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We study the effects of ultralight vector field (ULVF) dark matter on gravitational wave propagation. We
find that the coherent oscillations of the vector field induce an anisotropic suppression of the gravitational
wave amplitude as compared to the standard cosmology prediction. The effect is enhanced for smaller
vector field masses and peaks for modes around k ¼ H0=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðH ¼ mÞp

. The suppression is negligible for
astrophysically generated gravitational waves but could be sizable for primordial gravity waves. We discuss
the possibility of detecting such an effect on the tensor power spectrum with future cosmic microwave
background B-mode polarization detectors. We find that for the sensitivity of the upcoming LiteBIRD
mission, the correction to the tensor power spectrum at decoupling time could be distinguishable from that
of ΛCDM for ULVF masses m≲ 10−26 eV and sufficiently large abundances.
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I. INTRODUCTION

In recent years, there has been a growing interest in the
so-called ultralight dark matter models. These models, also
known as fuzzy dark matter, are based on the existence of
bosonic fields with very small masses m ≪ 1 eV, so that
their cosmological number density is so high that the
interparticle separation would be smaller than their
Compton wavelength. In this case, the appropriate descrip-
tion of the dark matter component would be in terms of
classical fields (Bose-Einstein condensates) rather than
particles. These models could alleviate some of the
small-scale problems of the cold dark matter scenario
and lead to distinctive predictions for the density profiles
of galaxies. Thus, recent simulations of dark matter in
the form of a Bose-Einstein condensate have shown the
formation of a soliton core profile on scales below the de
Broglie wavelength surrounded by a halo of excited
states [1].
Although ultralight scalars, i.e., spin-zero fields with

very small masses (m ∼ 10−22 eV), such as axionlike
particles, have been among the most studied proposals
[2–4], fuzzy dark matter can be extended to higher-
spin fields. In that sense, ultralight vector fields (ULVFs)
[5–10], spin-1 bosons with very small masses (m ≪ 1 eV)
and very weak interactions, have been growing in popular-
ity throughout the last years, also making a good candidate
for dark matter. The effect of ULVF on the scalar sector of
cosmological metric perturbations has already been
analysed in [5], and it produces the desired effect of

suppressing structure formation on scales smaller than its
comoving de Broglie wavelength λdB ¼ ðHmaÞ−1=2. The
typical structure size in our Universe is associated with a
field of mass m ∼ 10−22 eV, meaning that lighter fields
have an astrophysical-sized de Broglie wavelength, and
thus could not conform the totality of the dark matter in the
Universe.
Aside from its dynamics, its production has also been

studied in different contexts, such as inflation [11,12] or by
misalignment mechanisms [13]. However, it has been
shown that even though the standard misalignment mecha-
nism works for a wide mass range, it requires large, highly
tuned nonminimal couplings to the scalar curvature [3]. In
addition, these couplings lead to perturbative unitarity
violation at low energies in longitudinal photon-graviton
scattering, and also to a negative kinetic term of the
longitudinal mode for a certain range of momenta, thus
threatening the vacuum stability. These issues have been
discussed in previous works but none of them have
succeeded in ensuring the viability of the mechanism
[14]. As a result, alternative mechanisms which include
couplings to axion fields have been proposed in [6–9]. On
the other hand, the possibility of having coherently oscil-
lating spin-2 fields as dark matter (DM) candidates has also
been explored in [15,16].
Regarding detection of ULVF DM, the possible indirect

detection through the generation of induced atomic tran-
sitions was considered in [17], the use of optomechanical
accelerometers as resonant detectors was explored in [18].
The generation of gravitational waves (GWs) associated to
density perturbations was studied in [5]. It was found that
the generated signal would be very small to be detected by
gravitational wave interferometers and could only have an
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effect on the cosmic microwave background (CMB). More
recently, possible effects on pulsar timing signals have been
considered in [10,19].
On the other hand, the detection and confirmation of

gravitational waves a few years ago [20] has opened a
new window in observational cosmology. Although all
observations to date have their source in stellar-mass
astrophysical objects, namely, black holes [20] and neutron
stars [21], cosmological primordial GWs, as predicted by
most inflationary models, are expected to exist and to be
observable. The future detection of primordial GW could
take place not directly but through the measurement of the
low-multipole (l < 200) region of the CMB polarization
B-mode angular power spectrum (see [22] for a review),
which is expected to be measured with enough precision in
the coming years [23–25]. Having traveled all the way
through from the end of inflation, primordial GW propa-
gation is very sensitive of any modification of matter-
energy content of the universe in any cosmological era. In
particular and unlike perfect fluids or scalar fields, the
presence of a coherent vector field that could play the role
of dark matter, induces a nonzero contribution to the tensor
anisotropic stress, which enters the GW equation via the
metric perturbation of the stress-energy tensor, and modi-
fies their propagation.
The aim of this work is precisely to analyze the effects of

