) equation for spinors in RC spacetime, coupled to the ECSK gravity, is
cubic in the spinors and includes a torsion induced spin-spin (axial-axial) contact interaction. This type
of interactions have been searched for in particle physics including studies at HERA, LEP and Tevatron
in electron-proton scattering [57,58].
4.4. Quadratic Gauge Gravity Models in Metric-Affine Gravity
One can generalize the PGTG by considering the affine group as the gauge symmetry group
for gravity. If this is performed à la la Yang-Mills, then one gets quadratic models as in quadratic
PGTG, where the quadratic terms are sometimes referred to as (hypothetical) “strong gravity” terms.
This idea has been recovered from time to time, as in Yang [59], in the tensor dominance model [60]
or in chromogravity [61]. Depending on the choice of the Lagrangian, the strong gravity (bosonic
sector) can be very massive or massless. In some respect these gauge bosonic gravity fields are similar
to the Yang-Mills bosons, and if they are massive it is typically assumed that the masses are of the
order of the Planck mass or even above. As in quadratic PGTG, in quadratic metric-affine models
there are intermediate gauge bosons with spins (s = 0, 1, 2) corresponding to scalar, vector or tensor
modes (massive or massless). In this respect, the quadratic model in Equation (54) for the PGTG can
be extended to metric-affine gravity by including terms with Q ab and R(ab) which are both zero in
PGTG, in accordance with the choice of a Lorentzian connection and, therefore, of zero non-metricity
(see References [62–64]).

14

2 , where l and λ
In cosmological applications the critical density can be written as ρcrit ∼ m/λComp lPl
Comp are Planck’s
Pl
length and Compton wavelength, respectively. For electrons we get ρcrit ∼ 1052 g/cm3 , corresponding to Tcrit ∼ 1024 K and
around t ∼ 10−34 s after the Big Bang.
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As an example of a quadratic metric-affine model, one can consider a Lagrangian density (for the
bosonic-gravity sector) of the form (schematically)

L MAG ∼

 1

1 
2
2
2
2
R
+
T
+
TQ
+
Q
+
W
+
Z
,
ρ
κ2

(63)

where Wab ≡ R[ ab] , and Zab ≡ R(ab) are known as the “rotational curvature” and the “strain curvature”,
respectively. The terms proportional to the coupling constant ρ are referred to as strong gravity
terms, in contrast to the terms that are proportional to the “weak” gravity coupling constant κ 2 .
Note that in this model the connection is non-Lorentzian and the non-metricity 1-form (represented
by Q) is non-vanishing. The bosonic sector of metric-affine gravity was analyzed, for instance,
in References [62–65], while the fermionic part is more delicate (see for instance References [66–69]).
In this respect, there is no finite dimensional spinor representation of the GL(4, <) group, which leads
to the introduction of the “world spinors” (with infinite components) of Ne’eman, and to the
corresponding generalization of Dirac equation. The world spinor formalism is related to Regge
trajectories, which are themselves related to spin-2 excitations of hadrons (see Reference [70]).
For an interesting review on exact solutions in MAG see Reference [71]. Further research in this
context involves cosmological scenarios [72], and one should also mention exact spherically symmetric
solutions with Q ∼ 1/r d [73], which suggests the existence of massless modes.
4.5. Probing Non-Riemannian Geometry with Test Matter
It is known that torsion can give rise to precession effects in systems with intrinsic spin,
for example, elementary particles such as the electron, or baryons such as the neutron [74,75]. This is a
model-independent result which can be obtained from a (WKB) semi-classical approximation of the
Dirac fermionic dynamics in a RC spacetime. In principle this prediction can be used to distinguish
between the spacetime paradigms of GR and TEGR. If v is the polarization vector of the (intrinsic) spin
then one can deduce the simple expression
v̇ = 3t̆v ,

