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ABSTRACT

Hydrodynamic escape is the most efficient atmospheric mechanism of planetary mass loss and has a large impact on planetary
evolution. Three hydrodynamic escape regimes have been identified theoretically: energy-limited, recombination-limited, and photonlimited. However, no evidence of these regimes had been reported until now. Here, we report evidence of these three regimes via an
analysis of a helium i triplet at 10 830 Å and Lyα absorption involving a 1D hydrodynamic model that allows us to estimate hydrogen
recombination and advection rates. In particular, we show that HD 209458 b is in the energy-limited regime, HD 189733 b is in the
recombination-limited regime, and GJ 3470 b is in the photon-limited regime. These exoplanets can be considered as benchmark cases
for their respective regimes.
Key words. planets and satellites: atmospheres – planets and satellites: gaseous planets – planets and satellites: individual: GJ 3470 b –

planets and satellites: individual: HD 209458 b – planets and satellites: individual: HD 189733 b

1. Introduction
Understanding the diversity, evolution, and formation of planets requires a profound knowledge of their atmospheric escape.
This statement especially applies to planets that, at some stage
in their history, experience the most effective atmospheric process of mass loss, the hydrodynamic atmospheric escape (also
known as blow-off escape). A planetary atmosphere is in hydrodynamic escape when the absorbed stellar high-energy flux is
strong enough to produce substantial heating of the atmosphere,
which triggers a massive gas outflow, driving the escaping gas to
supersonic bulk velocities. This process can lead from a loss of a
fraction of the original atmosphere to its complete removal (see
e.g. Baraffe et al. 2004, 2005; Muñoz & Schneider 2019) and
hence can shape the current planetary population (e.g. forming
the sub-Jovian desert and the evaporation valley; Owen & Wu
2013; Lopez & Fortney 2013). Hydrodynamic escape can also
significantly change the composition of the primordial atmospheres and thus affects the planetary mass-radius relationship
(see e.g. Hu et al. 2015; Malsky & Rogers 2020).

Several models have been developed for studying planetary
atmospheres undergoing hydrodynamic escape (e.g. Watson et al.
1981; Lammer et al. 2003; Yelle 2004; Tian et al. 2005;
García-Muñoz 2007; Murray-Clay et al. 2009; Owen & Alvarez
2016; Salz et al. 2016a; Bourrier & Lecavelier des Etangs 2013;
Shaikhislamov et al. 2020). In particular, Murray-Clay et al.
(2009) studied atmospheric mass loss as a function of the
incident ultraviolet (UV) flux for a typical hot Jupiter. They
found that, under high irradiation, the mass-loss rate was not
limited by the radiative energy deposited in the atmosphere, but
by the radiation-recombination equilibrium of the escaping gas.
When the mass-loss rate is limited by the energy deposition, it
scales linearly with the incident UV flux, which is efficiently
converted into the work that lifts the gas. When the mass-loss
rate is limited by the radiation-recombination equilibrium, it
approximately scales to the square root of the incident UV flux
since a large fraction of the absorbed energy is lost via radiative
cooling. Owen & Alvarez (2016) found that the mass-loss rate of
moderately irradiated low gravity planets can be limited by the
number of incoming ionising photons, instead of the absorbed
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energy or the radiation-recombination equilibrium. In this limit,
the mass-loss rate scales to the square of the effective absorption radius of the planet. Therefore, it is theoretically possible
to identify three distinct hydrodynamic atmospheric escape
regimes in hydrogen-dominated atmospheres: energy-limited,
recombination-limited, and photon-limited.
This classification is important when using the energylimited approximation for estimating the planetary mass-loss
rate (see e.g. Murray-Clay et al. 2009; Bear & Soker 2011;
Owen & Alvarez 2016; Salz et al. 2016b; Wang & Dai 2018).
This approach, used together with an average heating efficiency
of 10–20% (the most probable range in hydrogen-dominated
atmospheres; Shematovich et al. 2014), largely overestimates
the mass-loss rate of planets that are in the recombinationlimited regime. It might also lead to significantly inaccurate
results if applied to atmospheres in the photon-limited regime
as the effective absorption radius could differ considerably from
the planetary radius. Hence, the applicability of this approach
largely depends on the hydrodynamic escape regime.
Despite the central role of hydrodynamic escape regimes,
a lack of suitable observations has prevented their confirmation. While Lyα absorption measurements are promising tracers of this process, they can only be carried out from space and
are adversely affected by interstellar absorption and geocoronal emission. This is not the case for the recent observations of
the He i 23 S–23 P triplet transitions1 , hereafter He(23 S) transitions; they provide new opportunities to explore the hydrodynamic atmospheric escape because these lines can be observed
with ground-based telescopes and they are not affected by interstellar absorption (e.g. Spake et al. 2018; Nortmann et al. 2018;
Allart et al. 2018). Some examples of how these measurements
help to better characterise the escaping atmospheres of gas giants
were provided by Allart et al. (2018), Mansfield et al. (2018),
Lampón et al. (2020, 2021), and Shaikhislamov et al. (2020).
In this work we study the hydrodynamic escape regimes of
the giant planets HD 209458 b, HD 189733 b, and GJ 3470 b. The
hot Jupiters HD 209458 b and HD 189733 b undergo hydrodynamic escape, as shown by the detection of heavy species escaping in large amounts, such as O i and C ii in HD 209458 b as
reported by Vidal-Madjar et al. (2004) and O i in HD 189733 b
as documented by Ben-Jaffel & Ballester (2013). GJ 3470 b also
undergoes hydrodynamic escape as the outflow bulk radial
velocities derived from the He(23 S) measurements far exceed
the sound speed (see Sect. 4.1.3 of Lampón et al. 2021). These
planets have different bulk parameters and stellar irradiation levels, which makes studying their escape regimes very interesting.
The Letter is organised as follows. In Sect. 2 we discuss the
three regimes that have been theoretically proposed as well as
the parameters required to distinguish between them: the ratio of
recombination to advection rates and, equivalently, the heating
efficiency. In Sect. 3 we summarise the previous modelling and
analysis of the three planets on which the calculations of these
parameters have been based. In Sect. 4 we present the results and
discussion, and in Sect. 5 we provide a summary and our main
conclusions.