ultralight vector fields on GW propagation. With that
purpose, we consider a model based on a homogeneous
massive Abelian vector field. We analyze the parameter
space in which the field behaves as ULVF dark matter and
its dynamics and equation of state in past epochs. Then, we
study its effects on GW propagation and calculate the range
of modes and parameters for which the impact is larger with
respect to standard ΛCDM (Lambda-cold dark matter).
Finally, we discuss the regimes in which this field could
result in a nonzero change to the predicted CMB B-mode
observation.
The work is organized as follows. First, in Sec. II, we

review the foundations of GW propagation in vacuum. In
Sec. III, we present our model of ULVF, get the governing
equations of its dynamics, and discuss its validity as dark
matter. Sections IV and V are dedicated to obtaining the
GW propagation equations and the GW abundance
expression in the presence of the vector field and to a
qualitative analysis of the solutions. In Sec. VI, we
introduce the numerical model to solve the equations,
present the different results, and make some discussion
about them. Finally, in Sec. VII, we draw the main
conclusions of the work.

II. GW PROPAGATION IN VACUUM

In this section, we derive the equation for gravitational
wave propagation in vacuum. The metric we consider is flat
Robertson-Walker (RW) in conformal time η, which up to
first order in metric perturbations can be written as

gμν ¼ a2ðηÞðημν þ δημνÞ; ð1Þ

where ημν ¼ diagðþ;−;−;−Þ. The equation to solve is the
perturbed Einstein equation in vacuum,

δGμ
ν ¼ 0; ð2Þ

where δG is first order in metric perturbations. In order to
do so, we perform a helicity decomposition on the first-
order tensor δημν in order to separate scalar, vector, and
tensor contributions, and we are left with the following
components:

δη00 ¼ 2ψ ; ð3aÞ
δη0i ¼ βi − ∂iγ; ð3bÞ

δηij ¼ 2ϕδij −
�
∂i∂j −

1

3
δij∇2

�
λ−

1

2
ð∂iϵj þ ∂jϵiÞ− hTTij :

ð3cÞ

In all these equations, Latin indices run over spatial
components i, j ¼ 1, 2, 3. Out of all these quantities, we are
interested solely in its transverse-traceless (TT) contribu-
tion hTTij , which is the only tensor in the helicity decom-
position, and so it suffices to describe gravitational waves.
From now on, the TT indicators will be dropped. hij is
gauge invariant, and also symmetric, transverse, and trace-
less, as all scalar and vectorial behaviors have been
removed from it, so it satisfies

hii ¼ δijhij ¼ 0; ∂ihij ¼ 0: ð4Þ

Thus, all scalars and vectors can be dropped for our
purpose, and from now on we will use

δη00 ¼ 0; δη0i ¼ 0; δηij ¼ −hij: ð5Þ

Notice that in perturbations, spatial indices are raised and
lowered with δij. Note how, since the inverse metric is
given by

gμν ¼ a−2ðηÞðημν − δημν þOðδη2ÞÞ; ð6Þ
we have δηij ¼ −hij ¼ −δikδjlhkl.
With all this, the perturbed Einstein tensor can be

computed, whose only nonzero components are

δGi
j ¼ −

1

2a2
ðh00ij þ 2Hh0ij −∇2hijÞ; ð7Þ

where 0 ≡ d=dη and H ¼ a0=a.
If we choose positive i ¼ 3 to be the direction of

propagation of the wave, defined by the momentum
vector k, hij can be written in terms of the two possible
polarizations,
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hij ¼

0
BB@

hþ h× 0

h× −hþ 0

0 0 0

1
CCA; ð8Þ

and after going through a Fourier transformation, we are
left with two identical equations

h00λ þ 2Hh0λ þ k2hλ ¼ 0; λ ¼ þ;×; ð9Þ

which is the equation that governs the GW propagation in
vacuum. The evolution of an arbitrary GW mode is
qualitatively simple and depends solely on the wavelength
of the GW: if the mode is outside the Hubble horizon
k ≪ H, it remains constant, whereas if it is inside the
Hubble horizon k ≫ H, it oscillates with the amplitude
damped as 1=a. An example of the evolution for different
wavelengths is depicted in Fig. 1.