(64)

where the axial vector t̆ is given by t̆α ≡ −eαβγδ Tβγδ . In this sense it is plausible that experiments
similar to the Gravity Probe-B but using gyroscopes with intrinsic (macroscopic) spin can be used to
constrain or detect the effects of the (hypothetical) torsion around the Earth [76]. There have been quite
a number of studies on spin precession effects induced by torsion (see also Reference [77]). On the
other hand, Lammerzahl have set experimental limits for detecting torsion (| T | ∼ 10−15 m−1 ) using
Hughes-Drever (spectroscopic) type of experiments [78].
Moreover, one can predict torsion effects on the energy levels of quantum systems. From the
Dirac Lagrangian of a fermion minimally coupled to the background RC geometry

LDirac =


ih̄
ψ̄γµ Dµ ψ − ( Dµ ψ̄)γµ ψ − mψ̄ψ ,
2

(65)

(for spinors ψ and their adjoints ψ̄) one deduces the Dirac equation
ih̄γµ D̃µ ψ − mψ = −

3h̄ λ
T̆ γλ γ5 ψ ,
2

(66)

which can be analyzed in the flatness limit. If we assume a static axial torsion vector T̆ λ along the
x3 -direction, then we get the time-independent wave equation


3h̄
− ih̄γk ∂k ψ + m − T̆ 3 γ3 γ5 ψ(~r ) = γ0 Eψ(~r ) .
2

(67)
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From this equation one obtains two possible values for the energy levels, depending on whether
the fermionic spin is aligned or anti-aligned with respect to the background (axial) torsion, that is [79],


3h̄ 3 2
E2 = p2 + m ±
T̆
.
2

(68)

Similarly, if non-minimal couplings between the torsion trace vector and Dirac axial vector and/or
between torsion axial vector and Dirac vector ψ̄γµ ψ, are present, then the parity symmetry is broken
and the corresponding energy level corrections due to torsion will contain the signatures of those
parity breaking interactions. Therefore, tests with advanced spectrographs might be able to probe
torsion effects on quantum systems. Also, the previously mentioned spin-spin contact interactions of
the ECSK theory, or the propagating spin-spin interactions mediated by gravitational gauge (s = 0, 1, 2)
bosons might be tested/constrained in laboratory experiments and cosmological GW probes.
Regarding non-metricity, the gauge approach to gravity clearly shows that the hypermomentum
currents, such as the dilatations or the shear currents, couple to the trace vector part and the
shear part of the non-metricity, respectively. This coupling is evident since, as we have seen,
the connection couples to hypermomentum and a non-Lorentzian connection implies non-metricity.
Further developments have shown that, if torsion can be measured by the spin precession of test
matter with intrinsic spin, then the non-metricity of spacetime can be measured by pulsations
(mass quadrupole excitations) of test matter with (non-trivial) hypermomentum currents. In order to
be “sensitive” to non-Riemann geometries, test matter should carry dilatation, shear, or spin currents,
whether macroscopic or at the level of fundamental fields/particles. In the latter case, the Regge
trajectories provide an adequate mathematical illustration of test matter as Ne’eman’s world spinors
with shear.
Let us also point out that Obukhov and Puetzfeld [80] have derived the equation of motion for
matter fields in metric-affine gravity. By making use of the Bianchi identities one can arrive at the
following expression for the translational Noether current:
h
i
D̃ τa + ∆bc (ea y Nbc ) + ∆bc ∧ (£ea Nbc ) = sbc ∧ (ea y R˜cb ),

(69)

where, as usual, the tilde refers to quantities defined in the Riemann geometry, while τa , ∆bc ,
sbc are the canonical energy-momentum, hypermomentum current, and spin current, respectively,
and Nbc = Γbc − Γ̃bc gives the non-Riemannian piece of the connection 1-form, that is, the distortion
1-form. Note that in the right-hand side of this equation we can identify the Mathisson-Papapetrou
force density for matter with spin. In standard GR, one obtains D̃τa = 0, which gives the geodesic
equation for spinless matter with energy-momentum, while for Nbc = 0 we get D̃τa = sbc ∧ (ea y R̃cb ),
which is the Mathisson-Papapetrou equation in GR for matter with spin. In this equation,
if matter has neither (intrinsic) spin, nor dilatation/shear currents, then it follows the Riemannian
(extremal length) geodesics, regardless of the geometry of spacetime or of the form of the Lagrangian
in metric-affine geometry.
4.6. Metric-Affine Geometry and Lorentz Symmetry Breaking
Regarding the analogous law for the GL(4, <) Noether current we have
D∆ ab + θ a ∧ τb = τ ab .

