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The degree of coherence and the intensity distribution
on the axis of the beam radiated by a planar partially co-
herent source of the Schell-model type are investigated.
We present an expression for the on-axis cross-spectral
density which is valid for a very general Schell-model
source, with the only constraint that the intensity distri-
bution across the source is Gaussian. Furthermore, we
show that such an expression takes very simple analyt-
ical forms for several commonly used degrees of coher-
ence of the source. © 2022 Optical Society of America

http://dx.doi.org/10.1364/ao.XX.XXXXXX

The second-order coherence properties of a partially coher-
ent source, as well as those of the beam radiated from it, are
described either by its mutual coherence function or by its cross-
spectral density (CSD) function [1], depending on whether the
space-time or the space-frequency domain is considered, the two
functions being related by a temporal Fourier transform.

When dealing with the correlations between points lying
along the propagation axis of a beam, two different aspects have
to be taken into account. One is related to the finite bandwidth
of the (temporal-)frequency spectrum of the radiating source.
In particular, due to the Wiener-Kintchine theorem [1], a finite-
bandwidth spectrum causes lack of correlation between points
that are more than a coherence length apart. The latter is directly
related to the coherence time, which, in turn, is given by the
inverse of the spectrum bandwidth, and is a manifestation of the
so-called temporal coherence.

The second aspect is purely spatial and only depends on the
spatial-coherence properties of the source. It can be observed
even when the distance between the points is well within the
coherence length of the radiation, and is often referred to as lon-
gitudinal spatial coherence [2–4]. Nonetheless, to avoid confusion
between denominations we prefer to use the name z-coherence [5]
for this kind of correlation. The most proper tool to investigate
z-coherence is the CSD, because it refers to a specific temporal
frequency and then to the monochromatic regime.

Both these effects affect the longitudinal coherence properties
of a beam [6, 7] and have to be considered whenever such prop-

erties are used in applications based on it. This is the case, just
to quote some, of optical coherence tomography [8, 9], profilom-
etry [10, 11], interferometry [12], and ghost imaging [13–15].

Despite the broad interest for problems related to the lon-
gitudinal spatial coherence of a beam, the results presented so
far mainly concern specific type of sources, such as spatially
incoherent, homogeneous and quasi-homogeneous ones. On
the contrary, it seems that the subject has not been dealt with
yet for the wide class of the Schell-model sources, if not for
the celebrated example of the Gaussian Schell-model (GSM)
sources [1, 13, 16], although they may represent a useful model
for many physically realizable partially coherent sources.

In this letter we derive a simple expression for the CSD of
the beam radiated by a general Schell-model (SM) source [1] for
points along the axis, with the only constraint that the intensity
profile of the source is Gaussianly shaped and the paraxial con-
ditions are met. The obtained expression provides the spatial
correlation between two axial points, as well as the on-axis inten-
sity, and in several cases of commonly used degrees of coherence
reduces to a very simple analytical form.

We consider a Schell-model source across the plane z = 0.
For simplicity, we shall limit ourselves to the one-dimensional
case. The obtained results, of course, can be extended at once
to the two-dimensional case with rectangular symmetry. Under
such hypotheses the CSD of the source takes the form

W0(ξ1, ξ2) = τ∗(ξ1)τ(ξ2)µ(ξ1 − ξ2) , (1)

where ξ denotes the coordinate across the source, τ is a generic
function giving account of the source profile and µ is the degree
of coherence (DOC). We can express the latter through its Fourier
transform [17], namely,

µ(ξ) =
∫ ∞

−∞
p(v) e−2πiξvdv , (2)

so that the CSD becomes

W0(ξ1, ξ2) = τ∗(ξ1)τ(ξ2)
∫ ∞

−∞
p(v)e−2πi(ξ1−ξ2)vdv . (3)

We know that, due to the Bochner theorem, the function p has to
be nonnegative in order for the CSD to be bona fide [1].
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Equation (3) can be viewed as a pseudo-modal expansion of
the CSD [18, 19]. In fact, we have