III. DYNAMICS OF A HOMOGENEOUS VECTOR
FIELD IN COSMOLOGY

Let us consider a massive Abelian vector field [15] in a
RW background. The corresponding action reads

S ¼
Z

dx
ffiffiffi
g

p �
−
1

4
FμνFμν þ 1

2
m2AμAμ

�
; ð10Þ

where g ¼ j detðgμνÞj, Fμν ¼ ∂μAν − ∂νAμ, and the minus
sign in the potential is due to stability requirements, since
the vector field is going to be purely spacelike, as we are
about to see.
The equations of motion for the vector field are obtained

by varying the action (10) with respect to Aμ, yielding

Fμν
;ν −m2Aμ ¼ 0; ð11Þ

where the semicolon represents covariant derivative.
We consider a homogeneous vector field, thus dependent

solely on conformal time η, whose spatial components we
choose, for simplicitly, point in a fixed direction (linear
polarization). After conveniently orienting the spatial axes,
it can be written as

AμðηÞ ¼ ðA0ðηÞ; 0; 0; AzðηÞÞ; ð12Þ

and since we are working at the background level, the
metric (1) with δημν ¼ 0 is enough to compute the
equations of motion. Fixing μ ¼ 0 in (11) gives

m2A0 ¼ 0; ð13Þ

so the temporal component vanishes, whereas the spatial
part of the equation yields

A00
z þm2a2Az ¼ 0: ð14Þ

We can study now the behavior of Az at different stages
of the cosmological evolution. It can be seen that for
ma ≫ H the field oscillates rapidly around the potential
minimum. Thus, introducing a Wentzel-Kramers-Brillouin
(WKB) ansatz

AzðηÞ ¼ FkðηÞ cos
Z

η
ωðη0Þdη0 ð15Þ

and substituting back in (14) up to next-to-leading adiabatic
order, we get

AzðηÞ ¼ Az;0a−1=2ðηÞ cos
Z

η
maðη0Þdη0; ð16Þ

where Az;0 is a normalization constant.
Now, in order to study the effect of this vector field

in the RW background, we need to compute the stress-
energy tensor Tμ

ν for this theory. This can be obtained by
varying the action with respect to the metric tensor, so that

δS ¼ −
1

2

Z
dx

ffiffiffi
g

p
Tμνδgμν: ð17Þ

After varying the action (10), we obtain

Tμ
ν ¼

�
1

4
FρσFρσ −

1

2
m2AρAρ

�
δμν − FμρFνρ þm2AμAν:

ð18Þ

Notice that since the background vector field breaks
isotropy, it cannot be the source of a RW background.
However as shown in [15,26], for sufficiently fast oscil-
lations, the average energy-momentum tensor is always

FIG. 1. Time evolution of GWs in ΛCDM, normalized by their
primordial value, with three different reduced wavelengths ƛ ¼
1=k as indicated in the legend. The vertical lines indicate when
each GW enters the Hubble horizon, i.e., k ¼ H and coincides
with the moment the damped oscillation starts.
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isotropic. Thus, we can write down the Friedmann equation
with the stress-energy tensor given by this theory,

H2 ¼
�
a0

a

�
2

¼ 8πG
3

ρAa2; ð19Þ

with

ρA ¼ T0
0 ¼

A0
z
2

2a4
þ m2

2a2
A2
z : ð20Þ

If, instead, we want to consider this ULVF within the
framework of ΛCDM, we must simply add this energy
density to those from all the other species when writing the
Friedmann equation.
With the aid of the WKB solution (16) and Eq. (20), we

can see that ρA ∝ a−3, which means that, in the regime in
which the WKB condition ma ≫ H is valid, the vector
field behaves as matter, so that it could be part of the
unexplained dark matter component. Consequently, we
must ensure this behavior throughout the whole matter-
dominated epoch, since the matter-radiation equality must
remain unaffected. Figure 2 displays the redshift at which
the field starts to oscillate as a function of its mass, from
which we get the constraint m≳ 10−27 eV.
At earlier times when theWKB condition is not satisfied,

if one imposes that the time derivative of the field is zero at
early epochs, it remains constant at its initial value Az;0, so
that the energy density scales as ρA ∝ a−2. This holds until
ma ≃H is reached, when it begins to oscillate as described

before and behaves as matter, with the energy density
oscillating around the a−3 scaling, as can be seen in Fig. 3.

