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Violations of Bell inequalities in classical optics have been demonstrated in terms of field mean
intensities and correlations, however, the quantum meaning of violations point to statistics and
probabilities. We present a violation of Bell inequalities for classical fields in terms of probabili-
ties, where we convert classical-field intensities into probabilities via the standard photon-counting
equation. We find violation for both, entangled and separable field states. We conclude that any
obtained quantum effect might be fully ascribed to the quantum nature of the detector rather than
the field itself. Finally, we develop a new Bell-like criterion which is satisfied by factorized states
and it is not by the entangled state.

I. INTRODUCTION

There are many physical phenomena originally intro-
duced in the area of quantum physics that were later
also found in the realm of classical physics, specially in
classical optics. This includes entanglement, complemen-
tarity and Bell inequalities as once considered exclusive
hallmarks of the quantum theory [1–4].

In this regard, proposed violations of Bell inequalities
in classical optics are demonstrated in terms of field mean
intensities and correlations [2, 4], while the quantum vi-
olations point to statistics and probabilities.

In this work we present a violation of Bell inequalities
for classical fields in terms of probabilities. The key point
is that we convert classical-field intensities into probabil-
ities via the standard photon-counting equation, giving
the number of ejected electrons in a photoelectric detec-
tion [5].

We focus on genuine quantum probabilities, since the
photoelectric effect is a true quantum effect depending
on the Planck constant. So we deal with a violation of
Bell inequalities for joint probabilities in the quantum
realm. However, since the photoelectric effect admits a
semiclassical explanation [6], this quantum effect might
be fully ascribed to the quantum nature of the detection
processes rather than the field itself [7].

We analyze two different situations, these are, the ini-
tial state being entangled or factorized. In both cases
we find violation of standard Bell inequalities in terms of
probabilities. In addition, we study the limit when the
intensities are low, so that the probabilities becomes pro-
portional to the intensities and we recover the expected
behaviour: violation for the entangled state, no violation
for the separable state. Then, we return to the full prob-
abilities and develop a relationship between probabilities
which is satisfied by the separable state and it is not by
the entangled state.
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II. SCHEME

We consider a Young two-beam interference setting
with polarized light illustrated in Fig. 1. The two beams
at the apertures are treated as classical fields with differ-
ent polarization state. This may lead to an entanglement
scenario between spacial mode and polarization as the
two subsystems to be entangled.
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FIG. 1: System and observation scheme.

A. Classical entangled field state

We begin with the case when the incident beams have
orthogonal polarization, say linear vertical | ↑〉 and linear
horizontal | →〉. Let us present different notations for the
two interfering beams for the sake of clarity and physical
insight:

E1 = E1χ1| ↑〉 = χ1

(
E1

0

)
= E1|1〉| ↑〉,

(2.1)

E−1 = E−1χ−1| →〉 = χ−1

(
0

E−1

)
= E−1| − 1〉| →〉,
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where the orthogonal, unit vectors

| ↑〉 =

(
1
0

)
, | →〉 =

(
0
1

)
, (2.2)

provide a suitable basis for the polarization Hilbert space,
while χ±1 are some characteristic functions, depending
on the space coordinates r, expressing the aperture, or
say field mode. This can be also expressed in a more
quantum fashion terms of the vectors | ± 1〉, say

χ±1(r) = 〈r| ± 1〉. (2.3)

In the limit of narrow enough apertures the spatial de-
gree of freedom becomes a subsystem with his own two-
dimensional Hilbert space spanned by the vectors | ± 1〉,
or the functions χ±1. For definiteness we consider always
that both field amplitudes E±1 are nonfluctuating.

Thus, although the light fields are purely classical, we
can nevertheless express it in a quantum-like fashion as
the pure state

E = E1 +E−1 = E1|1〉| ↑〉+E−1|−1〉| →〉 = |ψ〉. (2.4)

This is a bona fide entangled state, involving two well-
defined and independent subsystems, space and polar-
ization, with their own Hilbert spaces. It can be argued
that the measurement performed is not of the space-type,
since space and polarization can not be physically split
and spatially separated. This can be also referred to as
intrasystem entanglement [4], and thus void of nonlocal
issues.