2. Criteria to differentiate the hydrodynamic
atmospheric escape regimes
Physically, the three regimes can be distinguished by the production and losses of neutral H (see Murray-Clay et al. 2009;
1

At wavelengths 10832.06, 10833.22, and 10 833.31 Å in a vacuum; it
is often referred to as their air wavelengths of 10 830 Å.
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Bear & Soker 2011; Owen & Alvarez 2016) as well as by the
conversion of the absorbed stellar radiative energy into the work
that drives the escape (see Murray-Clay et al. 2009; Salz et al.
2016b).
2.1. Ratio of recombination to advection rates

The steady-state continuity equation of neutral H species, H0 ,
can be expressed as (see Appendix A)
−vr

∂ fH0
+ fH+ nH+ αH − fH0 JH = 0,
∂r

(1)

where r is the distance from the centre of the planet; vr is the
bulk radial velocity of the gas; fH0 and fH+ are the mole fractions
of H0 and the ionised H, H+ , respectively; nH+ is the H+ number density; and αH and JH are the H recombination and photoionisation rates. We define the recombination production rate as
Prec = fH+ nH+ αH and the advection rate as Padv = −vr ∂ fH0 /∂ r.
Similarly, and like Owen & Alvarez (2016), we consider the
ionisation front (IF) as the region where the atmosphere is partially ionised, that is, from the altitude where fH0 is close to one
– fH0 ≥ 0.95, where the optical depth of the X-ray and extreme
UV (XUV) radiation, τXUV , is ≥1 – up to the altitude where the
atmosphere is almost fully ionised – fH0 ≤ 0.05 and τXUV  1.
In this region, the photo-ionisation rate is greater than the recombination rate and advection is non-negligible.
Following Murray-Clay et al. (2009) and Owen & Alvarez
(2016), we characterise the different hydrodynamic atmospheric
escape regimes as follows: (1) In the recombination-limited
regime, the IF region is very narrow compared with the scale of
the flow. The gas is almost in radiation-recombination equilibrium (i.e. advection is negligible, Prec /Padv  1) in practically
all of the upper atmosphere. (2) In the photon-limited regime,
the photo-ionisation rate is much faster than the recombination
rate such that the recombination process is negligible in the
whole upper atmosphere and Prec /Padv  1. Consequently, the
IF region occupies the whole upper atmosphere of the planet. (3)
The energy-limited regime is an intermediate case in between the
recombination- and the photon-limited regimes. The IF is wide,
although it does not encompass the entire flow as in the photonlimited regime. The advection and the recombination rates are
non-negligible in the whole upper atmosphere.
2.2. Heating efficiency criterion