W0(ξ1, ξ2) =
∫ ∞

−∞
p(v)ψ∗0 (v, ξ1)ψ0(v, ξ2) dv . (4)

with the pseudomodes given by

ψ0(v, ξ) = τ(ξ) e2πiξv . (5)

To evaluate the CSD of the radiated beam we can use the
expression of the propagated modes ψz(v, x), so that

W(x1, z1; x2, z2) =
∫ ∞

−∞
p(v)ψ∗z1

(v, x1)ψz2 (v, x2) dv . (6)

where, according to the Fresnel integral [20]

ψz(v, x) =

√
−i
λz

eikz
∫ ∞

−∞
ψ0(v, ξ) exp

[
ik
2z

(x− ξ)2
]

dξ . (7)

It is worth recalling that such an integral defines the so called
Fresnel transform, for which a sampling theorem exists [21].
The latter could be of potential interest for the evaluation of the
propagation of fields with finite support.

We can give ψz(v, x) a closed form if we take the amplitude
τ as Gaussian, i.e.,

τ(ξ) = A e−(ξ/w0)2
, (8)

with A an amplitude factor and w0 a positive constant, and use
the form of the modes in Eq. (5). In such a case we have [22]

ψz(v, x) =
A eikz eikx2/(2z)
√

1 + i z/L
exp

[
− kL (x− 2πvz/k)2

2z(z− iL)

]
, (9)

with L = kw2
0/2 being the Rayleigh distance pertinent to a

coherent Gaussian beam having waist size w0 [23].
Although the above equations allow us to evaluate the prop-

agated CSD at any point in space, they simplify considerably
if we limit ourselves to the points on the z-axis (i.e., x = 0), in
which case the expression of the propagated modes becomes

ψz(v, 0) =
A eikz

√
1 + i z/L

exp
[
− 2π2L z

k(z− iL)
v2
]

. (10)

Using Eq. (6) with x1 = x2 = 0 together with Eq. (10), the
coherence between two points along the axis turns out to be
described by the following function:

Wz(ζ1, ζ2) = β(ζ1, ζ2) eikL(ζ2−ζ1)

×
∫ ∞

−∞
p(v) e−π2w2

0γ(ζ1,ζ2) v2
dv ,

(11)

with

β(ζ1, ζ2) =
|A|2√

(ζ1 + i)(ζ2 − i)
, (12)

and

γ(ζ1, ζ2) =
2 ζ1ζ2 + i(ζ2 − ζ1)

(ζ1 + i)(ζ2 − i)
, (13)

where the normalized coordinate ζ = z/L has been used.
In particular, the intensity at the point ζ along the axis is

evaluated from Eqs. (11), (12), and (13) on letting ζ1 = ζ2 = ζ,
which yields

Iz(ζ) = β(ζ, ζ)
∫ ∞

−∞
p(v) e−π2w2

0 γ(ζ,ζ) v2
dv , (14)

and the degree of coherence along the axis is evaluated as

µz(ζ1, ζ2) =
Wz(ζ1, ζ2)√
Iz(ζ1)Iz(ζ2)

. (15)

Equations (11)-(13) provide a simple analytical tool to evalu-
ate the z-coherence of the beam radiated by a general SM source,
with the only constraint that the source intensity has a Gaus-
sian shape. Furthermore, as we shall see, in several cases of
common interest the obtained expressions are quite simple and
compact. Note that the case of a coherent Gaussian beam is
obtained on taking p(v) as a Dirac’s delta function, for which
both the integrals in Eqs. (11) and (14) give one, and the CSD,
that is

Wz(ζ1, ζ2) =
|A|2 e−ikL(ζ1−ζ2)√
(ζ1 + i)(ζ2 − i)

, (16)

factorizes, as it is expected for a coherent beam.
As a first example we take

µ(x) = sinc(x/δ), (17)

where sinc(t) = sin(πt)/(πt) and δ is a parameter related to its
width. The corresponding weight function, associated to µ by a
Fourier transform, is

p(v) = δ rect(δv) , (18)

rect(t) being the unit box, equal to 1 for |t| ≤ 1/2 and 0 other-
wise. The non-negativity of p(v) guarantees the correctness of
the resulting CSD.