IV. INTRODUCING METRIC TENSOR
PERTURBATIONS

The effect of the presence of a vector field in the GW
propagation can be studied through the perturbed Einstein
equation, now with a nonzero stress-energy tensor. In
addition, since we are interested only in TT modes, we
need to project the Einstein equation onto these modes,
which reads

Λij;lmðδGl
m − 8πGδTl

mÞ ¼ 0; ð21Þ

where

Λij;lm ¼ PilPjm −
1

2
PijPlm ð22Þ

is the TT projector and

Pij ¼ δij − k̂ik̂j: ð23Þ

The transverse traceless projection of the perturbed
Einstein tensor yields exactly (7), as Λij;lmhlm ¼ hij,
because this tensor is already transverse and traceless.
On the other hand, after perturbing the metrics in the stress-
energy tensor (18), omitting the δμν term as it projects to
zero, and doing the projection, one gets

δTi
j ¼ −

1

a4
hikA0

jA
0
k þ

m2

a2
hikAjAk; ð24Þ

so that

FIG. 2. Starting point of vector field oscillation expressed
in redshift as a function of its mass, computed with a
ΛCDM background. The horizontal line corresponds to the
matter-radiation equality redshift zeq ≈ 3350, which separates
radiation-dominated (RD) and matter-dominated (MD) epochs.
Consistency with ΛCDM requires this moment to occur in RD
epoch, yielding a lower bound for the ULVF mass.

FIG. 3. ULVF energy density (in arbitrary units) as a function
of the scale factor, for m ¼ 10−26 eV in a ΛCDM background.
Dashed and dotted lines represent a−2 and a−3 (matterlike)
scalings, respectively. The vertical line corresponds to
ma ¼ H, after which the energy density oscillates around ρA ∝
a−3 as a consequence of the field oscillation.

ALFREDO D. MIRAVET and ANTONIO L. MAROTO PHYS. REV. D 103, 123546 (2021)

123546-4



Λij;lmδTl
m ¼ −

1

a4

�
hikA0

jA
0
k − k̂jk̂mhikA0

mA0
k −

1

2
ðδij − k̂ik̂jÞhlkA0

lA
0
k

�

þm2

a2

�
hikAjAk − k̂jk̂mhikAmAk −

1

2
ðδij − k̂ik̂jÞhlkAlAk

�
: ð25Þ

Notice that because of the presence of the background
vector field, it would be possible to have tensor contribu-
tions at the linear level coming from scalar and vector
modes [5] that would source gravitational waves. However,
in this work, we will only concentrate on the effect
on propagation so that we will ignore the new source terms.
We calculate the components of these tensors in

the orthonormal basis [5] defined by the vectors
fû1; û2; û3g ¼ fûpk;cosθûp− sinθûa; sinθûpþ cosθûag,
where ûa is the unit vector that points in the direction of the
vector field, which remains constant during its evolution, so
thatA ¼ Aûa, û3 ¼ k̂ is the direction of propagation of the
gravitational wave, cos θ ¼ k̂ · ûa and

ûpk ¼
k̂ × ûa

sin θ
; ûp ¼ k̂ − cos θûa

sin θ
: ð26Þ

Since û3 is the GW direction of propagation, we can use
the expression (8) for hij. Thus, in this basis, we easily
get the following expression from the Einstein equation
projection:

h00λ þ 2Hh0λ þ
�
k2 − 8πGsin2θ

�
A02

2a2
−
m2

2
A2

��
hλ ¼ 0;

ð27Þ

with λ ¼ þ;×.
If the vector field is not oscillating (i.e., it remains

constant) when the GW mode enters the Hubble horizon,
the only effect we effectively get is a shift in the momentum
k and thus a slight displacement of the instant when the
mode enters the horizon. On the other hand, more interest-
ing effects, such as changes in the GW amplitude, are
expected to happen to modes that enter the horizon when
the vector field is already oscillating, in particular to
all modes that become sub-Hubble during the matter-
dominated epoch.
Let us write the vector field abundance today, when the

WKB approximation must be valid, as

ΩA ¼ ρA;0
ρc

¼ 4πG
3

m2A2
z;0

H2
0

; ð28Þ

where H0 is the Hubble parameter in cosmological time
H ¼ H=a today and ρc ¼ 3H2

0=8πG is the critical energy
density today. Note that, as this field behaves as matter
today, we must have ΩA < ΩM necessarily. If we introduce

this as well as the WKB expression for the vector field in
(27) and we perform a change of variable hλ ¼ vλ=a, we
get the following equation:

v00λ þ
�
k2−

a00

a
þ3ΩAH2

0sin
2θ

a
cos

�
2

Z
η
maðη0Þdη0

��
vλ¼0:

ð29Þ

Modifications in the GW propagation could appear given
the following requirements:

(i) The vector field must be oscillating at some point of
the cosmological evolution: ma ≫ H, which is
ensured as long as we keep the matter-radiation
equality unaffected, as discussed before.