Although the ratio of recombination to advection rates provides
us with a direct way of determining the hydrodynamic escape
regime, it is also useful to look at these ratios from the point of
view of heating efficiency, as previously done by several authors.
This has the advantage of providing us with better insight into the
physical processes behind the escape. The heating efficiency, η,
is usually defined as the fraction of the absorbed stellar radiative
energy, Whv , which is converted into the kinetic energy of the
gas, namely,
η=

Whv − We − Wcool
,
Whv

(2)

where We is the rate of energy lost by photo-ionisation and
photo-electron impact processes (as the excitation and ionisation of atoms by collisions with photoelectrons; see e.g.
Shematovich et al. 2014) and Wcool is the radiative cooling rate,
mostly produced by Lyα and free-free emission (Salz et al.
2016b). Thus, Whv − We − Wcool represents the energy from

3. Recombination and advection rates and heating
efficiencies
The recombination and advection rates of H0 and the heating efficiencies analysed here are based on the modelling of the observations of the He(23 S) absorption of HD 209458 b, HD 189733 b,
and GJ 3470 b that were performed by Lampón et al. (2020,
2021). They used a 1D hydrodynamic model with a non-local
thermodynamic equilibrium treatment for the He(23 S) state, and,
by comparing the simulated and observed He(23 S) absorption,
they derived well-constrained relationships and narrow intervals
between the mass-loss rate, Ṁ, and the temperature, T , in the
upper atmosphere of these exoplanets. Additionally, by comparing the H0 density distribution with those derived from Lyα measurements, they constrained the H/He mole-fraction ratio.
The He(23 S) production is controlled by electron concentration via recombination with He+ as well as by electron
collision excitation of He(11 S) (see Oklopčić & Hirata 2018;
Lampón et al. 2020). As electrons are predominantly produced
by the photo-ionisation of H and lost by advection and H+
recombination, the He(23 S) concentration profile is thus mainly
controlled by the H production and loss rates. Therefore, by
constraining the He(23 S) concentration profile, as was done by
Lampón et al. (2020, 2021), we simultaneously constrain the
production and loss rates of H. Hence, in this work we analysed
the production and loss rates of H corresponding to the T − Ṁ
ranges and H/He ratios of 99/1 for HD 189733 b and 98/2 for
HD 209458 b and GJ 3470 b, which were previously obtained by
Lampón et al. (2020, 2021) and are summarised in Fig. 1.

4. Results and discussion
In this section we discuss the hydrodynamic escape regimes on
the basis of the H0 and H+ distributions as well as on the basis
of the heating efficiencies for the three planets.
4.1. Structure, production, and losses of the neutral H

The H0 mole fractions that result from the derived T – Ṁ ranges
(see the symbols in Fig. 1) are shown in Fig. 2. The fH0 profiles
for HD 189733 b show a very narrow IF; it is confined at the
lower boundary (set at 1.02 RP for all three planets), well below
its Roche lobe, which is located at 3.0 RP . Accordingly, this
planet shows a wide, fully ionised region. In contrast, GJ 3470 b
shows a very extended IF, from about 1.2 RP to far beyond
its Roche lobe at 3.6 RP . Therefore, no atmospheric region of
GJ 3470 b is fully ionised. The H0 structure of HD 209458 b
shows a relatively wide IF, extending from the lower boundary
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Fig. 1. Ranges of temperature and mass-loss rates for HD 209458 b,
HD 189733 b, and GJ 3470 b for H/He ratios of 98/2, 99/1, and 98/2,
respectively, derived by Lampón et al. (2020, 2021). Symbols show the
derived ranges and dotted lines the extended ranges (see Sect. 4.1).
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the absorbed stellar radiation that is converted into the kinetic
energy of the gas species (atoms, ions, and electrons), the socalled thermal heating.
In the energy- and photon-limited regimes, radiative cooling is moderate or negligible, while in the recombination-limited
regime it is a considerable fraction of the absorbed energy. If
radiative cooling is neglected, the heating efficiency of stellar XUV radiation is about 0.1–0.2 in hydrogen-dominated
planetary upper atmospheres (see e.g. Shematovich et al. 2014;
Salz et al. 2016b). Consequently, the heating efficiency of the
energy-limited and the photon-limited regimes is expected to be
in the range of 0.1–0.2. In contrast, the heating efficiency of the
recombination-limited regime is expected to be much less than
0.1 (see e.g. Salz et al. 2016b).
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Fig. 2. Neutral H mole fraction profiles resulting from the measured
He(23 S) and Lyα absorption spectra for HD 189733 b, HD 209458 b,
and GJ 3470 b with the representative H/He ratios of 99/1, 98/2, and
98/2, respectively. The grey shaded areas correspond to the temperature
and mass-loss rate ranges (symbols) in Fig. 1. The thicker solid lines are
the mean profiles. The vertical dashed lines indicate the mean Roche
lobes.