(70)

In PGTG the connection is Lorentzian Γ ab = −Γba , while in the WGTG the trace part of the
connection 14 g ab Γcc is also non-vanishing. A fully independent connection in metric-affine theory is
given by the expression in (6). It is this linear connection that couples to the (intrinsic) hypermomentum
current (see Equation (25)). In particular, the Lorentzian connection couples to spin s ab carrying SO(1, 3)
charges, while the trace part couples to the dilatation current ∆cc , and the shear part of the connection
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¯ ab that carries SL(4, <)/SO(1, 3) (intrinsic) shear
(see Equation (26)) couples to the shear current ∆
charges. The shear current seems to be related to the Regge trajectories [69] and these represent
spin-2 excitations of hadrons with the same internal quantum numbers. The relation between the
Regge trajectories (which can be described by the group SL(3, <) and this can be embedded in the
SL(4, <) one) and the hypermomentum shear charges, remains an open question under study and its
validity seems to point to a quite remarkable and promising connection between the strong interaction
of hadrons and spacetime post-Riemann geometry. The shear charge is actually a measure of the
breaking of Lorentz invariance. The bottom line is that, in order to get Lorentz symmetry breaking,
one does not require the introduction of extra particle degrees of freedom, but this can be obtained
solely via the geometrical structures of spacetime, namely a non-Lorentzian connection. The presence
of a non-Lorentzian connection implies the non-vanishing non-metricity and the non-vanishing strain
curvature R(ab) .
4.7. A Word on the Formulations of GR
The (canonical) metric formulation of GR requires a pseudo-Riemannian manifold with a
symmetric, Γαµν = Γανµ , and metric-compatible, ∇Γα gµν = 0, affine connection (the Levi-Civita one).
However, it is well known nowadays that the teleparallel equivalent of GR, formulated in the
Weitzenböck spacetime, yields a dynamically equivalent theory to metric GR, with exactly the same
predictions [39,81–83]. Besides this approach from a translational gauge principle under specific
assumptions, there is yet another formulation equivalent to GR based on zero curvature and torsion
but non-zero non-metricity, called symmetric teleparallel gravity, whose properties have begun to be
unravelled very recently [84–88].
Since these are, to some extent, equivalent gravitational models under different spacetime
paradigms, one may ask if there is any guiding principle which could determine what spacetime
geometry and degrees of freedom can represent gravity at its most fundamental level. The application
of the gauge approach to gravity shows clearly that GR can be formulated as a translational gauge
theory and, therefore, lives on a subset of the RC spacetime. On the other hand the generalization
of the translational symmetry to the Poincaré symmetries points towards the direction of the PGTG
formulated in the RC spacetime geometry. It is relevant to underline (once again) that the three
mentioned approaches to GR have different assumptions regarding the spacetime geometrical
paradigm, but their equivalence breaks as soon as one considers matter with spin (spinors). Indeed,
if one could measure the different effects of non-Riemannian geometries upon matter, one might be
able to distinguish between these spacetime paradigms.
5. Discussion and Future Outlook
5.1. Spacetime Paradigms
In this work we explored geometrical methods (post-Riemann spacetime geometries and Cartan’s
exterior calculus of forms) and symmetry principles in the gauge approach to gravity, and how these
topics might point towards a new perspective over the spacetime paradigm. We also briefly considered
the pre-metric formulation of classical electrodynamics. In this broad perspective, the conformal-causal
structure is argued to be more fundamental than the metric structure (the primacy of the conformal
geometry) and the absoluteness of the spacetime metric is then abandoned at the fundamental
level. We also established the analogies between the pre-metric canonical formulation of gauge
theories of gravity and the pre-metric equations and mathematical objects of general Yang-Mills
fields. The theoretical formulation of the Lagrangians in these theories (gravity and Yang-Mills)
implicitly presuppose the assumption of the specific form for the so-called constitutive relations
between the field strengths (the generalized field velocities) and the excitations (conjugate field
momenta). These relations can be interpreted as constitutive relations for the spacetime itself. Moreover,
in this discussion we highlighted the hypothesis that the physical constants or coupling parameters