However, note that with our definition of subsystem
the measurements to be performed are strictly local so
there is no cross influence of one measurement into the
other since they take place in different Hilbert spaces.
This to say that the measurement factorizes in the prod-
uct of independent projectors on the space and polar-
ization spaces, so it satisfies the abstract factorization
typical of the derivation of Bell inequalities.

In this regard, we recall that there are many analy-
ses that stress that the key point of Bell inequalities is
not nonlocality, but either factorization of statistics [8]
or lack of a joint distribution including all observables
[9]. Thus, according to Fine’s theorem the Bell violation
result we pursue would imply that there is no common
statistics to all measurements performed, that is really a
worth result independent of any claim of locality.

III. MEASUREMENT

Bell-like scenarios require to perform simultaneous
measurements both in the space and polarization sub-
systems. In our classical scenario this is carried out by
properly mixing the fields coming by the apertures, for

example via an unpolarizing beam splitter with transmit-
tance and reflectance sin2 α and cos2 α, followed then by
a perfect polarizer with axis forming and angle β with
the horizontal axis as shown in Fig. 2. By perfect po-
larizer we mean null transmittance orthogonal to its axis
and unit transmittance along its axis.

The combination of the beam splitter and polarizer can
be then expressed in the quantum-like fashion as

E = 〈p|〈s|ψ〉, (3.1)

where |s〉 and |p〉

|s〉 = s = cosα|1〉+ sinα| − 1〉 (3.2)

|p〉 = p = cosβ| ↑〉+ sinβ| →〉 (3.3)

are real vectors fully specifying the measurement per-
formed in the spatial and polarization subsystems.

The vector amplitude of the field incident on the po-
larizer is

s ·E = cosαE1| ↑〉+ sinαE−1| →〉, (3.4)

and the amplitude of the field emerging from the polarizer
is

E = p · (cosαE1| ↑〉+ sinαE−1| →〉) . (3.5)

So, E is the amplitude of the field illuminating a
photoelectric-type quantum detector with some quantum
efficiency η. In the spirit of the typical Bell tests we con-
sider just two only outcomes for the measurement, click
and no click, this is no signal versus any signal. The
probability that the detector fires when illuminated with
a field of complex amplitude E is

P = 1− e−ηT |E|
2

, (3.6)

where T is the detection time [10].

Finally, for the Bell inequalities we will need also the
click probability when there is no polarization or space
measurements. For example, when there is no polarizer
the click probability is

Ps = 1− e−ηT |E·s|
2

, (3.7)

and likewise

Pp = 1− e−ηT |E·p|
2

, (3.8)

being

E =

(
E1

E−1

)
. (3.9)
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IV. BELL INEQUALITY

With all this we have all the ingredients to compute the
Bell-CH inequality for click probabilities [11, 12], such as

0 ≥ C ≥ −1, (4.1)

where

C = Px,u − Px,v + Py,u + Py,v − Py − Pu, (4.2)

where the subscripts x, y, u, v refer to measurements with
two orientations of s in the space subsystem (sx, sy),
and two orientations of p in the polarization subsystem
(pu,pv).

A. Maximally entangled state

As field state we will consider the maximally entangled
state that holds in Eq. (2.1) for E1 = E−1 = ε. In such
a case after Eq. (3.1) we get

Ep,s = 〈p|〈s|ψ〉 = εp · s. (4.3)

and then

Pp,s = 1− e−κ(p·s)
2

(4.4)

as well as

|E · s|2 = |E · p|2 = |ε|2, (4.5)

so that

Pp = Ps = 1− e−κ, (4.6)

where κ = ηT |ε|2.

We have computed C in Eq. (4.2) as a function of κ,
considering the following particular case for the measure-
ment vectors:

sx = 1√
2
(1, 1), sy = (0, 1),

(4.7)

pu = (cos π3 , sin
π
3 ), pv = 1√

2
(1,−1).