The integral appearing in Eq. (11), namely,

P(γ; q) =
∫ ∞

−∞
p(v) e−π2w2

0 γ v2
dv , (19)

with this choice of p is easily evaluated as

P(γ; q) =
1

√
qγπ

erf
[

π
√

qγ

2

]
, (20)

erf[·] being the error function [24]. The parameter q, defined as

q =
(w0

δ

)2
, (21)

has been introduced to give account of the global coherence
features of the source and is the only parameter responsible
for the z-coherence properties of the radiated beam. Limiting
cases of a spatially perfect coherent and a completely incoherent
source are obtained for q→ 0 and q→ ∞, respectively, in which
cases P(γ; q)→ 1 and P(γ; q)→ 0.

Figures from 1 to 3 show some of the quantities calculated
from the above expressions. We shall consider also cases in
which one of the two points has a negative ζ. Indeed, the Fresnel
diffraction integral can be also used in backpropagation.

Figure 1 shows the on-axis intensity as a function of the nor-
malized axial coordinate for several values of q, while modulus
and argument of µz(ζ1, ζ2) are shown in Fig. 2 as 2D plots, for
q = 16.

For a clearer visualization of the coherence between two axial
points and the effect of the parameter q, Fig. 3 shows some plots
of µz for different choices of one of the two points. In Fig. 3a the
absolute values is plotted as a function of ζ1 = 0 with ζ2 = ζ,
while in Fig. 3b we set ζ1 = −ζ and ζ2 = ζ. From the first
of these figures it is apparent that the correlation between the
point on the source and a point very far away from it does not
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generally tend to zero but to some positive value. Such value
can be evaluated from Eqs.(11)–(15) and it turns out that, in this
limit,

|µz(0, ζ)| → P(1, q)√
P(2, q)

. (22)

Such a result actually holds whatever the chosen µ(x) is. With
analogous considerations it can be shown that the curves in
Fig. 3b tend to 1 when ζ → ±∞. This can be understood on
considering that, when the distance from the source is very
large, both for positive and negative z, only one mode (the one
propagating along the axis, i.e., the one with v = 0) contributes
significantly to the on-axis field.

Figures 3c and 3d report modulus and argument of µz for
ζ1 = 0.1 and ζ2 = ζ. Values of the parameter q have been chosen
as in Fig. 1. In the curves of in Fig. 3d only the phase anomaly is
plotted, i.e., the contribution kL(ζ2 − ζ1) present in Eq. (11) has
been removed.
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Fig. 1. Axial intensity vs ζ for µ(x) given in Eq. (17) and in-
creasing values of q: 0 (coherent source), 1, 4, 16, 1000 (almost
incoherent source).
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Fig. 2. Modulus and argument of µz across the plane (ζ1, ζ2)
for for µ(x) given in Eq. (17) and q = 16.

For the second example we take a DOC across the source of
the form of a bilateral exponential, that is,

µ(x) = e−|x/δ| , (23)

which corresponds to the weight function

p(v) =
2δ

1 + (2πδv)2 , (24)

which is positive for any v, thus ensuring that the resulting
CSD is bona fide. The integral in Eq. (19) with this choice of p is
evaluated as

P(γ; q) = erfc [
√

qγ/2] eqγ/4 , (25)
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Fig. 3. Plots of µz(ζ1, ζ2) for µ(x) given in Eq. (17) for some
choices of one of the two points as a function of the other: a)
modulus of µz for ζ1 = 0 and ζ2 = ζ; b) modulus of µz for
ζ1 = −ζ and ζ2 = ζ; c) modulus of µz for ζ1 = 0.1 and ζ2 = ζ;
d) argument of µz for ζ1 = 0.1 and ζ2 = ζ.

where erfc[·] denotes the complementary error function [24].
The same limiting values as for the previous case are obtained
for high and small values of q, corresponding to an incoherent
and to a perfectly coherent source. Figures analogous to the ones
of the previous example could be plotted.