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that enter in such relations reflect physical properties of the spacetime manifold, itself regarded as a
mathematical object that represents a truly physical system.
By endowing the classical spacetime with physical properties, the concept of classical vacuum
with properties such as electric permitivity, magnetic permeability, and so forth, becomes somehow
disposable or simply dual to the very notion of a physical spacetime. Moreover, the properties of this
physical spacetime might change from point to point and this scenario fits well within the scalar-tensor
(Brans-Dicke, etc.), vector-tensor or tensor-tensor extensions to GR. The idea that these properties of
spacetime can be described by fields can have implications to spacetime symmetry considerations,
i.e., the invariance of the physics under groups of spacetime coordinate transformations, and also a
link to the Mach’s ideas and the breaking of spacetime (metric) absoluteness. Therefore, this scenario
of a physical spacetime with non-Riemann geometry and physical properties described by fields fits
naturally very well in the assumption of the primacy of the conformal-causal structure. This means
that the so-called constants can change from place to place in space (non-homogeneity) and with
spatial direction (anisotropy) and still preserve the local conformal-causal symmetry and, therefore,
by extension the causal structure. Consequently, what is assumed to be physically relevant are the
conformally-invariant properties. In other words, one must seek for an extended spacetime manifold
with post-Riemann geometries, physical properties, and a fundamental conformal symmetry.
Keeping this trail of thought, one arrives at the conclusion that the intrinsic physical properties
of spacetime include energy-momentum, hypermomentum (including spin), electromagnetic and
thermodynamical properties associated to gravity and to the spacetime. The latter actually suggests
the existence of microscopic degrees of freedom, and if these are assumed to constitute a numerable
set, then a consistent picture should go beyond the classical manifold and incorporate some degree of
discreteness or gravity quantization. Therefore, a physical spacetime manifold with locally invariant
conformal-casual structure, with intrinsic physical properties (electromagnetic, thermodynamical, etc.)
and possibly a quantum nature seems the natural hypothesis to address the unification of spacetime,
matter fields and the quantum and classical vacuum.
5.2. Perspectives on Unification Methods in Fundamental Field Theories
Let us now explore in more detail the hypothesis stated above, as well as its relation to
various aspects of unification in physics. We shall put here our emphasis upon the conceptual
background motivated by mathematical considerations and, in particular, from geometrical methods
and symmetry principles.
Firstly, the geometrical methods in the pre-metric formalism of electromagnetism, Yang-Mills
and gravity field equations, using the calculus of exterior forms, together with the corresponding
constitutive relations (that can be interpreted as (spacetime) constitutive relations, suggest the
following: (i) the primacy of the conformal-causal structure (the conformally-invariant part of
the metric) over the full metric structure, and therefore, (ii) the assumption of absoluteness of the
spacetime metric (“absolute spacetime”) is abandoned at the fundamental level. Also one postulates
that the fundamental coupling constants entering in the (vacuum) constitutive relations represent
physical properties of spacetime, not necessarily spatially homogeneous and isotropic (constants),
while respecting the local conformal symmetries. As a consequence we emphasize again here the first
unification: the identification of the physical classical vacuum with physical classical spacetime.
Secondly, from gauge symmetries in gravitation and post-Riemann geometries we find the need
to consider a classical spacetime with general metric-affine geometry, namely, having non-vanishing
curvature, torsion and non-metricity. Indeed, the gauge approach to gravity requires the existence
of post-Riemann geometries associated to gravitational phenomena. This motivates the search for
its signatures via astrophysical and cosmological effects, including GW probes and effects in particle
physics. On the other hand, the idea that the spacetime metric might not be fundamental is rooted on
the mathematical consistency of gauge theories of gravity which links the symmetries of physics under
coordinate transformations to the geometrical paradigm of spacetime. The theory identifies clearly,
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for each specific gauge group, the underlying spacetime geometry, the Noether currents (which are the
sources of the gravitational field) and the gauge potentials (geometrical degrees of freedom) and their