(ii) The vector field term must be greater or at least of
the order of the k2 and the damping terms, i.e.,
3ΩAH2

0 sin
2 θ=a≳ k2, a00=a.

(iii) If the vector field term oscillates very quickly, it
could be averaged out, resulting in no effect. Thus,
the frequency ma cannot be much larger than the
GW oscillation frequency, and since the former is
monotonically increasing, the effect is going to be
more noticeable if the vector field has oscillated
for a short time when the GW mode enters the
horizon.

Taking all of this into account, the most affected
modes are going to be those around k2 ¼ H2

0=a�, with
a� defined as the scale factor at which the vector field starts
behaving as matter, which can be approximately deter-
mined by ma� ¼ Hða�Þ. The complicated structure of
the differential equation does not allow much further
analysis, and all calculations and results must be obtained
numerically.
The comparison between having this vector field or not

in the GW evolution can be done through a quotient
function that will depend on all parameters in our model.
Let jhj be the oscillation amplitude of the GW if it is inside
the horizon or the (constant) value itself if outside the
horizon, then we can define

Qðk;m; θ;ΩAÞ ¼
jhλ;ΛCDMþAðk;m; θ;ΩAÞj

jhλ;ΛCDMðkÞj
; ð30Þ

as the ratio between the GW amplitudes in the ΛCDM
model with an additional ULVF dark matter component and
the standard ΛCDM, assuming the same initial conditions.
For sufficiently long times, the quotient function is
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independent of the time at which we evaluate both
solutions, since they are both constant or equally damped
as 1=a. Notice that it is also independent of the GW
polarization.

V. POWER SPECTRUM AND GW ABUNDANCE

Another interesting quantity to compute, as it is widely
used to express the sensitivity of GW detectors, is the
gravitational wave abundance today per energy interval
[27]. Typically, it is integrated over solid angle, but
the anisotropy of our model in the vector-GW angle θ
makes this integration nontrivial, so the quantity to
compute is

dΩGW

d cos θ
¼ 1

ρc

d2ρGW
d log kd cos θ

; ð31Þ

where the gravitational wave density today is given by

ρGW ¼ hh0ijh0iji
32πG

: ð32Þ

This can be related to the tensor power spectrum at
redshift z, PTðz; k; θÞ, and can ultimately be written in
terms of the primordial tensor power spectrum PT;in

through the transfer function for ΛCDM Tðk; zÞ,

hλ;ΛCDMðk; zÞ ¼ Tðk; zÞhλ;ΛCDMðk; ηinÞ; ð33Þ

and the quotient function. The transfer function relates the
amplitude of gravity waves of a certain wavelength
to its primordial value in ΛCDM, and the quotient function
accounts for the difference between ΛCDM and our
model. Power spectra relate via squared transfer functions,
so that

PTðz; k; θÞ ¼
1

2
jTðk; zÞj2jQðk;m; θ;ΩAÞj2PT;inðkÞ; ð34Þ

where the 1=2 factor is needed to keep the correct
normalization when the angular integration is performed.
The primordial spectrum is usually parametrized as

PT;inðkÞ ¼ ATðk�Þ
�
k
k�

�
nT
; ð35Þ

where k� is the pivot scale, nT is the spectral index,
and AT is the spectrum amplitude at the pivot scale.
Finally, we can write the latter in terms of the comoving
curvature power spectrum amplitude AR and the tensor-to-
scalar ratio r,

rðk�Þ ¼
ATðk�Þ
ARðk�Þ

: ð36Þ

With all of this combined, we can finally write down

PTðz; k; θÞ ¼
1

2
rðk�ÞARðk�Þ

�
k
k�

�
nT

jTðk; zÞj2jQðk;m; θ;ΩAÞj2; ð37Þ
and for the GW abundance

dΩGW

d cos θ
¼ k2

12H2
0

PTðz; k; θÞ: ð38Þ

Thus, the only calculations within our model that we must
perform is the determination of the quotient function.