to about 2.3 RP , which is below its Roche lobe (at 4.2 RP ); this IF
is thus wider than that of HD 189733 b and narrower than that of
GJ 3470 b. Therefore, as in HD 189733 b, there is a region that
is almost fully ionised below the Roche lobe, although it is narrower than the corresponding region in HD 189733 b.
Figure 3 shows the ratio of recombination to advection terms,
Prec /Padv , for the derived T – Ṁ range of the measured He(23 S)
and Lyα absorption spectra for HD 209458 b, HD 189733 b, and
GJ 3470 b (see Fig. 1). For the case of HD 189733 b, recombination dominates in practically the whole upper atmosphere. In
contrast, the H0 density is dominated by advection in the whole
upper atmosphere of GJ 3470 b. In HD 209458 b, the H0 density
is dominated by advection (Prec /Padv < 1) in the lower part of the
IF, but by recombination (Prec / Padv > 1) in the upper part of the
IF and above. That is, neither advection nor recombination rates
are negligible in the upper atmosphere of HD 209458 b. Hence,
according to the criteria discussed in Sect. 2.1, these results
show that HD 189733 b is in the recombination-limited regime,
L7, page 3 of 9

A&A 648, L7 (2021)

HD209458b. H/He=98/2

HD189733b. H/He=99/1
104
Rate (s-1)

102

100

106

11750 K, 7.50x1010
12000 K, 7.50x1010
12250 K, 7.50x1010
12500 K, 1.0x1011
12750 K, 1.0x1011
13000 K, 1.0x1011

GJ3470b. H/He=98/2
104

102

100

10-2

10-2
1

2

3
Radius (Rp)

4

10

HD209458b. H/He=98/2

3
Radius (Rp)

HD189733b. H/He=99/1

102
Prec/Padv

101
Prec/Padv

2

103

7125 K, 4.22x1010
7375 K, 5.62x1010
7625 K, 7.50x1010
7875 K, 7.50x1010
8125 K, 1.0x1011

102

10-2

1

2

4125 K, 4.22x1010
4375 K, 5.62x1010
4625 K, 7.50x1010
4875 K, 7.50x1010
5125 K, 1.0x1011
5375 K, 1.33x1011
5625 K, 1.33x1011
5875 K, 1.78x1011

100

4

2

11750 K, 7.50x1010
12000 K, 7.50x1010
12250 K, 7.50x1010
12500 K, 1.0x1011
12750 K, 1.0x1011
13000 K, 1.0x1011

101

4

6
Radius (Rp)

10-1
4125 K, 4.22x1010
4375 K, 5.62x1010
4625 K, 7.50x1010
4875 K, 7.50x1010
5125 K, 1.0x1011
5375 K, 1.33x1011
5625 K, 1.33x1011
5875 K, 1.78x1011

10-2

100
10-1

10

GJ3470b. H/He=98/2

0

10

8

100

Prec/Padv

Rate (s-1)

104

106

7125 K, 4.22x1010
7375 K, 5.62x1010
7625 K, 7.50x1010
7875 K, 7.50x1010
8125 K, 1.0x1011

Rate (s-1)

106

10-3

1

2

3
Radius (Rp)

4

1

2

3
Radius (Rp)

4

2

4

6
Radius (Rp)

8

10

Fig. 3. Recombination and advection for HD 209458 b, HD 189733 b, and GJ 3470 b. Upper row: production rates of H by recombination (solid
lines) and advection (dashed lines) derived from the fits of the measured He(23 S) absorption spectra (see symbols in Fig. 1) in the atmospheres of
HD 209458 b (left), HD 189733 b (middle), and GJ 3470 b (right) and the representative H/He ratios of 98/2, 99/1, and 98/2, respectively. Lower
row: ratios of the recombination to the advection. The vertical dashed orange lines indicate the mean Roche lobes. The different scales of the x and
y axes for the different planets should be noted.