Other possible choices of DOC (such as those with a
Lorentzian shape, or like a sinc2, or like a unit triangle, and
so on) give rise to equally simple expressions of the propagated
on-axis coherence function and intensity, but we want to con-
clude with a whole class of functions which encompasses the
Gaussian function. In such a way our results can be directly
compared to the ones already obtained for a Gaussian Schell-
model (GSM) source [16]. Functions of this class are the so-called
elegant Hermite-Gaussian functions [25] of even order, and we
write the corresponding DOC as

µm(x) =
(−1)mm!
(2m)!

H2m(x/δ) e−(x/δ)2
. (26)

Here, Hn(t) is the nth Hermite polynomial [24] and the in front
coefficient ensures that µm(0) = 1 ∀m. The zero-order member
of this class is the standard Gaussian function.

That such functions can represent possible DOCs is certified
by the corresponding weight functions, that are

p(v) =
2m

(2m− 1)!!
δ
√

π (πδv)2me−(πδv)2
, (27)

which are never negative. Inserted into the integral in Eq. (19),
they give

P(γ; q) = (1 + qγ)−(m+1/2) . (28)

The latter provides, together with Eqs. (12) and (13),

Wz(ζ1, ζ2) =
|A|2 eikL(ζ2−ζ1)√

(ζ1 + i)(ζ2 − i) + q(2 ζ1ζ2 + i(ζ2 − ζ1))

×
[

(ζ1 + i)(ζ2 − i)
(ζ1 + i)(ζ2 − i) + q(2 ζ1ζ2 + i(ζ2 − ζ1))

]m
,

(29)
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and, on letting ζ1 = ζ2 = ζ,

Iz(ζ) =
|A|2√

1 + (1 + 2q)ζ2

[
1 + ζ2

1 + (1 + 2q)ζ2

]m

. (30)

The same quantities as for the previous example are shown in
Figs. 4-6, but now we kept fixed the value of q (=1) and in each
plot we consider different values of m, to put into evidence the
role of the order of the HG mode. It is seen that increasing the or-
der corresponds, roughly speaking, to decreasing the coherence
of the source. The reported behaviors, although with different
functional forms, qualitatively agree with those obtained for the
first example.
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Fig. 4. Axial intensity vs ζ given in Eq. (30) for q = 1 and
several values of m: 0 (GSM source), 1, 5, 10, 30.
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Fig. 5. Modulus and argument of µz across the plane (ζ1, ζ2)
obtained from the CSD in Eq. (29) for m = 2 and q = 4.

In conclusion, in this Letter we presented a simple expres-
sion for the on-axis CSD of the beam radiated by a Schell-model
source having general degree of coherence and Gaussian inten-
sity profile. This result may have a significant impact in practical
applications where the control of the z-coherence and/or the
intensity along the axis is needed. In particular, the ability to
fully control the z-coherence may help with overcoming the
Rayleigh resolution limit [26, 27] in imaging systems resolving
the structures in the longitudinal direction, such as the OCT.
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Fig. 6. Plots of µz(ζ1, ζ2) obtained from the CSD in Eq. (29) for
some choices of one of the two points as a function of the other
and q = 1: a) modulus of µz for ζ1 = 0 and ζ2 = ζ; b) modulus
of µz for ζ1 = −ζ and ζ2 = ζ; c) modulus of µz for ζ1 = 1 and
ζ2 = ζ; d) argument of µz for ζ1 = 1 and ζ2 = ζ.
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