VI. NUMERICAL MODEL AND RESULTS

Conformal time η does not appear explicitly in any of the
equations, so we can get rid of it to work in terms of the
scale factor aðηÞ, which is more convenient. However, as
the scale factor spans several orders of magnitude, we will
work with the x ¼ log aðηÞ variable in order to improve
calculation performance. Equations (14) and (27), to solve
in terms of x, are listed as follows:

∂2
xAþ ∂xH

H
∂xAþm2e2x

H2
A ¼ 0; ð39aÞ

∂2
xhλ þ

�
2þ ∂xH

H

�
∂xhλ

þ 1

H2
½k2 − 4πGsin2θðe−2xH2ð∂xAÞ2 −m2A2Þ�hλ ¼ 0:

ð39bÞ

The inconvenience of eliminating conformal time is that
now the Hubble parameter appears in the equations. Its
expression including the vector field energy density can be
written as

H2 ¼ H2
0e

2x

�
ðΩM −ΩAÞe−3x þΩRe−4x þΩΛ

þ 4πG
3H2

0e
2x

�
H2ð∂xAÞ2

e2x
þm2A2

��
; ð40Þ

where the last term in the square brackets must equal ΩA
when evaluated today (x ¼ 0). The matter abundance today
consisting of the ultralight vector field is subtracted from
the total matterΩM, yielding the term ðΩM −ΩAÞa−3 which
includes the CDM and baryon contributions. Notice that
depending on the ΩA value, the share of ULVF dark matter
vs CDM varies.
The way of solving this system would be to solve (40)

for H. Then, plugging the result into (39a), we get the
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solution for the vector field. Finally, we solve the GW
equation (39b). This procedure, however, has several
inconveniences. The main one is using the expression
for H that contains A and its derivative explicitly, as it
enlarges considerably the equation for the vector field. In
addition, having a denominator that can be close to zero
results in numerical inaccuracies. On the other hand, large
masses for the vector field translate into thousands of
oscillations before arriving to the present moment x ¼ 0,
which can take long computing times even if the ΛCDM
Hubble parameter is used. Last, we would like ΩA to be an
input parameter of our model, but since it is a quantity
calculated at x ¼ 0 rather than an initial value, this require-
ment would turn our equations into a boundary value
problem, in which the primordial value of the vector field
should be fine-tuned to yield the desired ΩA, with a
shooting method, e.g., making the process fairly slow.
Instead, we can argue that the effect of the vector field on

the background does not have a large impact on its own
evolution. This is sensible as the vector energy density
scales initially as a−2 and then behaves as matter in a
radiation-dominated epoch, making it subdominant
throughout this period. After a few oscillations of the field,
the WKB approximation is valid and its presence can be
accounted by treating it as standard matter. Thus, the
equation for the vector field (39a) is integrated using the
standard ΛCDM Hubble parameter

H2
ΛCDM ¼ H2

0e
2xðΩMe−3x þΩRe−4x þΩΛÞ; ð41Þ

with initial conditions AðxinÞ ¼ Ain, A0ðxinÞ ¼ 0, until the
scale factor grows by a factor e2 after the field started
oscillating. At this point, it oscillates sufficiently fast
as to use the WKB solution, so we match both solutions
at the first minimum after this point, which satisfies
AðxminÞ=Ain ¼ Amin, and with that we can write

AðxÞ ¼ AinAmine−ðx−xminÞ=2 cos
�Z

x

xmin

mex

HΛCDM
dx

�
; ð42Þ

valid for x > xmin.
With this solution, we can calculate the abundance today

and get the primordial value Ain in terms of ΩA,

Ain ¼
�

3ΩAH2
0

4πGm2exminAmin

�
1=2

; ð43Þ

thus fixing the boundary problem issue. Figure 4 shows a
comparison between an exact solution and the solution we
will be using, thus leading to small errors, and even less in a
differential equation integration due to the oscillatory
behavior. Being able to use the later allows us to compute
results much faster, as the large amount of oscillations
before reaching the present time would have taken much
computation time.

This two-part solution for the vector field can be plugged
into the complete Hubble parameter (40), where, in the
combination A0 ¼ H∂xA, we must use HΛCDM in order to
have a consistent solution, as this is the Hubble parameter
that we have used to solve A. Finally, we solve the GW
evolution (39b). The starting integration point xin must be
early enough so that the field is still constant and the GW
mode is super-Hubble with HðxinÞ ≫ fexinm; kg.
The GW propagation equation (39b) must be solved

twice, once for a ΛCDM background (ΩA ¼ 0) and then
again for our model with a certain set of parameters.
Figure 5 shows a couple of examples of GW propagation
with and without the vector field. The main effect, which is
fairly visible in those figures, is that the GW amplitude
experiences a smooth diminution the moment the ULVF
starts behaving as matter as long as this event occurs while
the GW mode is super-Hubble. If it occurs after the
wave entering the Hubble horizon, little to no effect is
noticed.
With both solutions at hand, the transfer function (33)

can be obtained from the ΛCDM one by directly dividing
the value of the GW today by its primordial value. The
quotient function (30) is computed through the comparison
of both solutions for sufficiently long times, as discussed in