GJ 3470 b is in the photon-limited regime, and HD 209458 b is
in the energy-limited regime.
We also analysed other plausible T – Ṁ values beyond the
derived interval, hereafter the ‘extended’ T – Ṁ range (see the
dotted lines in Fig. 1). These T – Ṁ values are still compatible
with the measured He(23 S) and Lyα absorption; however, they
are less likely as they yield a higher χ2 . With this, we aim to
determine if they would affect the classification with respect to
the escape regime. Figures B.1 and B.3 show the results for the
Prec /Padv ratios and the corresponding H0 mole fractions, respectively. We found that the extended T – Ṁ ranges for HD 189733 b
and GJ 3470 b exhibit the same behaviour as that of the corresponding derived T – Ṁ ranges (see Fig. 3). In contrast, production terms for HD 209458 b at temperatures below ∼7000 K
(see Fig. B.1) are at the limit between the energy-limited and
recombination-limited regimes, with advection becoming less
important relative to recombination. However, when comparing the H density profiles for these conditions with those
derived from the Lyα measurements by García-Muñoz (2007),
Koskinen et al. (2013), and Salz et al. (2016a), we found that
the H0 density profiles are significantly smaller. We thus conclude that the hydrodynamic regimes discussed above for the
three planets are not altered when considering the extended T – Ṁ
ranges. We find that the classification of the escape regimes also
remains unchanged in these exoplanets if the commonly used
H/He fraction of 90/10 is assumed instead of the ratios derived
from He(23 S) and Lyα transmission spectroscopy (see Figs. B.2
and B.4).
For HD 189733 b, we used an XUV flux that accounts for
several small flares to provide an average model of active and
non-active periods (see Sect. 3.2 in Lampón et al. 2021). In order
to explore the hydrodynamic regime of this planet in quiescent stages, we conducted a test using the XUV flux from the
X-exoplanets model in Sanz-Forcada et al. (2011), which is
about a factor of three smaller than the one used here. We found
L7, page 4 of 9

that the hydrodynamic regime remains recombination-limited
despite such a considerable XUV flux decrease.
4.2. Heating efficiencies

To calculate the heating efficiencies of the upper atmospheres
of the planets, we followed the method from Salz et al. (2016b).
Essentially, we used the relationship between the heating efficiency, η, and the mass-loss rate for the energy-limited approximation, ṀEL (Watson et al. 1981; Erkaev et al. 2007), together
with the relationship Ṁ/ ṀEL = 4/5 derived by Salz et al. (2016b)
to obtain
4 4π Rp R2XUV FXUV
η,
(3)
Ṁ =
5
G K(ξ) MP
where Mp and RP are the planetary mass and radius, respectively;
FXUV is the XUV stellar flux at the planetary orbital separation; RXUV is the effective absorption radius, the altitude where
the XUV optical depth is unity; and G is the gravitational constant. Here, K(ξ) = 1–1.5 ξ + 0.5 ξ3 is the potential energy reduction factor, with ξ = (MP /M? )1/3 (a/RP ), where a is the planetary
orbital separation and M? the stellar mass. Therefore, taking the
Ṁ and RXUV obtained from the He(23 S) measurements and the
required system parameters from Table B.1, we calculated their
corresponding η values (see Fig. 4). The Ṁ values are taken from
Fig. 1 (ranges limited by the symbols), and the RXUV values are
≈1.02 RP for HD 189733 b (i.e. the lower boundary), about 1.16–
1.30 RP for HD 209458 b, and about 1.38–2.46 RP for GJ 3470 b.
As shown by the thick lines in Fig. 4, η reaches high values
in HD 209458 b and GJ 3470 b but remains very low (η < 0.04)
for HD 189733 b. This indicates that HD 189733 b is in the
recombination-limited regime, as predicted (e.g. by Salz et al.
2016b).
We note that the derived T – Ṁ range for HD 209458 b was
obtained by limiting the heating efficiency to the range of
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Fig. 4. Heating efficiency, η, versus mass-loss rates for HD 189733 b
(orange), HD 209458 b (cyan), and GJ 3470 b (black). H/He ratios of
99/1 for HD 189733 b and of 98/2 for HD 209458 b and GJ 3470 b were
used. Dotted lines show the extended T – Ṁ ranges and thick lines the
derived T – Ṁ ranges (see the dotted lines and symbols, respectively, in
Fig. 1).