field strengths. In this formalism the spacetime metric is not a fundamental field. This is clearly seen
in the language of forms, where an explicit pre-metric approach to the field equations is completely
general, coordinate-free and covariant.
The metric structure can be assumed a posteriori, in particular, via the constitutive relations
(which relate the field strengths or field velocities, that is, curvature and torsion, to the canonically
conjugate field momenta). More specifically, using these relations, via the Hodge star operation,
only the conformally invariant part of the metric structure is involved in the coupling between the field
strengths and the Noether sources, rather than the full metric structure. Therefore, symmetry principles
and geometrical methods in gauge theories of gravity suggest again that the (full) metric structure
is not fundamental, and in models with larger symmetry groups beyond the Poincaré group the
paradigm of spacetime (metric) absoluteness is not valid, that is, the metric changes under specific
coordinate transformations between local observers. If non-metricity is present, the connection is
non-Lorentzian and, as a consequence, one gets the breaking of Lorentz symmetry. It is this type of
geometry that is associated to the conformal structure that emerges from linear electrodynamics [89].
Regarding unified symmetry groups and symmetry breaking, it is known that general symmetry
groups can be broken into smaller groups within phase transitions. In principle, these are expected
to have occurred in the early Universe in clear analogy to the standard model (and beyond the
standard model) of interactions, leading to first order phase transitions and the generation of GW
emission in the form of a stochastic GW background. This GW signature of cosmological origin
(which might include polarization features due to parity breaking gravitational physics of general
quadratic Yang-Mills gauge theories of gravity) might be detectable by future missions such as
LISA [90]. Of particular interest is the conformal group of CGTG, that may be broken into the Poincaré
group. This necessarily includes the breaking of scale invariance and the emergence of natural
physical scales and the corresponding (Lorentz invariant) fundamental constants. This presupposes
the existence of a scale-invariant cosmological epoch where the properties of the physical spacetime
obey perfect conformal symmetry and its geometry, and also a transition into a broken symmetry phase
where the spacetime metric appears to have a (local) absolute nature. Whether there might be other
extreme physical regimes (such as the innermost regions of ultra-compact objects and black holes)
where scale invariance, or even the full conformal symmetry, is recovered, remains an open question.
Another suggestion is that curvature, torsion and non-metricity might be inter-convertible.
This seems appropriate from the point of view of the generalized Bianchi identities, (29) and (22),
of metric-affine geometries relating the field strengths of gauge theories of gravity (curvature,
torsion and non-metricity). This is somewhat analogous to the magnetic-electric inter-conversion
of electromagnetism. Recall that the dF = 0 is a Bianchi identity giving magnetic flux conservation
and Faraday law. These post-Riemann Bianchi identities are implicit to the spacetime geometrical
structures and express some sort of gravitational flux conservation, and are compatible with the
Noether currents conservations of the gauge approach to gravity. These relations point towards this
notion of inter-conversion, which could open new avenues for the study of gravitational phenomena
in extreme regimes.
Moreover, this hypothesis resembles the Weyl-Ricci conversion (the Weyl conjecture) in cosmology,
within GR. According to it, the Ricci curvature dominates completely the very early Universe and the
Weyl curvature dominates the late-Universe, in such a way that the Ricci part of the Riemann tensor
is converted (transformed) into the Weyl part as the Universe expands, and forms gravitationally
bound structures, asymptotically dominated by black holes. Similarly, the dynamical transformations
(conversions) between the three parts inside the full curvature of MAG can be compatible to the
(generalized) Bianchi identities involving the full curvature. This interpretation is further reinforced
by the existence of formal maps between “equivalent” descriptions of GR in the spacetimes with
torsion, curvature or non-metricity alone (and also between the generalizations of GR in the respective
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spacetime paradigms). Although under specific formal conditions the phenomenology of these theories
might be equivalent, the spacetime paradigms are obviously different and the minimal/non-minimal