FIG. 4. Comparison between the exact solution and
our two-part model, employing the WKB approximation, for
m ¼ 10−26 eV. The upper panel shows the exact solution (solid
line) and the approximate one (dotted line), displaying a very
small difference, as well as an arrow that indicates the minimum
from which the WKB solution is used. The lower panel shows the
relative error, compared to the oscillation amplitude, which
remains below 1%. The oscillatory behavior indicates that the
error is mostly due to a small phase difference between both
solutions.
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Sec. IV. An example for different masses can be seen in
Fig 6, showing that there is a specific region where the
effects are more noticeable, which corresponds to wave
numbers around k ¼ H0=

ffiffiffiffiffi
a�

p
. As a�, the scale factor at

which the ULVF starts behaving as matter, depends solely
on the ULVF mass, the k value for which the quotient
function reaches its absolute minimum depends only on the
mass as well, meaning that the variation of the angle θ or
ΩA produces a shift in the vertical axis, but not in the
horizontal one. In particular, the deviation from ΛCDM is
bigger the larger ΩA is and the closer to π=2 the angle θ is,
as can be seen in Figs. 7 and 8, respectively. One last point
to note is that setting ΩA ¼ 0 in our model corresponds
exactly with ΛCDM, thus resulting in unity quotient
function, but setting θ ¼ 0 does not. This is because,
despite the fact that θ ¼ 0 eliminates the additional term
in (39b), there is still a slight effect in the background
accounted in H, so we get Q ≠ 1 even though there is no
direct coupling between GWs and the ULVF in the
propagation equation.
The quotient function exhibits nontrivial k and θ

dependencies as shown in Figs. 6 and 9, which could
make it possible to detect the presence of ULVF dark matter
in certain mass ranges. Forthcoming experiments, both
ground-based such as BICEP Array [23] or Simons Array
[24], and satellite-based like LiteBIRD [25], are expected
to detect primordial gravitational waves with a sensitivity
of σðrÞ < 0.006 in the tensor to scalar ratio [even smaller in
the case of LiteBIRD σðrÞ < 0.001], enough to detect
typical values predicted by inflation around r ¼ 0.01,
through CMB B-mode observations for l < 200, as larger
multipoles are dominated by gravitational lensing.
Therefore, some effects in the B-mode power spectrum
resulting from the ULVF presence are expected, on the one
hand, as an angular modulation of the tensor power
spectrum in that multipole range. As shown in Fig. 9, this
modulation would be approximately quadrupolar. On the

FIG. 7. Quotient function for different ULVF abundances, with
fixed m ¼ 3 × 10−27 eV and θ ¼ π=2. The deviation from
ΛCDM is larger the greater the abundance, which has a natural
bound at ΩM. The wave number of maximum deviation (global
minimum) does not depend on ΩA, as opposed to mass (see
Fig. 6). The choice ΩA ¼ 0 is exactly ΛCDM, as expected.

FIG. 6. Quotient function for different ULVF masses, with
fixed θ ¼ π=2 and ΩA ¼ 0.1. The deviation from ΛCDM Q ¼ 1
is larger the smaller the mass is. There is a global minimum at
kmin, different for each mass, where the deviation is maximum.
For k ≪ kmin, the quotient tends to a constant value smaller than 1
(with little deviations in the figure due to numerical inaccuracy),
whereas for k ≫ kmin it tends to unity.

FIG. 5. GW evolution for a ΛCDM background and for our
model, in solid and doted lines, respectively, and wave numbers
of k ¼ 10−31 eV (above) and k ¼ 10−32 eV (below). The rest of
the parameters are fixed to m ¼ 10−26 eV, ΩA ¼ 0.25, θ ¼ π=3.
Vertical lines correspond to the ULVF oscillation beginning
ma ¼ H (dashed) and the GW entering the Hubble horizon
k ¼ H (dash-dotted).
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other hand, we also expect a modification in the power-
spectrum k dependence. Both effects would more important
for masses near the lower limit of m ∼ 10−27 eV, as can be
seen in Fig. 6. Notice also that astrophysically generated
GWs typically have larger frequencies, where the quotient
function tends to unity and therefore no effect in propa-
gation is expected.