0.1–0.2 (Lampón et al. 2020), as shown in Fig. 4. Values of
η ≤ 0.1 would indicate a recombination-limited regime (see
Sect. 2.2). However, they correspond to temperatures below T ≈
7000 K, which, as discussed in Sect. 4.1, were discarded on the
basis of Lyα observations. This as well as the heating efficiency
argument led us to conclude that HD 209458 b is not in the
recombination-limited regime.
Heating efficiency remains almost constant with Ṁ in
GJ 3470 b, in contrast to HD 209458 b. As the upper atmosphere
of GJ 3470 b is highly extended, an increase in Ṁ implies higher
RXUV (i.e. a higher planetary XUV cross-section), which prevents η from increasing. The fact that η is nearly constant is
equivalent to stating that Ṁ ∝ R2XUV (see Eq. (3)), which, according to Owen & Alvarez (2016), indicates that GJ 3470 b is in the
photon-limited regime.

5. Summary
Several theoretical studies have identified three distinct hydrodynamic atmospheric escape regimes in hydrogen-dominated planetary atmospheres: energy-limited, recombination-limited, and
photon-limited. In addition to the importance from a theoretical point of view, the classification of the hydrodynamic escape
regimes has important consequences for the estimation of the
mass-loss rate by models based on the energy-limited approach.
However, no evidence of these regimes had been reported to
date.
In this work, we studied the recombination to advection rates
of the upper atmospheric H obtained in a previous analysis of
the measured absorption spectrum of the He i triplet lines at
10 830 Å and Lyα of HD 189733 b, HD 209458 b, and GJ 3470 b,
which was performed by Lampón et al. (2020, 2021). Furthermore, based on these results, we also calculated the heating efficiencies, following Salz et al. (2016b).
We found that in HD 189733 b the neutral H production is
governed by recombination in the whole upper atmosphere, giving rise to a very narrow IF. In contrast, advection dominates the
neutral H density in the entire upper atmosphere of GJ 3470 b,
leading to a very extended IF. HD 209458 b is an intermediate
case between HD 189733 b and GJ 3470 b: the advection and the

recombination processes are non-negligible, which forms a relatively extended IF.
The derived heating efficiencies for HD 209458 b and
GJ 3470 b are similar to those expected from heating via photoelectrons, while those of HD 189733 b are much lower. Therefore, HD 209458 b and GJ 3470 b show little loss by radiative
cooling, in contrast to HD 189733 b. Additionally, we found that
Ṁ ∝ R2XUV in GJ 3470 b, which leads to a nearly constant heating efficiency in the range of 0.15–0.17. Following two criteria, one based on the productions and losses of the neutral H
and the other based on energy balance considerations, we have
shown that HD 189733 b is in the recombination-limited regime,
GJ 3470 b is in the photon-limited regime, and HD 209458 b is
in the energy-limited regime.
Our analysis involves a series of important model assumptions, such as the use of 1D models without an explicit solution
of the energy budget equation and assumed lower boundary
conditions. We have shown that these assumptions do not significantly affect the derived bulk properties, such as thermospheric temperatures, mass-loss rates, radial velocities, H/He
ratios, and, in particular, the recombination and advection rates.
Consequently, we are confident that our analysis of measured
He(23 S) and Lyα absorption provides robust evidence for the
existence of the three theoretically predicted hydrodynamic
escape regimes in hydrogen-dominated atmospheres. Accordingly, HD 209458 b, HD 189733 b, and GJ 3470 b can be considered as benchmark cases for their respective regimes.
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Appendix A: The steady-state continuity equation
of neutral H
The hydrodynamic continuity equation of mass can be expressed
as
Ṁ = 4 π r2 ρr vr ,

(A.1)

where ρr = nH mH + nHe mHe ; nH and nHe are the number densities of H and He, respectively; and mH and mHe are
the atomic masses of H and He, respectively. Assuming that
nH /nHe (hereafter H/He) is constant with respect to r, then
nHe = (H/He)−1 nH . Therefore, ρr = nH x, where x = mH +
(H/He)−1 mHe , is constant. As such, the mass-loss rate can be
expressed as
Ṁ = 4 π r2 nH x vr .