We found a violation of the Bell inequality in Eq. (4.1)
for all κ 6= 0, as it can be seen in Fig. 2.

2 4 6 8 10
κ

0.2

0.4

0.6

0.8

1.0

C

FIG. 2: Plot of C for the entangled state showing violation
of inequality (4.1) for all κ 6= 0.

B. Separable state

Let us examine the intriguing possibility of Bell-
inequality violation for separable fields, this is, pure
states where space and polarization factorize. That im-
plies the polarization state being the same at both aper-
tures, say

E = E1 + E−1 = ε|s0〉|p0〉, (4.8)

with

|p0〉 = cosβ0| ↑〉+ sinβ0| →〉 ≡ p0,

(4.9)

|s0〉 = cosα0|1〉+ sinα0| − 1〉 ≡ s0,

where the vectors p0, s0 are real vectors specifying the
space and polarization state of the field emerging from
the apertures. We have chosen them real for the sake of
simplicity.

In this case the vector amplitude of the field incident
on the polarizer is

E = εs · s0|p0〉, (4.10)

so the amplitude of the field emerging from the polarizer
is

E = ε (s · s0) (p · p0) , (4.11)

and then

Pp,s = 1− e−κ(s·s0)
2(p·p0)

2

. (4.12)

Finally, the click probability when there is no polarizer
depends on the modulus of the electric field leaving the
upper arm of the beam splitter in Eq. (4.10)

Ps = 1− e−ηT |E|
2

= 1− e−κ(s·s0)
2

, (4.13)

for the same κ = ηT |ε|2 as before. Likewise, if there were
no beam splitter the click probability would be given by
the Malus’ law applied to the field at the apertures (4.8)

Pp = 1− e−κ(p·p0)
2

. (4.14)
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In Fig. 3 we show an example of how separable states
also violate inequality (4.1) for the same measurement
settings on Eq. (4.7).

2 4 6 8 10
κ
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C

FIG. 3: Plot of C, for separable factorized states with α0 =
π/2 and β0 = π/3. .

The reason for this Bell-inequality violation for sepa-
rable fields lies in the fact that the relation between click
probabilities and modulus square of the field is highly
nonlinear. This is at sharp contrast with quantum me-
chanics in which this relation is linear almost by defini-
tion.

Moreover, it can be found measurements for which sep-
arable states violate Bell inequality (4.1), while the en-
tangled state does not. This occurs, for example, in the
case of

sx = (1, 0), sy = (0, 1),

(4.15)

pu = 1√
2
(1, 1), pv = 1√

2
(1,−1),

as illustrated in Fig 4.

This further suggests two points worth checking: re-
covering a linear relation between probabilities and inten-
sities, and derive new nonlinear Bell-type click inequali-
ties adapted to witness entanglement in this scenario.

2 4 6 8 10
κ
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Entangled
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FIG. 4: Plot of C, for the maximally entangled state and
separable state with α0 = π/3 and β0 = π/8.

C. Limit of vanishing intensities

We analyze the case of κ→ 0 so that the photo-count
probabilities admits a linear approximation. In this limit
we recover the standard idea that click probability is pro-
portional to field intensity. So we can approach the case
of Bell violation in terms of classical field intensities at
the same time that we approach the quantum regime of
a single photon. Intuitively this limit be checked in Figs
2 and 3 showing that in the separable factorized case we
get into the region of no Bell-violation C < 0, while the
entangled state violates the inequality (4.2) always, even
in the limit of vanishing intensities.

Next, we show that separable states do not violate Bell
inequalities in the limit of low intensities. To this end, it
is worth considering general measurement settings in the
form

sx = (cosx, sinx), sy = (cos y, sin y),

(4.16)

pu = (cosu, sinu), pv = (cos v, sin v).