couplings of fermionic fields to these geometries can break the equivalences. The idea that the Poincaré
or the GL(4, <) groups should be fundamental points towards generalizations of GR in any of these
quasi-equivalent descriptions, via PGTG or MAG, and in this context the mathematical structure
of the gauge approach seems to be compatible with the interpretation that curvature, torsion and
non-metricity can indeed be inter-convertible.
In addition to the topics discussed above it is worth mentioning that the gauge approach is
transversal to both gravity and Yang-Mills fields of the standard model of particles and interactions.
Although in the first case one speaks of external or spacetime symmetries, while in the second case
the spinorial character of elementary particles/fields requires internal symmetries, in both cases
there is a deep relation between group theory (symmetries) and the dynamics of fundamental fields
via geometrical methods. The gauge formalism thus highlights its potential for bridging spacetime
geometry and gravity with the other fundamental interactions. The challenges are precisely those of
how to relate internal spaces and its symmetries with the spacetime geometry and its symmetries in
a unified way. In this context, we mentioned briefly the supersymmetric gauge theories of gravity,
which somehow aim to achieve that goal by enlarging the gauge formalism and unifying bosons and
fermions under the same mathematical structure.
5.3. Final Remarks
The potential of the geometrical methods and symmetry principles described in this work
to establish analogies and connections between different interactions clearly supports their vital
contribution for unified field theories. It is quite consensual in the community that the road to
unification and quantum gravity will inevitably lead to a new spacetime paradigm. Whether this
unification will imply some convergence between spacetime and physical fields into a single “physical
spacetime-matter’ entity’ is yet to be seen. It is worth mentioning at such a level the possibility
of the discretization of the underlying geometry of the spacetime, which is suggested on several
grounds, in particular, on the connection of metric-affine geometries and solid state physics systems
with defects in their microstructure [91], or on the thermodynamics of gravitational fields and the
entropy of spacetime regions (horizons) in terms of internal microstates. This is linked with the
challenge of making compatible the causal/conformal and metric structures of spacetime [92] and
the indeterminacy principle of physical fields. Should the latter be merged with spacetime in a
single unified entity, then such a manifold would have to be quantized since it needs to include the
indeterminacy principle in its intrinsic geometrical nature.
The unified spacetime-matter manifold conjectured above might have the following ingredients:
a conformal symmetry at a fundamental level (possibly inside some unified symmetry group as
in SUSY-SUGRA); have more than four spacetime dimensions; include complex numbers (so that
the internal symmetries of spinors are embedded and intrinsic to the physical unified manifold);
have internal and external physical properties such as energy-momentum, hypermomentum,
U (1) and SU ( N ) charges; have electromagnetic (electric permitivity and magnetic permeability) and
thermodynamical properties, and include internal degrees of freedom linked by internal SU ( N )
symmetries as physical degrees of freedom (in analogy to the microscopic sates of macroscopic systems
in statistical physics).
To conclude, we add some remarks. First, it seems clear that the fundamental symmetry principles
and geometrical methods in the gauge approach to gravity lead to quite remarkable predictions about
the nature of spacetime and gravity, which might be tested with astrophysical (compact objects [93])
and cosmological (inflation, late-time evolution [94]) observations. Second, these methods provide
insights on the nature of the gravitational currents which stimulate the research on the fundamental
nature of matter and its physical conserved properties. Indeed, understanding the hypermomentum
currents from a fundamental point of view might lead to remarkable connections between gravity
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and hadronic physics. Similar comments apply to the appropriate test-matter properties required
to probe post-Riemann geometries, which is needed in order to distinguish experimentally between
different classical spacetime paradigms. And finally, these methods can provide robust mathematical
frameworks for the search of unified field theories, where spacetime, fermions and bosons might be
inextricably linked within a common unified physical framework.
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