(A.2)

The continuity equation of H0 can be written as
1 ∂(r2 nH0 vr )
= nH+ ne αH − nH0 JH
∂r
r2

and, deriving, as
∂n 0
∂vr
2 nH0 vr
+ vr H + nH0
= nH+ ne αH − nH0 JH .
r
∂r
∂r

Taking vr = Ṁ/(4 π r2 nH x) from Eq. (A.2) and re-arranging
Eq. (A.4), we have
#
"
1
∂nH
∂nH0
vr
− nH0
= nH+ ne αH − nH0 JH .
(A.5)
nH
nH
∂r
∂r
Taking into account that
∂ (nH0 /nH )
1
∂nH
∂ fH0
∂n 0
=
= 2 nH H − nH0
∂r
∂r
∂r
∂r
nH

!
(A.6)

and including it in Eq. (A.5), we obtain
vr nH

(A.3)

(A.4)

∂ fH0
= nH+ ne αH − nH0 JH .
∂r

(A.7)

Assuming ne = nH+ , and re-arranging Eq. (A.7), we finally obtain
Eq. (1).
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In Table B.1 we provide the most relevant system parameters
used in our calculations. In Figs. B.1–B.4 we show ratios of
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Lampón et al. 2021).
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Fig. B.1. Same as Fig. 3 but for the extended T – Ṁ ranges (see the dotted lines in Fig. 1). Upper row: rates of H by recombination (solid lines) and
advection (dotted lines). Lower row: ratios of recombination to advection. The vertical dashed orange lines indicate the mean Roche lobes. We
note the different scales of the x and y axes.
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Fig. B.2. Same as Fig. 3 but for an H/He ratio of 90/10 (see Fig. 5 in Lampón et al. 2021). Upper row: rates of H by recombination (solid lines)
and advection (dotted lines). Lower row: ratios of recombination to advection. The vertical dashed orange lines indicate the mean Roche lobes.
We note the different scales of the x and y axes.
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Table B.1. System parameters.
1.0

M? (M ) (a)
a (au) (b)
MP (MJup ) (c)
RP (RJup ) (c)
Φ (ΦJup ) (d)
Rlobe (RP ) (e)
FXUV ( f )

HD 209458
1.119+0.033
−0.033
0.04707+0.00046
−0.00047
0.685+0.015
−0.014
1.359+0.016
−0.019
0.504
4.2
2.358

HD 189733
0.846+0.06
−0.049
0.0332+0.001
−0.001
1.162+0.058
−0.039
1.23+0.03
−0.03
0.944
3.0
56.740

GJ 3470

HD189_90
HD209_90
GJ34_90

0.8

0.476+0.019
−0.019
0.0348+0.0014
−0.0014
0.036+0.002
−0.002
0.360+0.01
−0.01
0.100
3.6
3.928

H0 mole fraction

System

0.6
0.4
0.2

Notes. (a) Stellar masses of HD 209458, HD 189733, and GJ
3470 from Torres et al. (2008), de Kok et al. (2013), and Pallé et al.
(2020), respectively. (b) Orbital separation from Torres et al. (2008),
Agol et al. (2010), and Bonfils et al. (2012). (c) Planetary mass and
radius of HD 209458 b from Torres et al. (2008); of HD 189733 b
from de Kok et al. (2013) and Baluev et al. (2015); and of GJ 3470 b
from Pallé et al. (2020). (d) Gravitational potential. (e) Roche lobes of
HD 209458 b, HD 189733 b, and GJ 3470 b by Salz et al. (2016a),
Eggleton (1983), and Bourrier et al. (2018), respectively. ( f ) XUV flux
in units of 103 erg cm−2 s−1 at λ < 912 Å at the planetary separation calculated by Lampón et al. (2020) for HD 209458 b and by Lampón et al.
(2021) for HD 189733 b and GJ 3470 b.
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Fig. B.4. Same as Fig. 2 but for an H/He mole fraction of 90/10 (see
Fig. 5 in Lampón et al. 2021). The thicker solid lines are the mean profiles. The vertical dashed lines are the mean Roche lobes.
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Fig. B.3. Same as Fig. 2 but for the extended T – Ṁ ranges (see the dotted
lines in Fig. 1). The thicker solid lines are the mean profiles. The vertical
dashed lines are the mean Roche lobes.
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