We plot in Fig. 10 the tensor power spectrum at
decoupling time for various sets of parameters, in which
we can see that the ULVF presence suppresses the power
with respect to ΛCDM for small masses. The effect is more
evident at low k (multipoles l < 100), where the quotient
function is not unity for these small masses. Such low
frequency GWs are far from being directly observable with
interferometers or pulsar timing arrays taking into account
current or planned detector sensitivities and wavelength
ranges [28], so the observation of these effects is con-
strained to the measurement of B modes.

VII. CONCLUSIONS

Ultralight vector fields are suitable dark matter candi-
dates. While contributing to the observed and yet unex-
plained dark matter abundance today, their coherent
oscillatory behavior produces interesting new phenomeno-
logy compared to standard cold dark matter.
We have found that primordial GWs, those coming from

the inflationary epoch, see their amplitudes slightly dimin-
ished for small ULVF masses m and large abundances ΩA,
as long as the GWmode enters the Hubble horizon after the
ULVF starts to behave as matter, which occurs for long-
wavelength modes. This suppression is anisotropic and is
maximized for GWs propagating orthogonally to the
direction of the background vector field. In addition, as

FIG. 10. Tensor power spectrum at decoupling time for differ-
ent ULVF masses, θ ¼ π=2, ULVF abundance of ΩA ¼ 0.1,
primordial tensor-to-scalar ratio r ¼ 0.01, and no spectral tilt
nT ¼ 0. The rest of parameters in Eq. (37), corresponding to the
scalar sector of the primordial power spectrum, correspond to the
Planck cosmology [29]. The upper abscissa axis represents the
approximate multipole moment l corresponding to the wave
number, taking into account its angular size at the last scattering
surface. The blue band represents the precision of σðrÞ ¼ 0.001
of LiteBIRD. Smaller masses (as well as bigger ULVF abun-
dances) are more likely to be detected as deviations from ΛCDM.

FIG. 9. Quotient function as a function of sin2 θ, with fixed
m ¼ 3 × 10−27 eV and ΩA ¼ 0.1, for various wave number
values. The dashed gray line corresponds to ΛCDM. The almost
linear dependence suggests an approximately quadrupolar an-
gular modulation of the GW power spectrum.

FIG. 8. Quotient function for different angles θ between the
vector field and the wave vector, with fixed m ¼ 3 × 10−27 eV
and ΩA ¼ 0.1. The deviation from ΛCDM is larger the closer to
π=2 θ is. Angles in the range π=2 < θ ≤ π yield results that can
be obtained from this picture, as the dependence in the propa-
gation equation (27) is sin2 θ. Note that the wave number of
maximum deviation does not depend on θ (obviating the extreme
choice θ ¼ 0), and that the case θ ¼ 0 is not exactly ΛCDM
despite having no extra term in the propagation equation, as the
ULVF still affects the background evolution.
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can be seen in Fig. 6, there is a wave number region for
each mass in which there is a nonzero change with respect
toΛCDM. Therefore, the presence of the ULVF is expected
to modify the CMB B-mode signal, either as an angular
modulation or a change in the shape of the power spectrum.
This is particularly interesting in the low-multipole
(l ≤ 200) region, where gravitational lensing is not dom-
inant. Taking into account the sensitivity and multipole
region of forthcoming observations, we infer from the
tensor power spectrum at decoupling time (Fig. 10) that the
effects of ULVF dark matter could be significant enough to
be detectable for masses larger than the lower bound of
m ∼ 10−27 eV and smaller than an upper bound of
m≲ 10−26 eV. This range of mass has an associated de
Broglie wavelength of astrophysical size, and as a result it
is not suitable for describing the totality of the dark matter
abundance but a part of it, as commented previously in
Sec. I. We have also seen that the effect on the propagation
of astrophysically generated GW is completely negligible.
A more detailed study of these effects would require the

computation of the complete B-mode power spectrum,
which could be obtained by the modification of any of the
already existing Boltzmann codes, such as CLASS [30], in

order to include the ULVF in the background and metric
perturbation equations. With the B-mode power spectrum at
hand, one could conclude if the deviations from ΛCDM that
we have predicted in this work are large enough to be
distinguishable in CMBmeasurements by direct comparison.
At themoment, this task is beyond the scope of ourwork. It is
also interesting to explore the possibilities to generate the
ULVF dark matter abundance by different suitable mecha-
nisms such as misalignment [13] while avoiding the sup-
pression during inflation. Finally, the effects on GW
propagation in vector theories with different potentials could
also provide a rich phenomenology.
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