In the limit of vanishing intensities, the click probabilities
(4.12)-(4.14) can be approximated by its first term of the
Taylor series, so that

C = κ
[
(sx · s0)2 (pv · p0)2 + (sy · s0)2 + (pv · p0)2 − (sx · s0)2 (pu · p0)2 − (sy · s0)2 (pu · p0)2 − (sy · s0)2 (pv · p0)2

]
(4.17)

=
κ

2
{−1 + cos [2(α0 − x)] sin(u− v) sin(2β0 − u− v) + cos[2(α0 − y)] cos(u− v) cos(2β0 − u− v)} .

It can be seen that there is not violation of inequality (4.2) by checking its higher and lower values:

C ≤ κ

2
[−1 + sin (u− v) sin (2β0 − u− v) + cos (u− v) cos (2β0 − u− v)]

=
κ

2
{−1 + cos[2(β0 − u)]} ≤ 0, (4.18)
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and

C ≥ κ

2
[−1− sin(u− v) sin(2β0 − u− v)− cos(u− v) cos(β0 − u− v)]

=
κ

2
{−1− cos[2(β0 − u)]} ≥ −κ, (4.19)

where the regime of κ << 1 always leads to C ≥ −1.

V. NONLINEAR BELL INEQUALITY

As we have seen, inequality (4.1) can be violated by
both, entangled and separable initial states. We have
already commented that this is due to the nonlinear
relation between statistics and fields. Thus, this calls
for a different form of Bell inequalities able to witness
field entanglement taking into account the nonlinearity.
Thus, we look for a different relation between probabil-
ities which ideally will only be violated when the initial
state is entangled. For definiteness we will always con-
sider just pure states.

Let us start from the Bell inequality applied to sepa-
rable states in the limit of low intensities, (4.18),which
we have seen in the previous section that satisfies (4.19)
and (4.18):

0 ≥ C ≥ −κ. (5.1)

In order to generalize this inequality, capable of distin-
guishing between separable and no separable states, we
develop

e0 ≥ eC ≥ e−κ, (5.2)

where

eC = e−κ(sx·s0)2(pv·p0)2e−κ(sy·s0)
2
e−κ(pu·p0)2

e−κ(sx·s0)2(pu·p0)2e−κ(sy·s0)
2(pu·p0)2e−κ(sy·s0)

2(pv·p0)2
.

Remembering that the general probabilities are defined
as:

Py = 1− e−κ(sy·s0)
2

,

Pv = 1− e−κ(pu·p0)
2

, (5.3)

Pab = 1− e−κ(sa·s0)
2(pb·p0)

2

,

for ab = xu, xv, yu, uv, we finally arrive to

1 ≥ C ≥ e−κ (5.4)

with

C =
(1− Pxv)(1− Py)(1− Pu)

(1− Pxu)(1− Pyu)(1− Pyv)
. (5.5)

This is the desired nonlinear Bell-inequality, which is
constructed to be satisfied by all pure separable states.
In particular, for the example of Fig. 3 we get

C = e−κ/2, (5.6)

which is well within the bounds (5.4).

Likewise, let us show that this inequality is violated
by the maximally entangled state (2.4) for the follow-
ing measurement settings in Eq. (4.16) x = 1.7, y =
1.5, u = 0, v = 6.1, and κ 6= 0:

C = e−2k < e−κ. (5.7)

So, we have derived an inequality which is violated by
the entangled state and it is not by the separable state.

VI. CONCLUSIONS

We have presented a semiclassical model of Bell in-
equalities. We have shown that there are violations of
Bell inequalities for quantum probabilities caused by il-
luminating quantum detectors with classical light.

This result points to the often overlooked effect of mea-
surement on the quantum to classical properties of ob-
served systems. We mean that according to the Born’s
rule system and measurement play fully symmetric roles,
so both contribute to nonclassical results [7]. This for-
getfulness is quite noticeable within the quantum theory
that actually recognizes the importance of measurement
in physics.

Moreover we have found clear violations for separable
field states. This is possible because the relation between
quantum click probabilities and classical field amplitudes
is highly nonlinear, at difference with the pure quantum
case.

In this regard we have derived a new nonlinear Bell-
type criterion satisfied by all separable, pure field states.

We think all this opens a promising research line com-
bining classical systems with quantum detectors in a non-
linear scenario.
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